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Preface 

This vojiime ^represents a continuation of the SMSG. pj»Qgram 
of providing^back^round material for teachers and prospective 
•teachers « in this case for tefc5tiers of the upper grades pf the 
elementaiy school. . ' 

Two other volumes in this series. Number Systems and Intuitive 
Geometry , have already been prepared for teachers at this'^l^el, 
which is essentially the Level I discussed in the "Recommendations 
of the Mathematical ^sociation of America, for the Training of 
Teachers of Mathematics*." ' • 

Thifi^ volume and the two mentioned above have been prepared In 
^ the belief tfeat teachers at any level should not only th(»oughly ^ 
understdnj^ the\mathematics they teach, but should also have at good 
'understanding' of the basic concepts in the courses which their 
' students' will move on to. . - . _ * <> 

Therej|[ore, this volume, which discusses^ the basic concepts of 
the algebra normally started in the ninth grade, may^ also be useful 
"to teachers' at the junior high school level as well as' at Level I. . 

It ia intended that this volume be revised at some later time". 
Comments dsii suggestions f of* improvements will ^be welcomed and may 
J^e sent to: . / , ' . -^^ 

; School Mathematics Study Group ^ 

• ' . *2502A'Yale Station -„ 

New Haven, Connecticut * " -i;^ 



Copies of these recommendations may be obtained from: 



Prof. Robert J. Wisner 



Committee on the Undergraduate 
' . , Program* in ^'Mathematics 

Michigctn Stat^. University .Oakland 
' ^ Rochester,, Michigan- 
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^ ' NUMERAL^ AND VARIABLES 

, * Numerals and j^umerlcal Phrases . Most of your life you* 
have been reading, vn?iting, talking about and working with numbers 
You have also \ised,many different name.s for the same nximb^er. Some 
^ number^ have one orjnore common names which are the' pnes* most often 

used in referring to the numbers. 'Thus the common name for the 
^.number five is "5" ancj for one gross" is "l^t^". Common names for 

the rafion^^nu^nber onVrha^lf are and "0.5". A problem in 

X arithmetic! can -be regarded as problem of finding a common name * 
/for a number which is given in some other way; for example, 
- 17 times 23 is found by arithmetic to be the number 391.. 

The' names of numbers , as distihguished from the numbers them - 
s^lve^ , ^re called numerals . Two numerals", for example, which re- 
present 'the same number are the indicated sum ."4r+ 2" and the^ 
indicated product "2 x 3"- The number represented In ^ach case is ^ 
^ 6 and we. say^that "the number 4+2 is 6",' "the numb*er .2 x 3 
' is 6^*,v and "the nufnbe'r 4 a- 2 is the same as *the number 2'X 3". 
'The^e statements can be yritteh moi^e briefly .a^ , "4 + 2 = 
• "2 X 3 =» 61', and "4 + 2"^= 2 x 3". This use of the equal sign 
llluajbra^tes "its general use with, ntamerals : 'An equal*si^ standing' 
'^'^ between two' numerals indicates ^tjlat the numerals represent the . . 
'sameP niJhi^er > -.1 

^ vfe shall need sometimes to enclose a numeral in parentheses in 
.^^;order to^make clear that it really, is a numeral. Hence it is con- 
venient to 're gardi^ the, -symbol obtained by enclosing a numeral for a 
given number in parentheses as another numeral fo?' the 's"ame' number. 
\fi:'Th\xs "(4 + 2')"yis another .numeral for 6 and weight write' . 
"(4 + 2) = 6". In order to save writing, the symbol for multipli- 
cation j"x". is often replaced,.! by 'a dot "•" . Hence, "2 X.S"^ 
can be written aa "2-3'^"- 'Also to save, writing, we agree that two ' 
niamerals^ placed side-by-side is an indicated product. For example, 
"2(7.^- 4)" is taken to mean.the same as "2 x (7 - 4)". ' Nptice,* 



however, that "23" ^is already established as the common najne for 
the number twenty-three and so cannot be interpreted as the indicated 
product "2 X 3"w* A similar exception is which means 

"2 + ^" rathe^'than. "2x-^".' We may, however, write "2,(3)". or„. 
"(2) (3)." in place of "2 x 3". Similarly, "2 x ^" might be re- 
placed by or "2(^)". , ^ 

.^-Oonsider the expression "2x3+ 7", -Is this a numeral?. ^ 
J^erliaps you will agree that it is .since 2x3=6 and hence, ^ • 

. '2'x3 + 7 = 6+'7 = 13, 

On the other hand, 'someone els« .might decide that, since 3 + 7 = 10, 
K •# ' 

2^x3 + 7 = 2x10=20. 

^< 

Let /US examine the e2^)ression more carefully. How. do we readmit? 
What .numerals are involved in it? Obviously "2"», "3", and "7" 
are numerals, but what. about > "2 x 3", and "3 + 7"?* It is true 
that "2 X 3", as an Indicated product, and "3 + 7", as an 
Indicated sum, are both numerals. However, within the expression 
"2 X '3 + 7"., if "2 X 3" is ^an indicated product, then "3 + 7" 
cannot- be an indicated sum, or, if- "3 + 7" >s an indicated sum, 
then "2 x 3" cannot be gin indicated product. Therefore, without 
additional information to decide between these alternatives, tTie 
expression V2 x ;j ,+- 7" is r^lly not a numeral since it does not 
represrent a definite number, > Another expression in which the 's'ame 
.prdfclem^arfses is "10 - 5 x 2".,.- In order to' avoid the confusion 
in expressions of this kind;*we shall agree to give multiplication 
preference over addition and subtraction unless otherwise indicated. 
In other words, /•2 x 3 + 7" will be read Witji "2.x '3" as an. 
ndicated product, so 'that 2 x 3 + 7 = 13. Similarly, ♦ 
10 - 5 X 2" will be read with "5 x 2" as an indicated product 
so that 10 - 5 X 2^=^ 0. 

Parentheses can alSo be used to' indicate how w§ inten(^ for an 
expression to b^ read. We have only fco enclose within parentheses 
those. parts' of the expression wliich are to be taken as a numeral. 



• Thus, in the case of- "2x3 + 7", we can write "(^ x 3) +.7" 
if we want "2 x.3" to be a numeral and "2 x {4 ± 7)" if we want 
"3 + 7" to be a numeral. In other 'words , -the operations indicated 
within parentheses are taken first. You should./always feel free to 
insert whatever parentheses'^ are needed to remove all doubt as to 
how an expression is to be read. ' • • ' 

Another case in which we need to agree on how an expression 
•'should be read is illustrated by the following example; 

* ' - 2) ^ • . 

13 - 3 • 

^ It is understood that the expressions above and below tl:ie fraction 

bar are to 'be taken as numerals. Therefore the expression is 'an 
; indicated quotient of the numbers 5(6 - 2)^ and 13/ ~ 3, 



Problems 



1. In each of the following, o^ieck whether the numerals name the 
sar^e number. ^ ^ 

. (ay» 2 + 4x5 and 22 ' fd) ^3 + 2).+ 5 and 3 + (2 + 5) 

(b) (-2 + 4) X 5 and 30 '(e) + |) and + 

(c) 4+3x2 and (4 + 3) x 2 • \ 

2. Write a common name for each numeral. ' 

(a) |(5-».7 X 3) (d) - 2^3 V\) . • 



ERLC 



(b) H5) + f" . (e) ^ 

1 + 



1 



1 - ? 



Expressions such as "4*+ 2", "2 x 3", "2(3 + 7), - 
"(1 - '^)(l6 + 4) - 5" are examples of numerical -ghras-es . Each of 
these is a numeral- formed from simpler niomerals. A numerical 
phrase is any numeral giverl by an expression which involves other 
numerals along with the signs for' operations.. It needs to be 
emphasized that a numerical phrase must actually name a number, 
thatN^-S/ it must be a numeral. Therefore, a meaningless expression 
such as "(3 -f) X (2 is not a numei^ical phrase. Eyen the ex- 

pression "2x3 + 7" 'is not a numerical phrase without .the agree- 
ment givihg preference to multiplication. 

Numerical phrases, majr be combined to form numerical sentences^ 
i.e., sentence^ which make statements about numbers. For ^example, 

2(3 + 7) = (2 + S)(4^+ 0) 

is a seo^^ce which states that'^^the* nmrtber ^represented by 

"2(3 + 7)".. is the same as the number represented by ""(2 + 3) (4 +'0)' 

.It is read "2(3 + 7) is e,qual to (2 + 3)(4 + O)", and youycan 

easily verify that it is a 'true ^sentence. 

^ ■ < 

Consider the- sentence , .4 , ' 



(3 + 1)(5 - 2) =^0. 



This sentence .%serts\ that\£he number (3 + l)(5 - 2) 'is 10, 



Does this 7^^"^ Pe^rhaps yoii^ are wondering how the author 

could hav§^l«|^^uch a ridiculous mistake in arithmetic, because 
anyone can seS-iU^t. (^3 + l)(5 ■^^2) is 12' and not lOi However, 
"(3 + 1) (5 - 2|^«f ''-'TO^-* is still a perfectly good sentence - in spite 
of the fact that it Is false . ^ > 

The important fact about a sentence involving numerals is that 
it is either true or false, but not both . Much of 'the work in' 
algebra is concerned witli the problem of deci,djjig whether or not . 
(pertain sen^tences involving numerals are true* , 



J. 
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. Problems 

1. Tell vhich of the following sentences are true and which are 
• false ^ , 

(a) (3 + 7H = 3 + 7(4) (d) + 4 - 3 = ^ + (4 - 3)- 

' (b) .2(5 + |) = 2(5) + 2(|)_ (e),^ = ^(2) ^ , -< 
(c) = T + I " (f.) 3(8 + 2) = 6 X 5 . 

(g) • 3 4 7(9 +.2). = (3 + 7)(9 + 2) 

2, Insert parentheses in each of -the following expressions so that 
the resulting' sentence is t'rue.- 



(a) 


3x5-2x4 = 7 


(f) • 


3 


+ 4 


• 6 + 


■1"'= 


49 






3/ X 5 - 2 X 4 = 52 


(s) 


3 


+ 4 


• 6 + 


r-= 


31 




.>c<) 


12 X -1 - ^ X 9 = 51 


" (h) 


3 


+ 4 


^' 6 + 


1 = 


43 




(d) 


12 5< -1 - ^. X 9 = 3 




3 


+ 4 


• 6 + 


1 = 


28 


f 


..(^)^ 


^2 X '1^- ^ X 9 = 18 










> 

1 




"V 



» ' ' Some Properties of Addition and Multiplication . Let us 
summarize' .some '**of the properties* of addition/ First ^of all, 
addition' is a binary Speration, in the Sense^ that it is always 
performed .on two numbeij^ . When we "write 7 + 8 + 3, we really 
mean- (7 + 8) + 3 'or ^7 + (8 + 3).^ We use parentheses here, as 
we have iA thf past, to single out certain groups of n\imbfers to be 
operated on first. Thus,'* (7 + 8) +i3 implies that we add^ 7 
and 8' and then add 3. t<5 that sum[ so .that we think "15 + 3" . ^ 



♦Property, in the most familiar ^ense of! the wlbrdj^ Is something you 
.Jiave, K property of additioji is something a^dition^has ; ii^., a 
characteristic of additip^. ^^^similar common usage of the word 
wauitc^ be "-swe'e'tness is a property of ^sug^r". - ^ .* 



o - ••■11- ' ^ 
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similarly, 7 + (8 + 3) Impires that the sum of, 8 knd 3 is 
added 7, giving 7 + '1^- Let us now go one step further and ■ 
observe that 15 '+ 3 = I8, .and' 7 + 11 = 18. We have thus found 
.that'/".. .-K^v^/^ -y<-^/ ^ , ^ , • 

' . (7'+ 8) + 3 = 7 + (8 +-3) 

is a tru^ s'entence. 

Check whether or not ' ]t 

(5 + |) + ^ = 5+ (| + |) 

is a true sentence. 

^ Check similarly V . ^ ' 

' • * (r.2 + 1.8)-; 2.6 = ■f;2 V'^'^|^V8 + 2'/^ " ^''^ 

It is appar^t that these sentences have" a commor],' pattern, and 
they ajl .turned out to be true.. We conclude that every sentence 
having this pattern is true. This is a property of addition of 
numbers; we hope that you will try to formulate it for yourself. 
Compare your effort 'with a statement ^such as^ this: If you add a 
second number* to a first number, and then a third number to their 
sura, the outcome i« the same if you add the second number and the 
third number and then, add -their sum to the first number. 

Tl}is property of addition is called the associative property 
of addition. It is-onie of the basic facts about th^ number system — 
*one of the^ facts' on which all of mathematics depends. Incidentally, 
^Tt-is often han^iy' f or cutting- down the work in adding. In the second 
example above, for instance, ^% ^ is another name for 2, so 
that "5 +^(| + ^produces a simpler addition than "(5 + |) + 

Similarly, ijj the third exaAiple, 1.2 +';L.8 = 3; .which of the two 
expressions "(1.2 + l',8) +V^" and ' "1.2 + (^.8 + 2.6)" leads 
to a simpler second addition? ^ 



Now let us look at the fourth example. Neither "(^ + ^) '+'^ 
nor, + 1^ + gives a particularly simple first sum to help 

us with the .second sum. If we could only add f to ^ first, 
this would give^ 1, and adding to 1 is -easy'- What we would 
lil<;e is to take 'the first_ indicated sum in "{j + ^) + |'^ and'' 
write^it instead as "(-I + ^)", in order to put . next to 



•| . ^To do this, we need to know that 

^ 4. 1 
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i3 a true sentence,- ' ^ , # 

Is the sentence 

' . '3 + 5 = ^+3 . ■ 

.true? Perhaps you think: "Walking three miles before lunch and ' 
five miles after lunch povers the same distance as walking 5 
miles before lunch and 3 miles after lunch." 

■ Now recall the number line.* What do we know about moving . 
from 0 to 5 ^nd then moving three units, to the right,. and how 
does this compare with moving from\ 0- to 3 and»j:hen moving 5 . 
'units to the .right? What does this say about 5'^>%v and 3 + 5? - 
Similarly, on the number line, decide whether the f o^Mowing are 
•''true sfnterftes': 



0 + 6 = $ +. .0, 
4 + 5 = .5 + 2|- 



This property of addition is probably very familiar to yoil. 
_ It is -called the conimutative property of addition . If two numbers 
■ are added^ Jn different orders, the results are thfe -same. 

The associative property 6f addition ;bell^ us that an indi- 
cated sura may be written with or without parentheses as grouping 
.symbols, as we wish. The commutative property, in.tuiyi, tells us 



1 

*It is assuraed that the reader is familiar with the properties of 
o«o^"^^®^ outlined in Studies in Mathema tics , Vol . VI or 

SMSG Mathematics for Junior HigETscEoolT Vols'. I and 11 
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that the additions , which are always of twoWiumbers at a ^ime, may 
be performed in any order. For- ihstance.^ if we consider 
• ' ,32 + 16 +.18 + 4,. . ' . ^ V 

the ^associative property tells us that ye do 'not^ haye -to us par- _ 
entheses to group this indicated sum,- becarise any way we group 'it 
gives the same result. The commutative, property, tells us that we 
may choose any other order. For purposes of mental arithmetic, Lt 
is easier to choose pairs whosfe lums are multiples ofa-^iS^ ' 4nd 
consider them first. We may think of "32 + l6 + 1^ 4" as 
"(32 + 18) + (l6 + h)" , where the. indicated sums rtiean that we 
first, add 32 and l8 JbScause this gives ithe "easy" .§um 50), 
then 16 and -4, and finally the two partl^ sums 50 and 20. 
Irt^our thinking, ,we first used the Qommiitative property to inter- 
ch^ge .the 'l6 and the l8 in the ori'ginal indicated sum. 

We shall now look at the corresponding properties of multipli- 
cation. Cops ider this, sentence, ' ^ , 
, ■ (7x6) = 7'x (6 X -j)'. ■ 

yCheck whether oi/ not this is a true sentence; be sure to carry out 
the multiplications as indfca^fed. We call this property of 
;nult?ipllcation lihe aaSociative property of multiplication . -Recall 
the associative property of addition, and make a similar statement 
. for the associati-ve property of multiplication. 

You also know, ,from arithmetic, tliat you may perform long 
multiplication in either order, and you have probably used this 
to check your work: l ' > - ' ' ; 

256 *^ 

63- ' ,'2§6 

W ■ " ■ '37^ ' •' • 

' 1536 -^sv ' • 

l5i25 ' ' . 126_ , 

■ ■ f . 16128 



f er|c 
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This is an instance of the commutative property ' of multipli- 
cation: If -ewo nuraber^re to b6 multiplied, they may be multiplied, 
in either order with the^ame result. 

As in the caee of addition, the associative ^ commutative 
jpropertles of multlplicati(*i tell us that * we may, in an indicated" ' 
product, think of the" numbers grouped as we choose, -and may also, 
rearrange such a product* at will. Thus in finding' 9 x 2 .x 3 x 50, 
it is convenient to hg^ndle 2 x 50 first, and' then to multiply - 
9"x 3-, or 27, 'by - 100. ' i. 



The Distributive' Property . Let ,us assume that one of ^ ' 
your students has collected money in his homeroom. On Tuesday, 7 
people gave him 15/ each, and on Wednesday, 3 pep^e gave )iim 
15/ each. «dw.much mone^y didf he collect? He figuj?ed, 

- ■ . 15(7) + 15(3) = 

105 + 45 = ' • - 
, * 150. . - • . 

ap he collected $1.50. 

But ijow we shall ask him to keep different records-. Since • • 
'everyone gave him- the same amount,, it« is also possible to keep an 
account only of the ijuraber Qf peaple' who have paid him', and then 
to multiply the total dumber by; I5. Then his figurlng„ looks like* 
this: " •. C r ' 

" ' ' ' . • ■ \. 

'15(7 + 3) = ■ , • ■ 

« ' ' " 15(10) = ' 

1' 



The final^result is the same in both me^ods of keeping accounts; 
therefore • .... 

15(7)-+ 15(3) = 1^7 +3) . • 

is a^true sentence: Since the above true sentence means that 
15(7) + 15(3) and 15(7 + 3) are names foT the same number, we 
m_igh(,t also have written • " " " . 

" ♦ '^5(7 + 3) =-15(7) + 15t3). 



Half the money John colle&ted is to be used^ fof one gift, and 
one third of. it for another. How much is spent? Again, the com- 
putation can be performed in two ways: 

150(|) + 150(^). = 

" . -75 + 50 = 



125. 



150 (■;^ + 



I50(f -^. f) = 
150(1) = 



rl 
r3 



125. 



As before, we have foiind a true sentence, 

>' ' 150(|) + 150(^) =' 150(| + ^) . ■ ' • 

Another , way of writing the same true sentence would be 
150(^ + ^) =.150(^) + 150(^)- 

Let us "try another example.. Mr, Jones owned a city lot-, '150 
feet d^ep; with a front of l62.5 feet. Adjacent to his lot, and 
separated from It by a fence, is another lot with the same dep\h, 
,but with a front, of only 37-5 feet/ What are the areas, in a.qikre 
feet, of eacrt of these two lots, and what is their sum? Mr; ' Jones 
buys the second lot\^d removes, the fence. Now what is the^area 
of the lot? • ' ' / * . * 



The number of square feet in ^e new lof is 

150(162.5 + 37.5)"^ ^ • ' ^ ^ 

. 150(200) = . 

30*000.^ ' / ' 



162.5 



The total area of thF^two 
separate lots is fv/ \ \ 

' 150(162.5) + 150(37.5) 

24375 + 5625 = ^ 
* ^ 30000, 



150 
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a> 








0 








c 








Q> 
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Thus, 

150(162.5 + 37.5)-+ 1 50 (162 .'5)' + 15.0(37.5) 

is a true sentence. . . ^ 

Let us look more closely at two of our true sei/tences. We 

wrote 

15(7) + 15(3) - 15(7 +'3). ^ 

15(7) ^ represents one number, which we hav,e chosen to write as an 
indicated product; so does IsCsy^'^'Thus 15(7) + 15(3) is an 
indicated sum of two numbeii3 . On the other hand> 7+3 represents 
a number/Which we have chosen to write as an indicated siom, and so 
15(7 + 3) , *is an indicated product'. Thus the sentence 

15(7) + 15{3) =. 15(7 + 3) " ^ ' • ' ^ 

asserts that the indicated sum and i:he indicated product a3?e navies 
for the* same number. Tfie true s^ntenae 

150^^ + ^) = 156-(|) + 150(^) , , ■ ^ 



makes -a similar statement. • 

It appears thai: we have foiand another, patte^rti by which true'^^•>^ 

sentences may be formed. Try to formulate in various ways what^-^i . 

this pattern is . Compare your result wi^h the fpllowing: The ' 

product of a^number times the sum qf two .others is the same as^he 

product of the' first 'and second'- plus the product of th0,^|^*|?st amSl 

third. This property is called the ' distributive property for 

multiplication over addition, or Just, ,as we shall frequently say, 

' ~ V ^ 

the distributive property .' 

■ As in the case of the other properties we have studied, the 

distributive property has much to with arithmetic, both with 

devices '"fdi? mental facility and with the vety foiandations of^^the 

su'bject. In our first example,, the comparison 'in arithmetic labor ^ 

'between "15(7) +-12(3)" and "15(7 + 3)" favors the indicated ^ . 

product, iDecause 7+3, *or 10, leads to ah easy multiplication. . 
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In the next example, however, the comparison between 
'•150(^) t 150-(^)" and "150(| + ^p- favors the indicated sum, 
because it is more work to add the fractions 1 and i than it 
^ is to .add 75 and 50 . • 

More important than these niceties of mental manj-pulation is 
the role of the distributive property in. much of our arithmetic 
, technique, such, as, for example, in lo^ig multiplication. How do 
- we perform • ■ ' v 



We write 



62 
■X 23 



62 
X 23 
•"iB^ 

124 ' 
1425 



This really means that we take 62(20 + 3) as ^2(20) + 62(3), or 
1240 + 186. (The V' at -the end of "1240". is understood in our 
long multiplication 'form.. ) Thus the distributive property is the" 
foundation of this standard technique . " ^ 
Suppose we wish to consider , several .ways of computing ^;He 
■ indicated product ' ""^ > 

This phPase does not quite fit the pattern of the distributive 
property as we have dis classed it so fa^". You can proba'bly guess 
bri 'the basis of your previous experience, that 

• is a true sentence. Let us, however ^|f„ep how the properties as we 
have discovered them thus far pgrmlt-us to, conclude the trJ~ifch of 
ilBlis sentence: . . • ' ' 



iTj^s sentence: 

First -we know that 

rl ' 



(ft ^) 12 = 12(^4-^) . r 
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is a tirue sentence (by what property of multiplication?) » Then we 
may apply thfe distributive property as we have^ discovered it thus 
far to write * . ^i^'!' . ; ' 

+ ^) =^12(^) + 12C|V',^ • 

and apzjly the commutative property twice mare t;o vn?ite 

( i2(§) 12(^) = (^)12 + (^)12. . 

,The last step, which would be unnecessary if we wUKpe just trying to 
compute "(-J + ■^)12" in a simple fashion, finally leads to the , 
desired sentence, namely, 

^)12 =1^)12 + (^)12. 

This sentence, once again, seems to have simple form, and in fact 
suggests an altemat^e pattern for the distributive property which 
is obtained from our previous pattern by several applications'" of 
the commutative' property of multiplication. In your own words., 
state this alternate pattern. What pattern is suggested by the 

Off' . V * 

* sentence 



(^)12 + {^)X2 = + 4)12? 



Problems 



1. Follow the pattern, -of arty convenient form of the distributive 

property in completing each of the following as a true sentence: 

(a) 12(3' +^M = 12( ) + 12( ) 

(b) 3( )A (T) = 3(5 +-7) 




(0)7^ ) + 6( ) = 13( ) 
(d)/(3 + 11)2 = 
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2. Write common name for . . 

(Hinf: Think cof ^ + as one numeral, a!nd don' t Start 
working until you have .'thought of a way of doing this 'exercise 
which isn't much work.) * ' ' ' ' 

. " ^ ^T'* > ' ' ' • 

3. Write 1>he cbmmon names for-. . . ^-^ 

(a) 8(f v|) ^■(|-^-|)7 _ . ; \ ^ 

(b) 7(| ^ |) 4- 5(f |) . _ ' 

Sets and Subsets . Give a descriptibn of the following: 
Alabama, Afkan) 

V 

How wou,ld you cjescrlbe these) 
' * / 

Monday, Tuesday, tt^Snesday, Thursday, Friday? 

Inc lude : 1 v 



in the preceding group and thei( describe all seven. Give a 
description of the collection of^numbers: ^ 

of the collection of numbers:' 

2, 3, 5, 7, 8.- 

You may wonder if we drifted onto the wrong topitj. What do 
these questions have to do with mathematics^ Each of the above 
collections is an example of a set . Your answers to the questions 
should have suggested that^e'ach set was a particular collection of 
members or elements with some common characteristic. This 
characteristic may'^be only the characteristic of being listed 
together. ' • . " ' 
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The concept^ of a set will be one of the simplest-^ of those you 
will learn in mathematics. A set is merely a collection of elements 
(usually numbers in our work). ' 

Now we neecl some 'symbols to indicate that we are forming or. , 
describing .sets. If the members of the set can be 1 fated, we may 
include the members within braces, as fori the set of the first five 
. odd numbers : • - , ' 

(1, 3, 5, 7, 9); ' / * 

or the set of all even numbers between and' 9'; 

' ' (2, 4, 6, 8); , ^ ^ 

or the set of states whose names begin with C: ' ' 

(Calif omiar, Colorado, Connecticut)'. 

. C3.n you list all ^he:elem^ts of the set of all odd numbers? 
Or the names of all citizens of the United States? you ^ee that in 
these cases Ve 'may prdfer or even be forced to give a descrip1;ion 
of the aet without attempting to list all ifs elements. 

It is convenient to use a capital letter to name a set, such ^ 



as 



or 



A {1, 3, 5, 7) 



A i-s the set 'of all odd numbers between 0 and '8. ' . . 

A child learning to count recites the first few elements of a 
set N- which we call thr^set of coijntlng nvunbers 

. ' - N = Cl, 2, 3,\k^ '.>.),. ■ ' - ' , 

We 'write this set with enough elements to show the pattern and then 

vse three dots to mean "ahd so forth". When we take the .'set ^ N . \ 
and include the number 0, we call^the new set the ^et W of 

whole'^nunibers : . • ^ 

W = {0, 1, 2, 3, 4, .,.). , . 



*We sometimes refer to costing number?' 'as' "natural numbers". 
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An Interesting^ question now arises, fiow shallot describe a 
set such as the set of all even whole numbers which are. greater 
than 8 and at the .same time less, than 10? Does this set contain 
any elements? You may not be inclined to caJl this a set, because 
there is no way to list its elements. In mathematics we say*that 
ti\e set which contains no elements is described as the empty , or 
null , set- We sha]J. use the symbol )2f to denote the empty se,t, ^ 

Wami'ngI The set (0) is not empty; it contains the elemeht 
0. On the other hand, jwe never write "the symbol for the empty set ^ 
0 with braces . 



Perhaps you can think of more examples of the null set, such 

7 and ^. 



as^the sit of all whole numbers between ^ and 

Notice that when we talk in terms of sets, we are concerned 
more with collections of .elements than with the individual elements 
themselves. 'Certain sets may. contain elements which also belong to 
othe^r^sets. For exfample, let us 'consider the sets " ' * 

R = (0, 1, 2, 3, -4) and S = (0, 2t, 4, 6). 

Form the set 

Thus, ^ • ' • , 

T = (0, 2, 4). 

We see that every element of " T is also an element of R. We say 
that T is a^ subset of R. • ? 

If every element 'of a set ^ A belongs to 
a set B, then 'A is a subset of 



T of all numbers which belong to both R and S. 



Is T a subset of S' 




Cheeky 



One result is that every set is a subset of itselfJ 
for yourself that (0, -|, 3, 4) is^a, subset of itself. We''sftill 
also agree th^it the null set ^ is a subset of 'every set, 
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s Problems 
Given the following sets: 

P, the set of whole numbers greater than 0 and less than^-7,- 
Q, the set of counting number»s less -than 

R, the set of numbers repr^esented by» the symbols on the faces 

of a die; . ^ . . i ^ 

S, the self (IV 2^ 3, 4, 5, 6). 

(a) List the elements of each of the sets P, Q, R. 

(b) Give a description of se*^*^ v 

(c) Prom the answers to (a) and (b) de'cide. how many possible 
descriptions a set m^y have. ^ 

Find. U, the set of all whole numbers from 1> to 4, in- 
^clijsive. Then find T", the set of squares bf all members of' 
U,. Now find V, the set of all numbers belonging to both U 
and 'T- (Did you include 2 in V? But 2 is not-^a member . 
of T, so that it cannot belong to both U and T.) Does 
ev^'ry member of .V belong to U? Is V a subset of U? Is 
V a subset of T? Is U a sublet of T? 

Returning to Problem 2, let .K be the SBt Of all numbers each 
of which belongs eithea;* to U or to T or to both/- (Did you 
include ^ in k? You are right, because 2 belongs to. U 
and hence, belongs to either U * or* to T. ^Dhe numbers 1- and 
4 belong to both U and T but we' include them only' once £il 
K.) Is K a subset of U? Is U a subset of K? Is T -a 
subset of K? Is U' a subset of U? ^ ' . , 

Consider the four Bets , * , 

A = (0) . 
B = {0,1) 
^ C = {o/l, ,2) 
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How many different 'subsets can be formed, from the elements of each 
of 'these four sets? ^an you tell, without writing out the subsets, 
the number of subsets in the set 

p ^ {0," l,-2, 3)? 

What is the rule you discovered for doing this? * . 

We shall say that a set is finite if the elements of the set 
can be counted, with the counting coming to an end, or if the set 
is the null set. Otherwise, we call it an infinite set. We say 
ti^^t an 'infinite set has infinitely many elements. • . 

Sometimes a finite set may have .so many members that we prefer 
^ to abbreviate its listing. For ^example, we might write the set E 
of all even numbers between 2 and 50 as 

E =T^, 6, 8, m. 

Pr.oblems 



Classify' the following sets {finite or Infinite) : ' 

(a) All natural numbers. . ^ ' ■ ' 

(b) All squares of all ^counting numbers. , 

(c) ' All citizens of the United States. 

(d) All natural numbers ^less than one billion / 

(e) All natural numbers greater than one billion. 

Given the sets S = {O, 5, 7, 9) and T =^{0,'2, 4, 6, 8, 10]. 

(a) Find K, the.,set of all numbers belonging to both S * 
and ^. ^Is K a subset of .S?'^Of T? Are- S> T,^ K 
finite? • ^ ' ' 

(b) Find - M, the set o^'all numbers each, of which belongs to . 

S or to T or to bo%{i. (We never include the same ^ 
^ number'' more than once in a set.) Is 'm a subset op^^? 
* Is^ T a subset of - -M? Is M finite? v • 1 ' 

. ■, - /!'■ 
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(c) " Find R, the subset of M,^ which contains all the odd 

numbers in M, Of which others of our s^ts ^s this a 
subset? \ 

(d) " Find- k,\ the^subset of R, which contains all, the 

mem^rs of M whioJi^re mult^les o:^ 11, Did you find 
that A has no nierabehs^,: WiaWdo^^^g, call this set? 

(e) Are sets A and\ K the ' saJrie?^f^lo^^"^^ da-they.,^ 
differ? S^V^^'V/'' 

(f) From your ex^)erience with. the last few problems, could 
you draw the conclusion that' subsets of', finite sets are • 

, also finite? - ^ ^^1. ' 



Variables . Consider^ forsL'moment , a simple exercise ia 
mental arithmetic: , - ^ 

"Take 6, add .2, multiply by - 7, and divide by .if," 

-Following these instructions, you will no doubt t^ink of the succes- 
sion of numbers ' \ ^ ' 

6, 8, 56, Ih.' ' , — , 

and observe that 1^1 ^s the answer to the eicercis^. Suppose you / 
write down the instructions for each step of the exercise as follows 

2 ^ 
7(6 + 2-) , ' ^ . 

7,(6 + 2) ' 
k 

Does th;^^ method of writing the exercise give more infoiTnation or 
less information? It clfearly. has the advantage of showing ^xsfttly 
what oi)e rations are involved in each step, but it does have the 
disadvantage of not enGing up with an answer to the exercise. On 

the other hand, the i>hrase — is a numeral for the answer 

U, a fact which^ls readily shown by doipg the indicated arithmetic 



Here is a situation in which you were asked to record the 
' form of the exercise, rather than Just the answer. It illustrates 
a point o^ jj-^^ which "^is basic to mathematics, The^re will be many 
places in this course -where it is the pattern or form 6f a "problem 
which^ is of primary importance rather than the .answer . As a matter 
of fact , we are rgirel^ interested only in the answer to ai problem . 

Try the exercise with the following instructions: 

^ ' • ' "Take 7, multiply by 3, ad.d 3, 

multiply by 2, andj divide by 12." n 

What is the phrase which shows all of the operations? Is it a 
numeral for the same number you obtained mentally? , ^ « 

Let us now do one of .these exercises with the added feature 
that you are permitted to c^oose^at the start any one_of the num-'\ 
bers from the set . ^ ' , * - - ^ 

- V ^ = {1, 2, 3, . . ^ 1000). 

The Instructllons this time are; * > ^ 

/'Take any number from , S, multiply by 3, 
add 1*2, '* divide by 3, and subtract 4." 

^ Dhis exercise might be thought of as actually consisting of 
1000 diffe^erfb exercises in arithmetic, one for" each choice of a 
starting number frorn the set S/ &onsidef» the exercise obtained 
by starting with the number 1?.. The arithmetic method and the 
pattern method lead to the following steps: 

^ Arithmetic ^ , - ^ Pattern 

17 ^ " 17 

51 . ' 3(17) * 

63 ^ 3(17) + 12 

\ . -21 ^ _ 3(17) 4.12 

^ 3 _ 

17^ ^ . ^ ^'3(17)4^:^ 
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Notice that, by the distl'^itive property for numbers and since 
12 = 3,(40, ' ■ • • 

^ } 3(17) + 12 = 3(17) + 3(4) = 3Cl7 + i^), 

# 

SO that , \v ' ' 

'3(171^^3117^^,7^^, , 

Therefore 

^ 3ii7i^_^^ ^ _ ^ ^-,7, • 

In other words, the Tinal phrase obtained" in the "pattern" is a 
numeral. for 17- Try som^ more choices 'from' the set S, Will you 
always end up vith the number you chose at the start? One method 
of answering this question would be to work out each of the 1000 
different exercises I Perhaps you have^ already guessed, from work- 
ing the pattern for several cases, that it may not be necessary to 
do .all of the 1000 exercises to answe^y^the above question. 

Let us examine the pattern of the exercise more closely, ^ 
Observe first that the pattern really does not depend on the number 
chosen from the set S. In fact, if we refer to the number chosen 
by the word "number", the steps in the ^xerc*ise .become: 



' number 
3 (number) 
3 (number) 12 
3 (number) + 12 " 

• ■ . - 

3 (number)' + 12 ^ 4 . * " ^ 
3 ' 

»In order to save vrriting, denote the chosen nvunber by "n". Then 
the s"]beps become : , , 

• • n 

3n* 

AT 

3n + 12 
. 3n + 12 



3 

3n + 12 
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Note that "n" is used here as, a numeral for the chosen niamber and 
that the phrase in each of the other steps is also a numeral. (Thxis, 
if n happens to be 17, then the indicated^^praduct "3n" is a 
numeral for 51 ♦) In particular., the phrase ^ '^^ - 4" is a 
numeral for the "answer" to the exercise^ Moreover, by the dis- 
tributive property for numbers. 



Hence, 



Theijeforei 



3n + 12 = 3n + 3{k) = 3(n + 4)- 



'3n^'. 3(n^-f'4) ^^^^ 



^ - 4 = n.+ 4'- 4^= n. 



Since "n" can represent any particular element of the set S, we ' 
conclude that the end result in this exercise is indeed always the 
same as the number chosen at the start. 

The, above discussion illustrates the great power of methods 
based on pattern or form. rather than on simple arithmetic^ The 
method, in a sense, enables us to replace 1000 different, arithmetic 
problems by a single .pro"bleml 

Would the discussion of the exercise be changed in any essential 
way if we had decided to denote the chosen number from S by some 
letter other than n, 'sa^y m or^ 'x? • . * v 

A letter lised, -a^^ "n" was used in the above exercise, to 
denote one^'of "a^'given set of numbers, is ^called a variable . In a 
given computation involving a variable, the variable is a niimeral 
whi'dh represents a definite though unspecified n-umber from a given 
, set of admissible numbers. The admissible numbers for the variable 
"n" in the .above exercise are the whole numbers from' 1 to 1000. 
A number whiclj a given variable can represent is called a value of 
the variable. The set of values of a variable is sOmejbimes called 
its domain. The domain of "^he vlariable "n" in the above exercise 
is .'the set S = {l, 2, 3, . . . , lOOO). Unless .the domain of a 
variable is specif itja^ly stated, we sh^^ll assume it to be* the set 
of all numbers. For the time being, we are considering only the 
numbers of arithmetic. ' . 
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. * Problems • - ' 

1. If the sum of a certain niunber- t and * 3 is dotibled, which / 
of the following would be a cprrect form: 

• ^t + 3 or 2(t + 3)? 

2. If 5 is added' to twice 'a certain number n and th4* sum ia 
' ' divided by 3',. whi^ is the correct form: * 

. • •' -^V^ or f +5? 

If one-fourth of a certain^ii\;unber x is added to one third of 
four times the same number, which is the correct form: 

■|(4x) f.^ix) or |(x) +^(x)? • ^ . , 

4^ If the number of .gallons of milk purchased is y, which is 
the correct .form for the number of, quart bottles that will . 
contain itjr ^ ^ ' ^ ^ j ^ 

' ^4y <or ^? ^ ^ / ' 

5, If a is the number of feet in the length of a certain rect- 
angle and- 1> is the number of feet in the width of the same 
recrtangle, is either form the correct form for the perimeter: 

a + b or ab? 

^ 6r^" Ifr ,.8^*, is 2,. is '3, o is ^, m is 1 and n' is 0, 



then 


what is the 


value 


6£ (that is 


, what nvunber is represented 


:W) ' 








(a) 


6b + ac * 




(f) 


n(c +- ac) .; ^ " r 

4 


(b) 


(a + b) (a + 


m) 


(g)' 


2a + 3b 
m 


(c), 


6(b + ac) 




. ^ " (h) 


m(b - 4c) ^ ^ * 


(d) 


2b + c 
b 


* 


' (i) 


5<3a +. 4b) • 
, 2Ca + b) 




nc + ac 




. " (J) 


a + 2(b + m) ! 
1 / 



/• 
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° If a' is 3, b is 2, and c * is k, then what is the 

value of: ^ - . 

(a) (3a ->• 4b) - 2c, ♦ /"^ 1^ " 

(b) (6a - 4b) + 5c. . . (1.5a + 3.7b) 2.1c ^ ( 

Summarize the new ideas, including definitiona, which have 

'been introduced so far, • 
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SENTENCES AND PROPERTIES OP OPERATIONS ^ ' 

Sentences , (True and ' False ♦ Is the sentence, '"The cover 
of .thia^ book "is blue." true br false? Obviously, it is true. 
Let us/ consider another sentence. "The^ world is flat." is 



obviously false. If one were to say 



is president of the 



United States", would thi^s sentence be true or false? Actually 
it is neither. The sentence may be made true by inserting the 
prooer name in the blamk, but it could Just as easily be made - 
fal^e. We say that It is "open", i.e., it ,is neither true nor 
fal/se iintil we complete it, but once completed it then will be 
either true or false. 

The choice we make to complete the s.entence will determine 
wiiether it is to be true or false. It should be noted, however, 
^ tnat ♦it is permissable (from^the standpoint of logic) to make a 
false statement.* 

When we make assertions about numbers we also write sentences, 
such as r . 



(3 + 1)(5 + 2) 



10 



Remember that a sentence is either true or false, but not both. 
Thi^s particular sentence is false. 

Srome sentences, such as the one 'above, involve the verb "=", 
meanMig "l,s" or "is equal to". ^^There are other verb forms that we 
shallVise in mathematical sentences., For example, the symbol ""/" 
will meian "is not" or "is "not eq|ial to". Then 

8 + 4 28-2 



is a true sentence, and 



is a false sen1ience< 
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Problems 



Which of the following senten'ces are true? Which are false? 



1. 
2. 
3. 

k. 
5. 



4 + 8 = 10 + 5 
5+7/6^6 

^ y 85 

7(6 X 3)' = (7 X 6) X 3 



6. 
7. 
8. 



8(| -4)*= 8(^) --e(^) 



13 X 0 = 13 



§(7) / 2(7) 



Open Sentences * We have no trouble deciding whether or 
not a nximerical sentence is t^rue, because such a sentence involves 
specific ntimb^rs. Cons iclepHhe sentence 

" ' ' ' . X + ^ = 7. 



Is this sentence true? You will protest that you don'tjknow what 
number "x" . represents; without this information you '^nnot d^ide. 
In the same way you cannot decide whether the sentence, "He is 
doctor," is true uatil "he" is identified. In this sense, the 
variable "x" is used in much' the same way as a prono;m in orflinaiy 
language. . 

Consider the sentence • ^ 



3n + 12 = 3(n + 4). 
/We cannot decide whether this .sentence is true on the basis of 
sentence alone, but here we Mve a different situation. We cd 
decide ^if we knew what number "n" represents. But in this c 
we qan decide without knowing the value of n. \fe can recall 
general property of numbers^ to show that this sentence is true 
matter what number "n" represents . (What did, we call this 
general property of numbers?) 



tl* 
aid 
ise 

no 
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We say that sentences such as 

X + 3 ^ r . • ^ 

and 

3n + 12 = 3(n +4), 

which 9ontain variables, are open sentences. The word "open" is 
suggested by the fact that we do not know whether they are true 
.without more information. An open sentend-6^ is a sentence involving 
one or more variables, and the question of whether it is true is 
left open until we have enough additional information to decide., 
In the ^ame way, a phrase involving one or more variables is called 
an open phras e . 

I 

Problems 

^ T / 

, I 

In each of the following open sentenc^s, determine whether the 
sentence is true if the variables have the suggested vaiues: 

1. 7 + X = 12; let x be 5. 

2v 7 + X / 12; let x be 5. 



3. • ^^7—^/3} let X be 3;" let x be 4. / 

4. 2y + 5x = 23; let x be 4 and y be 3; let x ' be 3 
and y be 4. ^ . , ' 

5. 2a - 5 (2a +' 4) - b;' let a be 9' and b . be ,9; let 

« 

a be 3 and b be 9. 



If we are given an open sentence, and the domain of the vari- 
able is specified, how s^all we determine the values, if any, of the 
variable that will make it a true sentence? We Qould gvess various 
numbers until we hit on a "truth" number>, but after the first guess, 
'a bit of thinking could guide us . 
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Let us experiment with tljfe open sentence "2x - 11 - 6". As a 
fii*st guess, tiy^a number x large enough so that 2x is greater 
than 11 ; let x 9* Then 

2x - 11 = 2(9) - 11 

Thus*, tha numeral on the left represents 7 , which is diff extent 
from- 6. Apparently 9 w^s too large; so we try 8 for x. Then 

2x - 11 = 2(8) - 11 
= 5. 

Here the numeral on the left represents 5, which is also different 
from 6* Since 8 was too small, we try a rjuiriber between 8 and 
9, say 8|. Then 

2x - 11 - 2(8|) - 11 ' ^ 
= 6. 

"6 = 6" is a true sentence; so we find that tHe dpen sentence 
"2x - 11 = 6" is true if x is 8^. Do you think there are other 
values of. x making it true? iDo you think every open sentence has 
a value of the variable-which makes it true? Which makes it false? 



i*roblems 

' / ' ^ " ■ 

Determine A^hat numbers , if any, will make each of the f611ow- 
ihg oper/sentences true: 

1. 1^ + y = 8 ^ 4* I 4- 2t / 27 + 3t 

« * 

2. 4x - 3x = 14 5.' t + 3 = 3 + t . 

3. • s + 3 = s + 2 \ '6. (x + 1)2 / 2x + 2 



) If a variable eccurs in an open sentence in the form "a •a" 
meaning "a multiplied by a", it is conveniefnt to write -"a^a" 
as "a^", read Va, squared"^. 
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Problems 

1. Tiy to find' values of- the variables which make the , following 
open sentences trye: ^ .... ' 

(a) x^- = 9 (d). (x -1)2 =_V' 

- (b) 4 - ^ Q ' ^-^^^^2 ^ ' ^ ^ 

(c) = X (f) + 7 = 7^ ^ 

2. What is a value of x for which 



V 2 - 9 ' 



is a true sentence? 



A number of interest to us later is a value of x tor which 
"x = 2" is a true sentence.* We call this number th,e square 
. root of 2;, and write it yW. Later you wtiar-Tind €hat ^2 
is the coordinate of a point on the^number line. Approximate- 
ly where on the number line would it lie? 



Truth Sets of Open Sentences . Let the domain;*of the 
variable in the sentence ' ' 

3 + X = 7 

be the set of all numbers of arithmetic. If we specify ti^at x* 
has a particular va;Lue, then the resulting sentence is tinie or is 
false. For instance, ^ ' , ' 
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If, X is 


the sentence 


is 


0 


3 + 0 = J 


false 


1 . 


3 + 1 = 7 


, false 


1' 

? 


3+1=7 


false 


2 


,3 + 2 = 7 


false 


4 


3 + 4 = 7 


true 


" 6 ' 


3 + 6 = 7 


false 




i 
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ic^iSis way the sentence "3 + x = 7" can be^thought of as a.\ 



sorfer ; _it sorts the domain of the variable into two subsets. Just- 

ai ybu might sort a deck of cards* into two subsets, black and, red, ^ 

the domain of the variable is sorted into a. subset of all tl^ose 

numbers which make the sentence true and another subset of all , . 

those numbers which make the sentence false. Here we see that ^4 

— — T ^ ' 

belongs to the first subset, while 0, 1, 2^, 6, belong to the 
second subset. . ] 

The truth ' set of an ^en sentence in one variable is the set 
of ajfl those numbers from tlie domain of the variable which make 
the sentence true . If we do not specify otjierwise w^ shall con- 
tinue to assume that the doinaim of the variable is the set of all 
nmbers of arithmetic. (Recall that the nximbers of arithmetic 
consist of 0 and all numbers which are c/DOx»dinates of points to^ 
the right of 0 on the number line: 



Problems 



With each of the following open sentences is gTven a ^et which 
contains all the numbers belonging to its truth set, witi> 
possibly some more. You are to find the truth se.t. 

(a) 3(x + 5) = 17; (0, |, 1). , / - ' ^ 

(b) - (4x - 3) =^ 0; (1, 2, 3, 4) . 
,2 V , 1 _ o. 1 1 li ' 



(c) x-" - -^x + i = 0; [1, ^, ^, ^) 
(,d) X + I = 2; {^2, 



(e) x(x + 1) = 3x; (0, 1, 2) 

(f) = 3; (0, 2, 4).' 
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(g) X + 1 = 5x - 1; {1, i, 2). - 




(h) X + 2 = X + 7; . {0, 2,. 3). v 

' -s^ 

2. V^lte an open sentence whose truth set is the null set ^. 

Many formulas used\n science and business are in the forms of 
open sentences in several variables. For example^, the formula 

is used to find the volume of a cone. The^ variable h represents, 
the number 'of units In the height of the .cone- B represents the 
number of square uni1^ in the base; V represents the number of 
cubit units ■ in tne volume. When values are specified for all but 
one ot the variables in such a formula, the resulting open sentence 
contains one remaining variable. Then the tru^h set of , this sen- 
tence gives information about the ilgmber r^resented by this vari- 
able • ^ ^ 

Continuing the example, let us ^consider a particular cone whose 
Volume is 66 cubic feet and the area of Whose__hape is 33 square 
feet. Prom this information we determine that V is 66 and B 
is ^ 33, and we write 'the corre's ponding open sentence in one vari- 
able h, . ' / 

66 = ^(33)h.. / 
'The truth set of this sentence is {6}. ^ . ' ^ 

Applying this information to the cone,' we find that the height 
of the c one is 6 feet . ' . * 
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Problems 

> * 
'^1. The formula used to ^t^hange a temperature P measured in 
^\ degrees Fahrenheit to the corresponding temperature C in 
degrees Centigrade is ' 

G = ^{F - 32) • 

Find the value C when' F ig, 86. 

2. A formula used in physics to relate pressure and volume of a 
.'given amount of a gas at cohstant temperature is 

pv = PV>, 

where V. ''is ^the number of cubic \mits of volume art P \mits 
of pressure and v is the number of cubic \mits of volume at 
^ p units of pressure.' Find the value or V when v is 600, 
P is' 75, and p is 15. 

.The formula for the area 6f a trapezoid is 

\ . \ ^ ^ = ¥^ 

Vi^ere A is the number of square units in the area 7 B is 
tlife^ numbe/»^of units in the one basi, b is the number of 
unitisk^in the other bas^, and h is the number of units in 
the hei^t. Find the value of B when A* is * 2oL b *is 4, 
and h is 4. 



Graphs of Truth Sets . The graph of a set S of humbers, 
it will be recalled, is^^the'^set of all points on the number \ line 
corresponding to the numbers of S, and only those points. 

, Thu3, the graph of the truth set of an open sentence contain- 
ing one 'Variable is the set of all points 'to the right of 0 on 
the nuiriber line whose ^coordinates are the v^ues of the variable 
which ijliake the open sentence 'true. Let us draw the graphs bf a 
fe^j^op^ji sentences. . * ^ ^ 
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Sentence 

(a) X = 2 

(b) X ;^ 3 . 



•Truth Set 
(2) 



All numbers 
of arithniB.tic 
except ^ 3 ^\ 



Graph 



(c) 3 +x = (7 + x) - k All niunbers ^ 
, , of arithmetic q 



(d) y(y + 1) = 3y 

(e) 3y = T ^ ^ 
(t) 2X+1 = 2{y^ + l) 



{0, .2) 



0 



-f- 



2 3 



4 



^ h- 

2 3 
H 



3 /3 



(Graph contains ho points) 



You will notice in (b) that we' Indicate that a point is included in 
^ the graph if it is' marked with a^eavy dot, but not included, if it 
is circleci. The heavy lines indicate all the points that are covered. 

18 arrow at the right end of the r^ber line in (b) and (c) indicates 
ti^at all of the ppints to the right ^re on the^ graph. 



Problems 



1, 
2. 
3. 



State the truth set of ^ach open sentence and' draw its gr^iph: 

X + 7 = 10 \ 5. (x)(0) = X, / 

2x=x + 3 . A 6. 2x+3=8, 

X + X / 2x ' " 7. ^"-y-(l) >^ y 



4. x+3=3+x 



8. x"^ = 2x 
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Sentences Involving Inequalities . If we consider any 
two different numbers, then one Is less^ than' the* other. Is this 
always true? This suggests another vepb form that we shall us§ in 
numerical sentences. We use the symbol to mean "is ^less 

than" and ">" to mean "is #?eater than". • - 

To avoid confusing these Symbols, remember that in a true 
sentence^su^h as ' - * I 

8 < 12 . ^ ... 

or 

:i5 >-8, 

the point of the symbol (the small end) is directed toward the 
smaller of the two numbers. . ' » ' ^ 

^ Find the two points on^ the number line which correspond to 8 
and I2/^Which point, is to the lef,t? Will the lesser of two num- 
bers always correspond to the point on the left of the other? 
Verify your answer by locating on the number line points corre- 
spending to several pairs of numbers, such as ^ axid 2.2: ^ 
and - ^ ' 

Just as "/" means "is not equal to"^, ":f" means "is not 
greater than". What does ,"<}:" mean? ^ 



Problems 



Which of the* following sentences are true? Which are false? 



- 1. 

' 2. 

3. 

4. 
5: 
6. 
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Use 


the nvunber line 


to help you decide 






4 + 


3 < 3 + 4 


7. 


5.2 


- 3.9 < 4.6 


* 


5(2 


+ 3) ^5(2) + 3 


8. 


2 ^ 


1.3 > 3.3' 








9.. 


2 + 


l.Z 1t 3".3 




5 + 


0 i 5 


10. 


4 + 


(3 + 2) < (4 


+.3,) + 2 


2 > 


2x0 


11, 


|t8 


+ 4) < 1 X 8 


i-fx 4 


0.5 


+ 1.1 = 0.7 + 0. 


9 12. 


5 + 


(| f ) / 


- 1)2 




y 


^ 










t 
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Open Sentences Involving Inequalities , What Is the truth 
set of the open sentence • • - * 

We can answer this question as follows: We know that the truth 



set of ^ 



Is '{2). When x Is a number greater than 2, then x + 2 Is ^a 
number greater than 4. When x Is a number less than 2, then 
X + 2 Is a number less than 4. Thus, every number greater than 
2 makes the sentence true, and every other number makes It false. 
That is, the truth set of the sentence "x + 2 >^4" is the set of 
a,\l numbers greater than 2. 

The graph of this truth set Is the set of all points on the 
'number line whose coordinates are greater than 2. This" Is the" 
^et of all points whlch«^lle to the rigl^t of the point with co- 
ordinate ^: 4 ^ ^ L 

—\ 1 (|) I I I I » 

0, I 2 3 4 5 6 

As anather example, 'consider the graph of the truth set of 

1 + X < 4: ^ 

• ^ TTuih Set ^ . - Graph 

All numbers of arithmetic 

from 0: to 3, Including ^ 1 ^ 1 Q 



0, not including 3. . 0 ' ' 2 3 4 5 

It is customary to call a .simple sentence involving an 
equation arfd a sentence Involving or an inequality . 



1, 



2. 
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s . Problems 

Draw the graphs of the truth sets of tl\e following open 
sentences: ^ ^ 



(a) 


X 


^ 2 


^ ,(e) 


3 + yk 4 


(b)" 


X 


^ 2 


. (f) 


m < 3 \ 


(c) 


3 


+ y ;^ 4 


(g) 


m > 3 


(d) 


3 


+ y > 4 







Felow are some graphs. For each graph, find ^ open sentence 
whose truth set is the set whose graph is given. 



(a) 
(b) 

(d) 



(e) 



-\ — 

0' 




2 


— 1 

3 


— \ 

4 


— 1 

5 


— 1 — 

0 

— 1 — 




2 


— 1 

3 


— 1 

4 


— 1 — 

5, 

— h-^ 


0 







— I 

v3 


4 


5 


0 


-<;>- 

1 


— 

.2 


3 


1 

4 


•5 














0 




1 — 

2 


— \— 

3 


1 

4 


5 



IP' the domain of the variable of each open sentence" below Is 
the set COT'l, 2, 3, 4, 5), find the >truth aet of '^ach, and 
draw its graph. « " ~ ' 

(a) 4 + X = 7 , -(d)' X + 3* < 6 ; 

(b) 4x + 3 = 6 (e) 2x + 6 = 2(x + 3) 

(c) 2x > 5 ■. ' 
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Sentences With More Than One Clause. All the sentence's 
disciu^sed so far have been simple --that is, they contained only- 
one verb form^» Let us consider a sentence such as 

4 + 1'= 5 ' and 6 + 2 7. ) 

Yo\ir first impression may be that we have written two sentences 

But if you read the sentence from left to right, it will be one 

compound sentence with the connective and between two clauses. So . 
^ , 

in mathematics, as well as in English, we encounter sentences 
(declarative sentences) which are compounded out of simple sentences 

C t 

Recall that a numerical sentence is eitherv^rue or false. The 
compound sentence . ^ * - 

4 + 1 = 5 "and 6 + 2 = 7 • ^ 

is certainly false, because the word and means "both", and hfere the 
^second of the two clauses is false. The compound sentence 

.3:^'l + 2and4 + 7>10 

'is true, because both clauses are true sentences. 

In general, a compound sentence with the connective and is 
true if all its clauses are true sentences; otherwise, it is false. 



. Problems 

» r 

Which of the following sentences are true? 
1. 4=5-1' and 5=3+2 

2-. 5=^--|and6<|x9 

3. 3>3+2and4+7<ll 

4. 3+2>9x-jand4x-|/5 

5. 3.2 + 9.4/12.6 and < " ' 

6. 3.25 + 0.3 / 6.25' 
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Consider next the sentence 

4 + 1 = 5 or 6 + 2 = 7. /cs- 
This is another type of compound sentence, this tfme with the ^ 
connective or. Here we must be very careful. Possibly we can 
get a hint from English sentences . If Me say, "The Yankees or 
the Indians will win the pennant", we mean tfiat exactly one of 
the two will win; certainly, they cannot both win. But when We 

'say, "My package or your package will arrive within a week". It 
is possible that both packages may arrive; hepe we mean that one 
or more of the packages will arrive, including the possibility that 
^Q^^ n^y arrive. The second of these interpretations of "or" is 
the one which turns out to be the better suited for our work in 
mathematics . ; 

Thus, we agree that a compound sentence with the connective 
or is true if one or more of its clauses is a ti?ue sentence; other- 
wise, it is false. 

We classify 

^+1 = 5 or 6 + 2 = 7 

as a true compound sentence, because its first clause is a true- 
sentence; we also classify 

5 '< 4 +, 3 or 2 + 1 / 4 
/■ ^ * 

as a true compound sentence, because one or more of its clauses 
is true (here both are true).. 

Is the sentence • * 

3 / 2 + 1 or 2 > 4 + .1 
false? Why? » ' * ' ^ 
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1. 

2. 
3. 

' k. 

5. 

.6. 



Problems 



Which of the following sentences are true? 
3 = 5-1 or- ^ ,= 3 + 2 



7 = 



11 , 3 



or 2- = 



11 3 



4 > 3 + 2 or 6 < 3 + 1 

2 + 3>9x-| and h x ^ 6 
6.5 + 2.3 ^ 8.8 or | < 

5 + < 9 or I < 



Graphs of Truth Sets of Compoimd Open Sentences . Our 
problems In graphlag have so far Involved only simple sentences. 
Grapjps'of compound open sentences require, special handling. Let 
us consider the open sentence 

. X > 2 or X = 2. ' 'I 

The clauses or this sentence and the corresponding graphs of their 
' truth s e ts are i ': 



X > 2 



X = 2 




* If a nianber belongs to the truth set of the sentence "x > 2" 
or to the Iruth s^t of the sentence "x = 2", it is a number ' 
belonging to the truth set pf the compound- sentence 'Jx > 2 or 
X = 2":^ ^ Therefore, every n\imber greater than or equal to 2 belongs 
to the. truth set. On the other hand, any number less' than 2 makes 
both clauses o^ the compound sentence fal^e and so fails to belong 
to Its truth set. The graph of the truth set is ^then 
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X > 2 or X 



t 



' We abbreviate the sentence "x > 2 or x = 2" to "x > 2", 
read "x is greater than or eq\ial to 2". Give , a corresponding 
meaning for ' * . 

Let VIS make a precise statement of the principle involved: 
' The graph of the truth set of compoiond sentence with connect- 
ive or consists of the set of all p/ints which* belong to either one 
of the graphs of the two cla\ises ofN;he compound sentence. 

Finally, we consider the problem of finding the graph of an 
open sentence such as 

X > 2 and X < 4. — 

,Again we begin^with the two claiises and the graphs of their truth 
sets: ' . 

X > 2 . 




■'. X < 4 ■ 

5 

Then it follows (using an argument similar to that above^that the^ * 
' graph of the truth set of the compound s.entence ds 

X > 2 and X < 1 1 -+ 1 * — ^3~^ 5~ 

Sometimes 'we write "x > 2 and x < 4" , as "2 < x < 
We see th^t the graph of the truth set of a compound sentence 
with connective and consists of all points which are ^common to the 
graphs of the^truth sets of the two clauses bf the compo\and 
sentence*. >' • f 
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It has required many words, carefully chosen, to describe the 
various connection^ between sentences, truth sets and graphs. We 
consistently referred to the graph of the truth set of an open 
sentence . In the future, le't us shorten this phrase to the graph 
of a sentence . It will be a simpler description, and no confusion 
will result if we recall what is really meant by the description. 

For the same, reasons we shall finji it. convenient to speak of 
the point ^3, or the point when we mean the point with co« 

ordinate 3 or the point with coordinate ^. Points and numbers 
are distinct entities.-:fee-4x^ sure, but they correspond* exactly on 
the number line. Whenever there is any possibility of confusion 
we shall remember to give the complete descriptions. 



Problems 

Construct the graphs of the following op^n sentences: 

1. X = 2 or X = 3 ' ' 4. x > 2 aLd x<^ 

2. X = 2 and x = 3 5- x > 5 an^ ' x = 5 , 

3. x>5orx=5 6'. x>3or"x = 3 



Summary of Open Sentences . We have examined some 
sentences and have seen that each one can be classified as either 
true or false, but not both. We have established a set of symbols 
to indicate relations between numbers: i 
"=^" means ^is" or "is equal to" 
V" means "is not" or "is not equal to"- 
means ^is less thaij" ' 



*^>" mean6 "is greatier than" 



"<" means "is less tB^ or 'is equal to" 
"2" means "is greater than or is equal to", 
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We have discussed compound sentences which have two clauses. 
If the clauses are connected by the word or, the sentence is trye 
if -at least one clause is true; otherwise it is. false. If the 
clauses are connected by and, the sentence is true if both clauses 
are true; otherwise it is false. 

^ QP^^ sentence is a sentence containing one or more variables 
The truth set of an open sentence containing one variable is 
.the set of all those numbers * which make the sentence true. The . 
open sentence acts as a sorter, to sort the domain of the variable 
into two subsets: a subset of numbers which make the sentence true, 
and a subset which make the sentence false. 

The graph of a. sentence is the graph -of the truth set of the 
sentence. • - 

( 

Problems 

state the* truth set of each of the following open sentences 
^ atnd construct its graph. Some examples of how ^ou might 
state the truth sets are; ^ 

Open Sentence . Truth Set }^ 

X + 3 = 5 (2)v ' • ' 

2x ?^ X + 3 'The set .of all numbers of 4^i15hmetic extept 3; 

* * rt ' it ^ , . • 

X + 1 < 5 The set of all numbers of ai:^ithraetic less 

' than ^ . / ^ « ' - 

2x > 9 The set of numbers consisting of ^ and all 

< ' ' ^ < ^ numbers greater tljan 



1. 


z + 8 




14 






8. 


3a, 7^ a + 5''- 




2. 


2 + V 


< 


15 






.9. 


9 + t < 12 or 


' 5 + 1^-6 


3. 


6.> 1 


+ 


3 


and 


5 + t = 4 


10. 


5x + 3 < 19 


















\. 


6 > 1 


+ 


3 


'or 


2 + t = 1 


11. 


(x - 1)2 = 4 . 




5. 


X + 2 




3 


or 


X + 4.= 6 


12-. 


^x = (8 + x) - 


2 '• 


6.. 


' ^ > 3 










13. 


t + 6 < -7 and 


t + 6 ^ 7 


7. 


t +'4 




5 


or 


t + 5 ;^ 5 
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Identity Ele^ients . For wh^t number n is it^ true that 
n '+ 0 = n? 

Here we have an interesting property which we ..shall call the 
addition property of zero . We can state this property in words: 
"The sum of. any number and* 0 is equal to the number," 

' OF 

We can state this property in the language of algebra as 
follows : ^ ' " 

For every number a, 

a + 0 = a. 

Since adding 0 to any number gives us identically the same 
number, 0 is often called thQ" identity element for addition . 

Is there an identity , element for multiplication ? Consider the 
trutl> sets of the following open sentences: 

3x = 3 

^ = 7 

1 .7 = .7y ^ 

n(5) =5. 

You riave surely found that tl^e truth set of each of these is 



X' 



£ n(l) = n 

seems to be a true sentence for all numbers. How' could yoiif state 
in words this property, which we shall c^ill the multiplication ^ 
property of "one? 

. We can also state this in the language of ajgebra: 

For every niunber a, 

a(l) = a. 

We can see that the identity element for multiplication is 1. 



^ There is another property of zero which will be evident if you ' 
answer the following questions: 

1. Wh,at is the result when any .number of arithmetic is 
multiplied by 0? * * ' * 

2. ^^If-the product of two numbers is 0, and 9ne of the 
lumbers Is^ 0, what can you tell about the other number^ 

The property that becomes apparent is called the multiplication 
property of zero , and can be stated as follows: 

For every number a, . ' " ^ • • - 

a(0) = 0/ 

These properties of zero and 1 are very useful. For instance, 
we use the multiplication property of 1 in arithmetic in working 
with rational numbers . .Suppose we wish to find a numeral' for ^ ' 
in the form of a fraction, with 18 as,, its denominator, 
many names^for^ 1, such as |, |, we choose 

because 3" is the niumber whicH multiplied by*"^B^, gives 



.Of the 
n3ii 

18. We 



then have 



-Id) 

.5(3 



Suppose ,we now wish to add ^ t© |. ^o do this, we desire, other ' ' 
names for J and |, n^unes which are 'fractions witk-t^he sam'^ 
denbminatoi;. What denominator should we choose? .It must be -a'' ^' 
multiple of both 6 and 9, but It cannot be 0. Thus, ■3$,foff 
18, or 5*^, or many others, are possible choices. For -slmpllblt^" 
'we pick the smallest, which is l8. (Tills Is called the least 
common multiple of/ 6 and 9.) ly order, novt, to add I to ^, . 
already Imo^ tl/at ' j 



\ 



SO- 



Similarly, - 
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7(2) 



= 15- • 

Then , ■ 

1 4. 7 _ 15 . 04 

_ 29 

^ + 5 

EyEtmple ^ Find a common ^Eime for — ^ — . 

7 



\ 



2 



\ 



J ' " ■ 

_ (f + 5)21 

. " (^)21 

■1(21) + 5(21)^". 

= i ,j r (Note use of the 

4(21) distributive 
' property.) 

14 + 105 
5 

.119 • . - 



I 
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Problems 



Show how you use the properties of 0 and 1 
common name for each of the following: 




7+2 



to find a 




1 4. 3 



If you imow that the product of two numb^ is 0,, and 
that one of the numbers is 3, what can you tell about 
e other nuraberf 

(b) If \he prodijct of two numbers is 0, what can you tell 
about\a1» least one of the numbers? 

(c) ^Does theXmultiplication 'property of 0 provide answers 

to these q^stions? Is another proijerty of 0 implied 
here? 



. Closure. In our wo^i^ so far we have -often combined two 
numbers by addition or multiplication to. obtain a. number. We have. 
^ never doubted that we always .do a number because o^ experience 
is that we always do. ■ 

If you add any two of the numbers of arithmetic the sum is 
always a^ number of this "set. -When a certain operation is performed 
on elements of a given subset of the numbfers of arithmetic and the 
resulting niimber is always a i?tember of trie same subset, then we say 
that the subset is -closed under the operdttion . We say, therefore, 
"that the set, of numbers of; arithmetic is | closed under addition . 
Likewise, since the product of any two njimbeTs is always a number, 
the set of numbers is ;Closed under multiplication . We state these 
properties in the language of algebra, as follows: . 



7 
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Closure Property 
nymber b, a + b is 

Closure ^ Property 
every number b, ab 



of Addition ; For every 
a number. 

of Multiplication ; For 
Is a number. 



number a and every 



every number a suid 



' Associative and Commutative Properties of Addition and 
Multiplication . The algebraic language with which we have been 
becoming familiar permits us, as In the case of the properties of 
1 and 0 which we have just studied, to give a statement about 
the above property In this language. We have three (not necessarily 
different) numbers to deal with at once.* Let us call the flrfet 
"a", 'the second "b",-^d l^he third "c". "Add a second number 
to a first number" Is then Interpreted as "a + V*; "add a third 
number to th^ir sum" is Interpreted as "(a + b) + c". (Why did 
we insert the parentla.es es?) Write the secetttTl^al^ of our verbal 
state.ment in the language of algebra. The words "the outcome is 
' the sairie" now tell us that we have two names for the same number. 
Our statement becomes . ^ 

(a +"b) + c = a' + (b + c) . I 

For what n\xmber& is this sentence true? We have concluded pre- 
viously that it is true for all riumbera. And so we write, finally. 

For every number a, for every number b, for every number c 

' * ^ (a + b) + c = a + (b + c) . 

We recall the commutative property of addition. It was verbalized 
as follows^/: If two numbers are. added in differeait orders, the 
re&;glts are the same. In the language of algebra, we \s'ay ' 

Pol?, every number a .and every number b, 

a + b -= b + a . 

^ow would you state the associative property of multiplication 
in the language of algebra? ^ / 



What. property 16 given by tiae following statement? . 
For every number a and every numbei^ b, 

ab ±: ba;" 

These properties of the operations enable' us to Write open 
phrases in "other forms". For example, the open'phra^se 3d(d) 
can be written in the form* 3(d'd), i.e., 3d^, by applying the 
associative property of multiplication. Thus, two ^'forms'' of an 
open phrase are two numerals for the same number. 

Among* the properties with which we have just been concerned 
are the commutativity of addition and multiplication. Why are ve 
so concemed-whethei| binary operations like addition and multipli- 
cation are commutative? Aren't all the operations of arithmetic 

I 

-commutative? Let us try division, for example.. Recall that 

6 4-3 

means "6 divided by 3". Now, test* whether 

6-J-3=, 3-r6 

is a true sentence. This is enough evidence to show thaj; division 
^Q^. ^ commutative operation. (By the way, can you find some a 
and some b such that a 4- b = b 4- a?) Is the division operation 
•Associative? ^ - / - ^ 

Another very interesting example for the counting numbers is . 
the following: let 2**3 be defined to mean (2)f2)(2); and. 
3**2 t a mean .(3) (3). In general, a**b nieans a has been uspd 
as a factor b times. Is the following sentence true? " 

.5f*2 = 2**5? 

Do you conclude that ^is binary operation on counl^ing numbers is 
commutative? Is it associative? 

You may complain that this second example is artificial. On 
the contrary, * the ** operation defined above is actually used in 
the language of certain digital computers. You see, a machine is 
much happier If you give it all its instructions on a line, and so 
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a Vlinear" notation was devised for this operati6n. But you see - 
"^at to the machine the order of the numbers makes a great "difference 
in this operation. Is there any restriction on the types of numbers 
on wjilch we may operate with 



Problems 

If X and y are numbers of arithmetic, the closure property 
assures us that 3xy, 2x and therefore, (3xy)(2x) are 
numbers of arithmetic! Then the associative and commutative 
properties of multiplication enable^ us to write this in 



another, form: 



V V- ' 

(3xy)(2x) = (3.2)(x.-x)y' 

' ■; = 6x2y. 

Write the Indicated products in another form as in the above 
excimple: * , 

(a) (2m) (mn) - (d) (^b)(6c) 

^ ^(b) (5p^)(3q) , (e) (I0a)(l0b) . ' 

(c) n(2n)(3m) (f) (3x)(l2) , }' 

2. if X and y are nijmbers of arithmetic then the closure^'^ 

property allows us to think of 12x^y as a numeral which 

represents a single number. The commutative and associative 

properties of multiplication enable us to write other numerals 

tot the same number. (4xy)(3x), . (2x)(6xy), and (l2x^y)(l) 

p 

are some -of the many ways of writing 1 2x y a,t indicated 
products. Similarly, wt*ite three possible indicated ^oducts 
for each of. the foQilowing. • ^ 

(d) xV^ 

(e) 6ka.%c^ 

(f) 2c ■ • " 



(a) 


8ab2 


(b) 


> 2 


(c) 


lOmn 



Which o!f the- following sentences are true for every value of 
the variable? Explain which of the properties aided in your 
decision. ^ v 



.(a) m(2 + 5) = (2 + 5)m I 
(b) (m + 1)2 = (2 ^l)m 
(c^ (a + 2y) + b = (a + b) + 2y 

(d) ' 3x + y = y + 3x \ 

(e) (2uv)2 = 2u(v2) < 



The set A is given by A « {O, 1}. 

k 

(a) Is, A closed under addition? 

(b) Is A closed under- multiplication? . ^ ' 

^a) Is tfte set S of all multiples of 6 closed under • 
addition? - ' ' { ^ 

(b-) Is sjat S' closed under multiplication? 

Let us define some binary operations other than addition and 
multiplication. We sha^ll use the symbol "o" eagh^ime. We 
might read o b" ^ as "a ^operation "b". Since we are 
giving the symbol various ideanings, W^nfcst .define its meaning 
each time. For instance, for every a and every^ b, 
if 'a o b means 2a b, -theft— ^ o 5^ =* 2(3) + 5; 

if a t> ^ ^ then 3, o 5 = ^ g ^ ; ^* 1^ . 

IfT^.a o b me^^ (a - a)b, then 3 o 5 = (3 - 3") 5; 

If a o b means a -t -jb, then 3 o 5 = 3 + (-j) (5) ; 

if a o b means (a +. l)(b + 1), then 
3 o 5 = (3 + 1)(5 + 1). 

For each meaning of a o b stated above, write a numeral for 
each of the following: - _ ) . 

(a) 2 o 6 (c) . 6 o ^2 - ' 

w 

(b) (i) o 6 ' (d)r (3 o 2) o 4 I 
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7. Are such binary Operations oil num^bers as "ftiose defined In 
*Prdblem 6 commutative? In qther words, is it true that for 
every a and every b\ a o b = b o a? Let us examine some^ 
cases. Por^ instance, if a o b means 2a + b, we see that 

3 o 4 = 2(3) + ^ . 
^ 'i^ ^ 4 o 3 = 2(4) + 4. * 

But "2(3) + 4 = 2(4) + 3" is a false sentence. Hence, we 
\^ conclude that the operation here indicated by "o" i:s not 
* commutative. In , each of the following, decide whether or not. 
\ the operation described is commutative: 

(a) For every a and every b^ ^ a o b = ^ ^ ^ 

(b) Fot ever^ a and every* b, , a o b'^ (^ - a)b 
For every a and every b, a o b = a + ib. 

* (d) For ev.ery a and -every b, a b ;= (a + l)("b + 1)'. . • 

what do you conclude about 'whether all binary operations are 
commutative? ' * ' ' . - ' 

* 8.^ Is the operation' "o" associative in each oT the above ca^es;? 
For instance, if, for evexy a and every b, a o. b 2a + b^ 
is (4 o 2) o 5 =T 4 o *t2 • 5) a true s^tence? ' ^ ^ 
^ ' o 2) o 5 =^2(2'(40 V 2) +5 ' - ■ 

^ ' \ -1 ' ' = .gLiO)„ : ^ ^ 

■fe ' while ' , . " - ' • " 

' ' \4o.(2 o 5) = 2(4)" + (2(2) f^s) . ■ ' ' 
' . / '• s = 8" + 9. , ' 
Since^4;he sentence 2(10) > 5 = 8 + 9 is fSilse, we conclude 
that this* operation is no^ associative. Test the operations 
esc^ribed in Problem 7 (a) -(d) tor the assobiati^je pi'operty.' 
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Trie Distributive Property . Our previous work with numbers 
has shown us a variety of .versions of the distributive property. 
• Thus, - ^- ' 

15(7 + 3) = 15(7) + 15(3) 

^ (^)12+ (^)12= (^+*^)^ . 

are two true sentences each of which follows one of the patterns 
which we have recognized. We have seen the Importance of this . 
property in relating indicated sums and indicated products. We 
may now state the distributive property in the language of algebra: 
For every number a, every number , b, and every number c, 
a(b •+ c) = ab +^ac. ' . . 

^Since we have stated that "a(b + c)" and "ab + .ac" are numerals ^ 
for the same number, we may equally well wrlte^^>=» 

0 

For "every n^ber a, every niimber b, and every number ^c, 

ab + ac = a(b + c) . ' " . 

We may also apply the commutative • property of multiplication 
to write: ^ \ , 

Por every number a, every number b, and e\5ery-^ number c, ; 

* " 

(b + c)a = ba =^bc ' , 
and: * - ' , ^ ' - * 

For every number a, every number b, and ev^ry number c, 

ba + ca = (b + c)a. 

, "Any one of the four sentences above describes the distributive * 
property. All forms are useful in the study. of algebra./ , ^ 

^ Example 2.. Write trie indicated product, ' :3c<y + 3) as an 
indicated eium. 

- . ♦ ^ . My + 3) xy + x(3) by the distributive 

- ' ~ property ^ , . 
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Example , 2. Write • 5x + 5y as an indicated product. 

5x + 5y = 5(x + y) by the distributive 
. • . property 

Example 3. Wjfite the open phrase 3a V 5a in simpler form. 



3a + 5a = (3 + 5)a by the distributive 
Jk. , property 

= 8a • . ■ 

Example Jl. Write the open phrase, , 2x + 3y + 4x + 6y in 
simpler form. * 

2x + 3y + 4x + 6y'=: (2x + kx) + (3y .+ 6y) 

by the commutative and 
, , - associative properties 

of addition, 

• ' . ' ' = (2 + 4)x + (3 + ^)y 

by the distributive 
property 

= 6x + 9y 



/Problems 

Write the'^indipated products as indicated sums. • , ' . 
(a) 6(r + s) y ^ ^ (a) (7 + x)x ; v^' 
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(b) (b t 3)^ y J ' ^ . (e) ^(8 + 5) 

(c) x(x + z) ^ ^ , - (f). (atb)bu 
Write lihe indicated sums as indicateci products . 



(a) 3x + 3y . ^ - 

(b) am + an 

(c) X +-bx Hint: x = (l)x 

(d) |x + ^y 

(e) 2a, + a^ Hinti^ How is a^ defined? 

/^x __2 ____ . ' <\ . 



3. .Use the associative, .commutative, and distributive properties 
"to write the following open phrases in simpler form, if 
possible: 

(a) 14x+ 3x (e) 4x + 2y + 2 + 3x , 

'(b) |x + |x ' (f) 1.3x + 3.7y + 6.2 + 7.7x ' 

(c) |a + 3b + ^ (g) 2a + |b + 5 

"(d) 7x + 13y + 2x + 3y . . ' 



"1 



The distributive property stated by the sentence. 

For every number ^, every number b, and every' number c. 



a(b + p) = ab + ac 



' cdncems the three rtmbers ^b " and c. However, the closure ^ 
property allows us to apply the distributive property in many cases 
where an open phrase apparently conta^s more than three numerals. 
\ For example, suppose we wish to express the indicated product 
' 2r(s + t) as a sum. The open phrase contains the four numerals 
- 2v r, s, and "t. The closure property, ^ however, allows usto 
reconsider 2r as the. name of one number so we can think in terms 
' Of three ^numerals, 2r, s, and t. Thus,, " . * 

2r(s + t) ^ (2r)(s + t) 

•^^^ i2r)s + (2r)t 
^ , = 2rs + 2rt c. 

Example 1. Write 3u(v + 3z) as an indicated sum. 

By the closure proi^erty we can^egard 3u, v, and' 3z each 
^ as the name of one.ntimber. Then by the distributive .property 

3u(v + 3z) = (3u)v + (3u)(3z) ' ^ 

, = 3uv + 9uz by the commutative 

and associative 
properties of 
multiplication. 
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Example 2. Write the indicated sum, 2rs + 2rt, as an 
indicated product. ^ ' ^ ^ 

We can do this in three ways : 

(1) '2rs + 2rt = 2(rs) + 2(rt) 

= 2(rs + rt) 

(2) 2rs + 2rt = r(2s) +^ r(2t) . , , 

= r(2s + 2t) 

(3) ' 2rs + 2rt = (2r)s^ + (2r)t 

^ 2r(s + t) 

Although all three ways are correct, the third is usually 
preferred. 

Example^ 3 . ^^^press the indicated product, 3(x + y + z), 
as an indicated sum. 

3(x + y + z) ='*^x + 3y 4^ 3z. 



Problems , 

W^ite 'each of the indicated products as sin Indicated sum. 

(a) m(6 + 3p) * (d) (2x + xyjx 

(b) 2k(k + 1) ^ (e) ,**(e + f. + g)h 

(c) 6(2s + 3?f-7q) J !> (f) 6pq(p + q) 

Which of the follovdJi^ open sentences are true for every Vajue 
of every variable. (Hint: Use .the^^TJomrautative, associative 
and dis.tributive properties to write both members of these 
sentences in the same form.) , 

(a) 2ata + b) = 2a^ + ab (d) 2a(.b + c) = 2ab + c 



(b'5 4xy + y^ = (4x + y)y , (e) (4x + 3)x = 4x^ + 3 + x 
(c) 3ab + 6bc = 3b(a + 2c) (f) (2y + xy) = (2 + x)y 
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Write each of the indicated sums as an indicated produdt. 



(a) 


3uv + 








7pq + 7qr 






(c) 


3x + 3x^ 


Hint: Think 


of 3x as 


(d) 


2c + hod 


Hint: hod = 


(2c) (2d) 


(e) 


3x + 6x^ 






(f) 


2 

xz +• 2X2 







Another impor'tarit application of the distributive property is 
illustrated by the following example. 

Example 1. Write (x + 2)(x + 3) as an' indicated sum without ' 
parentheses. . ' 

If we write the distributive property with the indicated product 
beneath it, we can see which names we must regard as separate 
names of numbers . ' ' v 

a(b^ + c ) = ^ab + ^ac 



' (x + ^ 



OCx + 3) =^ {x + 2)x + (x + 2)3 



= x^ + 2x + 3x + 6 ^distribu1i(ve 

property 

= X + (2 + 3)x + 6 / distributive 



2 ^ ^ 
= X + 5x + 6. 



property 



Could you have hsed a different form of the distributive 
property to begin your work? ^ 

Example 2. Write (a + b)(c + d) as an. indicated sum without 
" parentheses. Supply the reason fqr each step. 

(a + b)(c + d') = (a + b)c + (a + b)d 
= ac + be + ad + bd 
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> \ 
Prob3.em3 

Write the indicate(^ products as indicated sums without' 
parentheses, 

(x + 4)(x + 2) • 4. (x + 2)(y + 7) 

(x + l)(x + 5) (m + n)(m - ,n) 

(x + a)(x + 3) ^ 6. (2p + q)(p + 2q) 

List all the properties of 6perations on numbers of arithmetic, 

Look for the pattern in the following calculation: 
19 X 13 = 19'ClO + 3) ^ 

= 19(10) 4- 19(3) (what property?) 

= 19(10) + (10 + 9)3 ^ 

= 19(10) + (lO(3) + 9(3)) (what property?) 

= (^19(10) + 10(3)) + 9(3) (what property?) 

=: (19 + 3)10 + 9(3) (what properties?)^ 

The final result indicates a method for "multiplying teens" 
(whole numbers from 11 through 19) : Add to, the first 
nuinber the units digit of the second, and giultiply by 10; 
^then add to this the product of the units digits of the two. . 
humbers. Use the method to find 15 X 14, 13 x 17, li X 12* 

Find* the 'coordinate of a point which lies on the number line 
betwee^i the two points with coordinates ^ and How ' 

many jpoints are between thesje twa? - 

Consider the set 

T = {0, 3, 6, 9, 12, ^ : 

Is T closed under the operation of addition? Under the 
operation of "averagihg"? 



/ 
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11. Consider, the open sentence , ^ 

2x < 1. 

What is its truth set if the. domain of x is the set of: 
(aV all counting numbers? 

(b) all whole n\;mibers? 

(c) all numbers of arithmetic? 



12. Explain how the property of" 1 is used in performing the 
calculation ^ 

^ 13. Explain why ^ 

3x + y + 2x + 3y = 5x +^^y' 
is true for all values of x , and y. 

14. (a) Write the indicated products . 

^ ' (x+l)(x+l) 
(x + 2)(x + 2) 
as indicated siams without parentheses. 

(b) Use pattern of the results of Part (a') to write 
the indicated' sum' 

x^ + 6x + 9 ^ • 

^as an indicated product. 
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^ • Part 2 



•OPEN SENTENCES AND MGLISH SENTENCES 



Open Phrases and English Phrases . Every day we are build- 
ing up a new languag^ of symbols which is becoming more and more jfei 
complete language. "We have used mathematical phrases,, such as 
"8 + 3y"; mathema'^lcal verb forms, including' and ">"; and' 

mathematical sentences, such as "7n + 3n = 50". ""^ '^ 

We recall that a variable, such as "n", is the name of a 
definite but unspecified numb^r^ The translation of "n" into 
English will then mean relating an imspecified number to something 
of interest to us ."^ Thus, the numeral "n" might represent "the 
number of problems that I worked", "the""number of- students at the 
rally", "the number of dimes in Sam's pocket", or— 'M^e-^mmbei^-of— ^ — 



feet in the height of the school flagpole". What are some other 
possible translations? 

Consider the phrase "5 + n".. Can we invent an English phrase 
for this? Suppose we use the translations suggested above. If 
, "n" i^ the number of problems* I shall be^ wording today, then the 
phrase "5 + n" represerits "^the total number of problems including 
the five' worked last night"; or, if I have 5 dimes and "n" 
- represents the number of dimes in Sam's pocket, then-^ "5 + n" 
represents "the total number of dimes, including m^five and those 
in Sam's pocket." Notice that the translation of "5 + n" depends 
on wKat translation we make of "n" . - . ^ - 

Which of the apparently limitless number 'of translations do 
we pick"? We are reminded tha^t-the-^^riable .app^ring in the open 
phrase, whether . "n" or "x", or "w", or "b", is the name of 
a-number. Whether this is the number of dimes, the number of 
students, the number of inches, etcl, depends upon the use we plan 
to make of the tran&iation. The context itseir^will -frequently 
suggest or limit translations. Thus it would riot make sense to 
translate a phrase ^uch as ""2,500,000 + y" in terms of the number 
of dimes in Sam's pocket, but it would make sense to think of "y" 
as repj»esenting the number giving the population increase in a 



ERIC 



60 ' 

«» 

state which had 2,500,000 persons at the time of the preceding 
census, or as the niimber of additional miles traveled by a satellite 
.which hdd gone 2,500,000 miles at the time of the last report. 
Similarly, the variable in the phrase ".05 + k" , would hardly b^ • 
translated as the niunber of cows or students, but possibly as the 
number giving the increase in the rate of interest which had pre- 
viously been 5 per cent. ^ . .1 

How can we translate the phrase "3x + 25"? In the absence of 
any special reasons for picking a particular translation, we might u 

et X be the number of cents Tom earns in one hour, mowing the 
lawn. Then ^ 3x is th^ number ^of cents earned in 3 hours. If 
Tom finished the job in three hours and was paid -a bonus of 25 
^ents, then the phrase __"3x..+ 55" represents the total number of 
cents in Tom's possession after working three 'hours. How can this 
phrase be translated if we let x be the number of students . in 
each aigebra class, if algebra classes are of the same size? Or, 
ir- X is the niomber of miles traveled by a car in one hour at a 
-eonstant speed? ' ^ . . * 

There are many English translations of the symbol "+", " in- 
dicating the operation/of adcjlitidn of two nvmibers . . A few of them 
are: "the sum of", "more than", "increased by"^, "older than", and 
others. There are also many English translations of the symbols, 
indi%ating the operation of multiplication of two numbers, including: 
"times"; "product of", and others. Wl^ are English translations of 
the symbcrl "-"? 



Problems ' 

In Problems 1-6, write English phrases which correspond to the 
given open phrases. Try to vary the English phrases as much 
as possible. Tell in each case v^at the varia]^le represents. 

7w - (.If one bushel of ^eat costs w dollars, the 

phrase is: ' "the number of dollars in the cost 
of; 7 bushels of w^eat".) 



n + 7 
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3. n - 7 5. 2r + 5 

4. ^ \^ 6, a + b 

In each of Problems T-l^/find an open phras^^ which is a * ^ 
translation of the given English phrase'. In each problem, 
tell explicitly what the variable represents. 

7. The number of feet in y yards. 

(If y is the num^ber of yards, then' 3y is the number of 
feet.^ I 

>r The number of inches in f feet. \ / ' 

9 . The number of pints in k quarts . 

10. The successor of a whole number. 

11. The reciprocal of a number, (Two numbers are reciprocals of 
each other if their product is 1.). 

12. The number of ounces in k pounds and t ounces. " * 

13. The number of cents in m dollars, k quarters', m dimes 
and n ' nickels . ' " . ' 

14. * The number of inches in the' length of a 4?ec tangle which .is 

twice as long as it is wide. (Suggestion; Draw a figure to 
help visualize the situation.) 

15 • Choose a variable for the number of feet in the length of one 
sid^ of a square. Write an open phrase for the number of feet 
- in the perimeter of the square. 

l6. One side df a triangle is x inches long and a second is y* 
inches^ long, 'the length of the third side is one-half the 
sum of the' lengths* of the first two» sides. 




(a) .Write an open phrase, for the number of inches in the 
perimeter of the triangle. 

(b) Write an open, phrase for the jiumber of inches in the 
length of the third side. ^ 
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17. The admission price to a performance of "The Mikado" i^ * 
42.00 ,per person. Write an open. phrase for the total niimbpr 
of dollars received .in terms of the mVber of people who 
bought tickets^. . ^ 

18. If a man can paint a^house in d days, write an open phtase 
for the part of the house he can'^int in one day. 

1 • • 

19. If a pipe fills of a swimming pool in one houi?, write an 

open phr^is^for hoV much of the pool is filled by that pipe 
in X hours . 

20. When a tree grows it increases its radius each yeart^by adding 
a ring of new wood. If a tree has r rings now, write \an, 
open phrase for the number of growth rings in a tree twerve' 
years from noyr. 

21. A plant grows a certain number of inches per week. It is now 
20 inches tall. Write an open phrase'' giving the number of 
inches in its height five weeks from now. ^ 

2^. Choose a variable for the niimber pf feet in the width of a 
rectangle; 

Write an open phrase for the length of the rectangle if 
the length', is five feet less than. twice the Width. Draw 
and label a figure. 

-(b) Write an open phrase for the pelvimeter of the rectahgle 
described in Part (a). 

(c) h^rite an o^en phrase for th^ area of the rectangle . * 
.described in ParfCa). 
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open Sentences anayEngllsh Sent^ncefs . Often we want to 
translate English ^enterrices into open sentences." We find such op^n* 
sentences particularly helpful in word problems when the English 
sentence Is^ ab(^ut a qii^ntity which we"* are interested .in finding. 




Example 1. "Carl has a-Ni>oard. 44 inches long. He wishes 
to cut it into two pieces so that one' piece will be three inches 
longer than the other. How long should the shorter piece be?**' 

We- may sometimes ^see more easily what our open sentence should 
b^ if we g^e^ a number for the quantity asked for in the problem. 

If' the^* shorter pi§pe is l8 inches long, then the longer 
piece is (l8 + 3) ^ inches long. ^Since ,the ^whole bgard is 44' 
inches long, we -then have the sentence 

'18 + (18 + 3) '= 44. . 

Although^ this sentence is not true, it suggests the pat 
we need for an open sentence, ^otice that the question 
.problem has pointed out our. va,3^^ble. We can i\ow,^say: 

. If the shorter piece Is K ^-inches long,* 

then the longer piece is ^(K + 3) inches m \ 
long, and the sentence is V • « ' ^ \ , 

\ K t (K + 3) 3'%4. . ' : 

We say that this -sentence is false when K -is ' 1&. There., 
probably is some v^lue of K .for which the open sentence's true. 
If we wanted to^find the length of the |[horte? pi^.c^^^Jjtjts- cou3^(j^x^. 
be done by finding the truth set of the above opren sentence. ^ * 

Notice that the English sentences are often about, inches or 
pounds or years or dolfars, but the open sentences are always about 
Timbers only. ^ ^ * 

Notice also that we are very careful in describing our variable 
to show what it measures, whether it is the number of inches, the* 
number of donkeys, or the number of tons. 
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Example 2- "Two cars start frojji the same point at the same 
time and travel in the same direction at constant, speeds of 34 
and 45 miles per hour, respectively- In'how many ho\^rs will they 
be 35 miles -apart?" 

If they travel 4 hours, the faster car goes 45(4) miles 
ajnd the'slower car goes 34(4) miles. Since the faster car should 
then 35 ' mi le^ , farther froiji the starting point than the slower 
car, we have the sentenc^e ^ ' ' . * c * ' 

45(4) - 34(4)- =35, 

which is false. It suggests, however, the following: 

If they travel h hours, then the faster 
, • car goes 45h miles and the slower car 
goes 34h miles, gtnd 

45h - 34h = 35.- « 

Example 3. "A jnan^l eft $10,500 for his widow, a son and a 
daughter. ' The wido w'^r^e ive d $5,000. and the daughter received 
twice as much as the son. How much did the son receive?" 

If the son received n dollars; "then the 
daughter received 2n dollars, 9-nd 

n + 2n +'5000 = L',500. 



Problems 



Write open sentences that would help you solve the following' 
. problems, 'being careful to give the ' meaning of the variable, 
for each. Your work may 'be shown in the form indicated in , 
Example 3 above. Do not find the truth sets of the open / 
sentences^^ , - 

1. A rectangle is 6 tii^es as long as.it is wide. Its perime^r 
is 144 inches. How wide is' the rectangle? 
(Remember to draw^a, figure,) 
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The largest ^angle of a triangle i-s 20^ more than twice the 

smallest, and the third angle is' 70^. The sum of^he angles 

of a triangle is l80^. How large is. the smallest angle? 
o 

A class of 43 students was separated into two classes. If 
there were 5 more students in Mr. Smith's class than in 
Miss. Jones's class, how many students were in each class? 
(Can you do this one in two ways? If there were *y students 
in Miss. Jones's class /find two ways to say how many were in 
Mr. Smith's plass^.) 

John is three times as old as Dick. Three years ago the sum 
of their age§ was 22 years. How old is each now? (Hint: 
Find a phrase' for the &ge of each three years ago in terms 
of Dick's 'age now.) 

John has $1.65 in his pocket^ all in nickels, dimes, and 
quarters. He has one more quarter than he has dimes, amd the 
number of nickels he has £s one more than twice the* number of 
dimes. . How many dimes hap he? ^ (Hint: If he has ' d dimes, 
write a lohrase for the value of all* his dimes, a phrase for 
the value of all his quarters, » and a phrase ^^or the value of 
all his nickels; then write your open sentence.) , . 

A passenger train travels 20 \ miles per hour fastei* tham a 
freight train. At the end of 5 hours the passenger train 
has traveled 100 mfles farthe'r than the freight train. How 
fast does the freight train travel? (Hint: For each train 
find a phrase for the' number of miles it has traveled.) 

Mr.' Brown is employed at an initial salary of 4^600, with 
an annual increase of $300, while Mr. White ^tarts at the 
same time at an initial salary of $4500, with an annual 
increase of $200. Af4;er how many years will the two men be 
earning the same' salary? ' ' \ — . -^^^-.^ - ^ ^ 

Actable is three times as long as it is wide. If it were 3^ 
feet shorter and 3 feet wider, it would be a -square.^ How | 
long and how wide is it? (Draw two pictures qf the table topi) 
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Open Sentences Involving Inequalities , Our sentences 
need not all be equalities . Problems concerning "greater than" or 
"less than" 'have real meaning.' 

Suppose we say, "Make a problem for the sentence d + 2 > 5". . 
The word problem* could be, "if I added two' dollars to what I now 
have, I would have more than flvB dollars. How much do I have 
now"? ' * ^ 

^ As with equations. It will sometimes help to find an open 
sentence In problems about Inequalities if we try a p'artlcular 
number first. 

Example 1. "in six months Mr. Adams earned more than ^7000^ 
How much did he earn per month?" 

if he e|^ed $1100 per month, in 6 months he would earn 
6 X 1100 dollars. The sentence wou^d then be 

' 6 X 1100 > 7000. ^ 

This, of course, is not tru^, but it suggests what we should do. 

If Mr. Adams earned a dollars per month, in 6 months he 
would earn 6a dol3fa.rs . Then 

6a > 7000. y 

' Example 2. "The distance an object falls during the first 
second is 32 feet less than the distance it falls during the 
second second. During the two seconds it falls 48 feet or less, 
depending on the air resistance. How far does it fall during the 
second second? - * . 

If the object falls 42 feet during the second secgnd, then 
it falls (42 - 3$) feet during the first , second. Since the totaL 
distance fallen is less thkn or equal to. 48 feet, ouj* sentence is 

(42'- 32) + 42''<-48. ' -. 
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This suggests how to write the open sentence. If the object 
falls d feet during the second second, then it falls (d - 32) 
feet during the first second,- and 

/\ (d - 32) + d < i|8. 

Example 3. "Two sides of a triangle have lengths of 5 
inches and 6 inches. What Is the length of the third side?" 

You may have drawn many tri-' 
angles yin the past and have become 
aware of the fact that the length 
c^f any side of a triangle must be 
less than the sum of the lengths of * 
the other two sides. Thus, -if the 
third side of this triangle is n 
inches long, ' ' 

n < 5 + 6.. 

At the same time the six inch side must be less in length than 

^ ' ft 

the sum of the lengths. of the other, two; thus, 

6 < n + 5. 

Sigce both of these conditions must hold, the open sentence for 
our problem is v • , ' ■ . - 

'n < 5 + 6 and 6 < n + 5.. 

. ' * ) \ 

Problems 

Write^open sentences for the following problems, being careful 
to giV:e the meaning of the variable for each- Do not find the 
truth aets of the open sentences. 

1. One' third of a niomber added to three-fourths of the same number 
is -^qual to or greater than 26. What is the nui^ber? 

2. Bill is 5 years older than Norman, and the sum of thei? ages* 
^-^s less than 23. How old is Noinnan? 
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A square and an equilateral 1;;riangle have equal perimeters. 
A side of the triangle is five inches longer than a side of. 
the square. What is the length of the side of the square? 
Draw a figure. ^ 

A boat, 'traveling downstream, goes 12 miles per hour fas.ter 
than the rate of the current. Its velocity downstream is 
, less than 30 miles per hour. What is the ralj^ of the current? 

Oh a half -hour TV show the advertiser insists the,re must be at 
least 'three minutes for commercials and the network insists 
there must be le«s than 12 minutes for commercials. ExprWs 
this in a mathematical sentence. How much time must 'the program 
director provide for material other than' advertising? 

A student has test grades of 75 -apd 82.". What must he score 
on a third test to have an average of 88^ or higher? . If lOO 
is the highest scorfe possible on the third test, how high an 
.average can he achieve? What is the lowest average he can 
achieve? ^ ' • ' ' 

Using two variables, write an open sentence for each of the . 
following English sentences . 

(a) The enrollment in Scott School is greater than the 
' enrollment in Moip-is School. 

(b) The enrollment in^Scott School is 500 greater/than the 
enrollment, in. Morris School. \ 



Review Problems 



Write open sentences^ corresponding to the following word 
setntenaes, using one friable in each. 

(a) The sum of a^ whole number and its successor is 575. 

(b) The s\un of a whole ^number and its successor is 576. 

(c) ITie sum of Jbwo numbers, the second greater than the 
first by 1, is 576.^- 
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(d) A board l6 feet long is cut in two pieces such that one 
piece is one foot longer than twice the other. 

(e) Catherine earns ^2.25 baby-sitting for 3 hours at x 
cents an hour. 

2. A two-digit number is 7 more than 3 times the sum of the 
. digits. Restate this-by an open sentence. (Hint: Express 

the number by means of t^o variables.) ' 

3. The sum of two numbers is 42. If the first number is re- 
presented by n, write an expression for the second number 
u^ing the variable n. 

4. ' (a) A number is increased by • 17 and -the sum is multiplied 

by 3. Write an open sentence stating that the resulting 
product equals 192.. 
(b) If 17 is added to a number and the sxam is mul^ipliecPby 
3/ the resulting product is less than 192. wlest^te 
this as an open sentence. 

5. One number i^ 5 times another. The sum of the- two numbers 
is IS^rnore" than' 4 times the smaller. Express this by axv 
open, sentence . 

6. (a) A farmer can plow a field in 7 hours with one of his* 

tx-acl^ors . How much of the field can he plow in bne hour 
with that tractor? 

(b) With his other tractor he can. plow the field in '5 hours < 
If* he had both tractors'' going for 2 hours, how much of 
the field would be plowed?- 

(c) How much ot the field would then be left unplowed? 

(d) Write an open s.entence which indicates, that, If both • 
tractors are used for x hours, the field will be 
completely plowed. ' . 
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•7. Mr. Brovm is ^reducing. During each month for the past 8 |K 
months he has Ibst 5 pounds. His weight is now 175 pounds. 
What was his weight ^ months ago if m < 8? Write an oj)eh 
sentence stating J:hat m ' months ago his weight was 200 
pounds . • \ 

WHte open sentences for Problems 8 to 13,. * Tell clearly what 
the variable represents, but do not find the truth set of the 
Open sentence. ' . ' 

8. (a) The sum of a whole number and its successor is 45. 
What are ^tie numbers? 

(b) The sum of two congecutive odd numbers is 76. What are 
the numbers? 

9.,,^ Mr. Barton paid ^176 for a free?er whl^ch was solVat a dis- 
cpunt of 12 7o of the marked price. What was the marked 'price? 
10. A mafL's^paj check for a week of 48 hWs was $166. 4o. .He is 
paic| at the rate of. 1^ times his normal r^te for all hours 
^ ^ worked in excess of ko hours."' What is his' hourly pay rate? 
11 .v^ (a) At ^ auto parking lot> the charge is^ 35 cents for the' 
, first hour, or fraction of an hour, and 20 cents for 
each succeeding (whole, or partial) one-hour period, if 
^ * t is the number of one-hour periods parked after the 

initial hour, 'write an open phrase for the parking fee. 

(b) With the same charge for parking as in the preceding 
' problem. If h is. the total- number of one-hour periods 
parkedf write an open phi^ase for the parking fee. 
12*^ Two quarts ^of alcohol are added to the water ±i\ the radiator,' 
and the mixture then contains 20 per cent a^ohol; that is, 
^ 20 per cent of the mixtt^e is pure alcohol.. Write an open 

sentence for this English sentence. (Hint: Write an open 
phrase for the number of quarts of alcohol in terms of the 
number of quarts of water originally in the radiator.) / 
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13. (a) Two water-pipes are bringing water into a reservoir. One 
pipe has a capacity of ' 100 gallons per minute, and the 
second 40' gallons per minute. If water flows from the 
first pipe for x minute|^ and from the second for y 
minutes, write an open phrase for the total flow in 
gallons .X V 

(b) In the preceding problem, if the flow from the fi^rst 
pipe is stopped at the end of two hours / write the e3c- 
press ion for the tt)tal flow in gallons in y minutes, . 
where y is greater than 120.^ ,^ 

(c^ With the data in Part (a), write an, open sentence stating 
that the total flow is 20,000 gallons. 

1^* A man, with five dollars- in his pocket, stops at a candy store 
on his way home with the intention of taking hi? wife two 
pounds of candy. He finds candy by the pound box selling for 
41.69, 41-95, 42.65, and 43. I5. If he leaves the store 

^ with two. one-pound boxes of candy; 

(a) What is the smallest amount of change he could have? 

(b) What is" 'the greatest amount of change he could have? 

(c) What sets of two -boxes can he not afford? 

I - • 




, Part 3 
- THE REAL .NUMBERS 

The Real Nuinber Line . We know from past experience that ' 
there are rational nvimbers to be asso^ated with points^ on the left 
half of the number line, but meamwhile we have dealt only with 
rational numbers on the right half. For another thing, we know that 
some points on the number line do not correspond to rational numbers • 
Vniere are sx>me of these points on the number line which do not 
correspond to rational numbers, and what new numbers are a,ssociated 
with them?* " ^ ^* 

How shall we label the points on the left of 0? There is no 
doubt that the^^ine contains infinitel^^ many points to the left of 
0/ ' It is an easy matter to label such points if we follow the 
pattern we used to the right of 0. As befo.re, we use the interval 
from 0 to^ 1 as the unit of measure, and locate points equally 
spaped along the line to the left > The first of these we label 

— I 1 1 1 1 ^ »- 1 i 

-4 -3 -2 -1 0 ' \ ' 2 . 3 4 

"l, the second. ""2, ^tc, where the s^bol ""l" is read 
"negative l", "2 is read "negative 2",* etc.^ What is the co- 
ordinate of the point which is 7 units to the left of 0? 

Proceeding as before, we can find additional points to the 
left of 0 andtlabel them with symbols similar t6 those used for 
jiuinbera to the right, with arj^upp^r dash to indicate that the 
pxmiber is to .the left of 0. Thus, for example, ^ is the same 
distance from 0 on the left as ^ is on the right, etc. 



\ 



♦It is assumed here that the reader is familiar with Studies in 
Matmematics, Vol. 1, "Number Systems". 
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The set of aJ^ r^ijmbers assoicaated^wt ^Jol^jta^pn tjhe niimber 
,iine is called the VetL^of rea l-^^&0e^ . The njimbers to the left of 
zero arei:call^?i ^the negat Iv^^^j^^ numbers and those to the right 
are called th^ ^fflpsitive real ' rI\M>ers1 : In this language, the 
numbers of arittoietic are the non - negative real numbers • 

- The set ojT all wl>©le numbers. {0, 1, 2, 3, ..•) combined with 
the set {"l, "2, "3, ...) is called the set of integers 
{•••, "3, "2, "1, 0, 1, 2, 3, ...). The set of all -rational numbers 
Of arithmetic combined with the negative rational numbers is called 
the set of rational numbers . (Certainly, all rational numbers are 
real numb^ers . ) ' _ 

Reine'mbei»^that each rational number is now assigned to a point 
of the number line, but there remain ^ many points to which rational 
numben^ cannot be assigned ; in fact, ther^j^emain more points which 
have not yet been assigned numbers than there are presently / ^ 
associated with rational numbers. The numbers associated with these 
points are called the irrational numbers . (Thus, all irrational 
numbers are also real numbers.) Hence, we can regard the set of 
real numbers, as the combined set of r'ational and irrational numbers. 

ft . " 

Real Nximbera 



/ ^ 

Rational Numbers. Irrational Numbers 



s. 

Rational liumbers 



Integers which are not Integers 



Negative | Positive 
Integers ~ Integers 
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For example, all integers, such as "4, 0, 2, aire rational 
niinibers; find examples of rational numbers which are not integers. 
Purthermore, 'all rational numb«t|Jf such as -j, fl, 6, are real 
numbers/ • " - - ' 

/^Wliere are some of the points on the nimiber line which do not 
•corresplond to rational numbers? It will be proved in a later 
part thM, for example, the real number >/f2 is an irrational 
number. Let us lojjate the points with coordinates and V2, 

resp^ectively. 

First all, we recall that V2 is a number whose square is 
2. You may have learned that tUe length of a diagonal of a square, 
whose sides have length* ^1, is, a number whose square is 2. (Do 
you know any facts about right triangles which will help you 
verify this?) In order to, locate a point on the number line for 
^/2', ^ all we have to do is construct a squai^e with side of 'length. 
1 and transfer the lengttj of one of its diagonals to our number 
line. This we can do, as £n thg_XiJ5ure^*'by drawing a circle whose 









)^ — ^ 


-3 -2 \-| 0 


1 y 


'234 



center is at the pointo 0 on tR^Tnumber line and whose radius, is 
the sa^ length as tli| diagonal of the square. This circle cuts 
the number line in^ tw6" points , whose coordinates are the real 
numbers >/2 and V2, respectively. 

Later you will prove that the nimiber >/2* is not a rational 
number. Maybe youJ^elieve that -/2' is 1.4. Test for yourself 
whether 'this 'is tru;4 by squaring 1.4. Is (1.4)^ the same number 
as 2? In the same w^y, test whether is 1.4l; 1.4l4. ^The 

square of each of these decimals is closer to 2 than the preceding, 
but there seems to be no rational number whose square is 2. 
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^here are many more points on the real number line which have 
coordinates which are not rational numbers. Do yovL think -^>/2 
is such a point? 3 -k>/^? Why? 



Problems 



/ 



1. Draw the graphs of the following sets: _ - 

(a) { |, |, |, "|) ■ Xd) n, -(1 + |), 1 ^ ^) • 

(b) {"|, 5/-7, - ' (e) ''['^, (|)^ "|, (3 - 3)} 

(c) (72, V2, 3, "3r ^ . 

2. Of the two points whose coordinates "^re given, "which is to the 
right of the other? ' " - . ' 

V 



(a) |, 0 " • (d) -k,^ 



(h\ 2 ^0 (^\ ~16 ■ "21 ; ^ 

{^) ^> Tf- ^ (e) -[J- ; ^ 

(°) 0. 3 (f) "1, 1 

The number j is the ratio of the circumference of a circle 
to its diameter. Thus, a circle whose diameter is of length 
1 has a circumference of length ir. Imagine such a ciVcle 
resting on the number l±iie''^tthr^oir^^ If the circle is 
rolled on the line,^ithout slipping, one complete revolution 
to the right ^^^iTwi 11 stop on a point. What is the coordinate 
of this point? If rolled to the left lone revolution it will 
stop on what .point? Can you locate these points approximately 
on the real number line? (The real numb^j? ir,. like^ ^/2, is 
not a rational number.) 
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4/ (a) 5s' "2 a whole number? An integer? A rational Kumber? 
A real* number? 

(b) ' Is ^ wholQ number? An integer? A rational number? 

A real number? ^ 

(c) Is a whole number? An integer,? A rational number? 
A real number? 

5* Which of the following sets are the same? 

A is the Qetof whole numbers, B is the set or positive 
integers, ^Ji is the set non-negative integers, I is the 
set of integers, ' N is the set of counting numbers. 



Order on the Real tJumber Line. How did we describe. order 
for the positive real numbers? Since, for example, "5 is to the 
left of 6" on the'number line^ and since *"5 is less than 6", 
^we agreed that these two sentences say the same thing about 5 and 
6. We wrote this as the true sentence 

\ ' . 5 < 6. 
TIlus, for a pair of positive real numbers, "isUojEhe left of"^on 
the^^flunber line and "is less than" describe the same order. 

What shall we meafi by "is less than" for any two real numbers, 
whether they are positive^ negative, or 0? Our answer is simply: 
"is to the 'left of" on the real number line. 

Let us 'look for a justification in common experience. All of 
us are familiar with thermometers and are aware that scales on 
tl^^imometers vise numbers above 0 and numbers below 0, as well 
/fs 0 i^s,^lf . We know' that the cooler the weather, the lower oft 
the scale we read j^he- temperature. If w^ place a thermometer in * 
a horizontal position, we see that it resembles part of pur real 
number line. When we say "is less than" ("is a lower temperature 
than"), we mean "is to the left of "' on the the^omfeter scale. 
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20 -15 -10 -5 0 fl^ 10 15 ^0 



On this scale, which numbei;* is the lesser, ^''5'> or "10? , 

Thus, we extend our former meaning of "is less than" to 1^he 
whole set of real numbers. \ie agree that: ^ • 

^ "is less than" for real numbers means / ^ ^'^^t 

"is to the left* of " on the real number Kp: /' 

line. If *a and b are real numbers, .-^o;*- 
^ "a is less than b" is written 
a < b,, * ' ^ 

(Now and in the future a variable is understood to have as 
its domain the set of real numbers, unless otherwise stated,) 

Can you give a meanirig for "is greater than" for real numbers? 
'-As before, use the symbol ">" 
way^ explain the meanings of 
nui»35PS , 



* F€r "is greater than" In the same 
"<" , ">" , "4:" . ''V ^or ^ real 



Problems . ^ 



each of the following sentences; .determine which are true ^^^^J 




5 . . 



'3 ^ "/ 3'+ O n 



(f) ."4 ^ a.5 

(J) -6 > -i . 

(h) 3.5 < 

(i) "3 < "2."^ 

U) i -2.8. 
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Draw the graph of the truth se*^ of each of rbhe following 
sentences. For example: , * ^ 



X > 1, 

X < "2, 



'4 



■3 "2 









-"4 "3 


"2 "1 


0 1 2 


(a) 


y 


< 2 


(f) 


c < 2 


and c > "2 


(b) 


u 


^3 


(g) 


a < ~3 


and a > ""3 


(c) 


V 


r- 


(h) 


d < "1 


or d > 2 




r 


/ 




u > 2 


and u < ~3 


(e) 


X 


=3 or X < "l , 


(J) 


a < 6 


and a < ~2 



For 'each of -the following -sets, write .an open sentence 
involving the variable x^hich has the given set as its 
truth set: 

(a) A is the set of all regj| numbers not 'equal to 3. 

(b) - B is the set of all real numbers less than or pqual to 

(c) C ' is the set of all real numbers not less than' * 

Choose positive real number p'; 'choose any negative real 
number n. . V/hich, if any, of the following sentences are 
truef • ' I 



r 



n < p. 

Let the domain -of .th 

■jPhen find the truth 

i 

h) ■ "i2 < p and p 
(*!) P 1 "2 and "4'<.p 
"(e), p = 2 or p = "5. 



I < -n, n < p,« n.;^ p. - , 

^ variabl'e p be the set of integers, 
et of " ' ^ 

< 3. 




8 4 
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In the blanks below -us.e one of =, >, to-.make a true 

sentence', if possible, in- e^ch case. 

, X 3 i -6 /,s "173 "183 
(a) 3 

• • f 

f \ 9 * 8 "3 "3 ; 



There are certain simple but highly important facts about the 
order of the reai numbers on the real number line. If we choosei 
.j^any two different real numbers, we are sure that the first is less 
than the second or the second is less* than the first, but not both 
Stated in the langxiage of algebrfi, this property of order for real 
numbers becomes the comparis on p]?operty : 

If is a re^i number and b 
iS/^a^-reisLlnumber, thfen exactly r ^ 



ne of the following is true: 
a < b, a - b, tr < a* 



Problems 



l/'^ The comparison property stated in tfie text is a statement in 
vexing "<". Try to formulate the correspoi^ding property 



2. 



involving ' 



Try' to state a comparisonj property' involving 



8:' 
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Which is ''less than the other, ^ or ^? You can find out by 
applyii>g the multiplication property of 1 to each number; to get 

5=5^6 = ^ ^l^f'^^^'i- Then>^<|, becaus|^-|g 
Is. to the^l€tft of |S on the number line. 

.Jfou should now be able to compare any two rational numbers. 
How would you decide which is the lesser, ^ or (Descrike 
th^ process; do not actually carry it out.) 
• ^ Perhaps you noticed, in comparing |^ and that 

^<3 (I.e., gl^gl) and 3<i| (I.e., ^ < ig) . 

Could 'you now decide' about the order of and witljout 

writing them as fractions with the same denominator? How\ould 

you find out ^^.milarly which is lesser, |^ or ^? Or suppose 
that X and. y are«^al numbers and that x < ~1 and "1 < y,' 
Again using the ni^ber line, ^fthat can you say ^about the o^ei; of 
X and . ^ ^ 

The property of order used in these last 1;hree examples we^"^ ^ 
call the transitive* property ; . / 

If* a, b, c .a2;^e real numbers 
and if a < b and ,b < c. 



then a < c. 



Problems 



1. 



of i^ree real numbers. 



In each cf the following gi^oups 
mine their order: * | 

For example', |, |, | haye the order: < |, ^| < |, 
-If ^ 3 ^ * ' ^ 



deter- 



Pootnote 

*Prom the Latin, trans ire , to go across, 



• 






f 


(a)- 


1 0 

"5' 


(b) 


TT, "ir, 




> 


(<i) 




(e) 




if') 


1 ,+ p 
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and 12, ^ 



and "1.7, '^^^ 
and 

"1 



+ (|)^ (1 + • ' ■" * . 

2. state" a transitive property for ">", * 

J ^3. Is there a transitive jprc^perty for the relation "="?^ If so, 
give an examplie. ^ , ( ^ 

4* State a transitive property for ">", and give an example. 

5. The set of numbers greater than 0 wevhave oalled the 
positive real numbers , and^ the set of numbers less than 0 
the negative real numbers. Describe the " ' 

^ / . I 

(a) non-positive real numbers, ' 

(b) non-negative real numbers. / 

6. Find the ordey of eac^ of the following pairs of numbers: 

■ ■ <-) ■ • . and -ig' , ^' 



Oppjosttes . Wheif we labelefi points to t)ie left of 0 on 
the real^number line, we began by marking off successive Jiinit ^ 
lengths to tha left of 0. We can also thiiik, however-, of pairing 
off points^ at eqvial distances from 0 and on opposite sides of 0. 
Th\is, "2 is at the 'same distance from 0 as > 2. .WJiat* number is 
at the same distance from 0 as If you choose any point on 

.the number line", can you find a point at the saihe "^distance from 0 
and on the opposite side? What about the point 0^ 'itselV? 
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Since the twd numbers In such a pair are on opposite sides^of . 
0, it is natural to call them opposites . The opposite of a no 
zero real^numb^r is the other real number which is at an equal 



dis^tance from 0 on. the real" number line. What is the opposite 
of 0? . * - 

Let us consider some tjrpical real numbers. Write them in a 
cplumn 

the adjacent statements 



Then write their opposites In another column; then study 



2, 



"2; 
1 

05 



2 is the opposite of 
^ is the opposite of 



"1 



0 is the opposite of Q. 



The statementaflptheraselves are cumbersome t;o write, and we ^eed\ 
S3rml)0l meaning "the opposite of"; Let 'us use the lower dash 
to mean "the opposite of•^ With this symbol the three statements 
become the true sentence's:' " ' J . ' 

'72 = -2 ' 




Read tb^e Sentences 
carefxuly . ) 
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We can learn "^o things from these sentences. First, it . 
appears that ."~2" and **'-2" are differer^lb j;iames for the same 
ntmiber. That is, "negative 2" >and "the opposite of 2" represent 
'the same number. Hence, it makes no difference at what height the 
dash Is drawn, since the meaning is the same for the upper and 
lower dash. This being the *case, we do not need both symbols. 

Which shall we retain? The upper dash refers only to, negatiye 
numbers, whereas t^e lower dash may apply to any real niomber.* (Note 
that the opposite of the positive number 2 is the negative number 
"2, and the opposite of the negative nimiber is the positive 

numft)er ^.) Hence, it Xs natural t.o retain the "opposite o'f" 
sjnnbol to mean either "ne'gative" or "opposite of" when the number 
in qi^stJion is positive . Now ^ the sentences may be 'written 

-2 = -2, (read "negative 2 is the opposite of 2") 

= .''(-^), (read "^ is the .opposite of n^gat^e -g") 

0 = -0. 'J ^ 

The secoriti of- these sentences- can be i^ead als6 as: 

* 1 1 ^ • 

•J is the opposite of the opposite of -j.- i^, ^ 

Second, we observe in general that the oppos it^ of the opposite 
of a number is ' the number itself ;-^»ln symbols: 

^ 4 ' For every reai nimiber y, 

^ ^ * ^ • ' -(-y) = y. 

What is phe opposite of the oppos i,te of the opposite of a number? 
What is; Me 'opposite pf-the opposi'te-of a negative number? 

When we attach the" dash ^to a variable^ x we are perform- 

'ing on X the operation of "determining the' opposite of jx". Do - 
not confuse tjiis with ther binary operation of subtraction/ which is 
performed on two nimibers, such ^s 3 - x, meaning "x subtracted' 
fi»om' 3". What kind of 'nimiber is -x if x is a positive number? 
If X is a negative nymber? If x is 0? t 



/ 
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^ We shall read "-x" as the "opposite of x'!. Thus, if x 1 
a number to the right of 0 (positive), then -x is 'to the left 
(•negative); if x^is to the left of & (negative), then -x is 
to the right ^positive) . ' ' . 



^ Problems 



1. Form the opposite of each of the following numbers: 
(a) 2.3 ' {6^ -(3.6 ~ 2.4) 

■ ' (b) -2.3 . - (e). -(42 x O) 

(c) -(-2.3) (r) -<42 + 0) 

2. What kind of ,riumber is -x if x is positive?. If x is 

^ • negative? If x is zero? ' * ' 

3. V/hat kind of 'niimbert is x if/ -x is a positive number? .If 
-X ^is a negative number? If -x is 0? 

(a) Is every real number the oppoWte of some' real number*? 

(b) Is ttie sfet of all opposites of 'rea^l numbers the same as 
the set of all real numbers? ^ ' - 

- (c) Is the set of all negative numbers ^a subset of the set 

of all opposite^ of real numbers? » t 

» . - • / . * 

(d) fs the set of all opposites of real' numbers a subset^of 
the set of 'all negative numbers? * - * 

(e) ^^Is^every opposite of a number a negative nimber? 



86 



The ordering of jauinbers on the real number line specifies that 
is less than 2. Is the opposite^ o.f --^ less than the opposite 
of 2? Make up other similar examples of pairs of numbers. After 

e 

ypu have^^^eterminq.d the ordering of a pair, then find"""^^ orderihg 
of their opposites". You will see that there is a general\property 
for opppsites: 



For real number's a and b, 
if a < b, then -b < -a. 



.2. 



4.' 



Problems 



ite true sentences fo^the following nxarabers and_their 
opposites, uSing the relations "<" or 
Example: For the numbers 



(a)- f. 



1_ 
"6 



(b) -IT 

(C) IT, ^ 



2 and 7, 2 < 7 " and -2 > -7. 
\ (d) 3(1 +'2), ^{2p^i) 

-2 - 



(e) -(^). 



Gra^h the truth sets of the following open sentences: 
(Hint:' Use order property of opposites before graphing.) 

(a) -x > 3 . . (b) -X >^-3 

Describe the truth set of ^ach open sentence:' 



(a) 
(b) 



-X / 3 



(c) 



-X < 



X / -3 

Write an opipn senter^ce for eachj, of the' f pi lowing graphs: 
a) 



( 



H h 



■f- 



(b)'-<i>. 
"2 



(d) -X < 

:hj, 0 
(c) 



-2 



'f Q 



"I ' 0 
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5. For each of the following numbers vrrite its opposite, and • 
then choose the greater of .the' number and its opposite: 

(a) 0 ' (e)_lo.01 

(b) I? ' - . ' (f)\-(-2) . • 

(c) -7.2 • ^ (g) _(1 .1) 

(d) -VT ' ^ - 

6. Let us vrrite " >;^" for the ph^-ase ";Ls further from 0 than" • 
on the real number line. Does ">" have the comparison 

_^operty enjoyed by ">", that is, if k and b are different 
real nuiXbers , is it true that a >■ b or b > a but not both? 
Does. "> " have a transitive property? For which subset of 
the' set of real numbers do " >■ " and have the same 

meaiMLng? 

Change, the numerals ' and- to forms' with the same 

First do this 'for ^.axid,^.) What, 



denominators. (Hint:, 

is the order of akj ' -^r (iiint: Knowing the order of 

13 15 ' ' ' 

■ft what is the order of their opposites?) Now 

state a general rule for detemiriing the order oj^two negative 
.rational numbers. '* 



. • ' Absolute Value : ^We now want to define, a new and'v^ry. 
usefbl operation on al single, real n\imber: the operation of tsLing 



its 



absolute value. 

The absolute value of a non-lsero 
real number iS| the greater of that 
number and its opposite: The^ ' " 
abi^lute value of 0 is O. - 
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Thd absol\rte -vat\ue <jf 
-4 is A 



k is 



Thejabsolute value of — 



because the greater-of k apd 
^ '-^ I' (J^y?) ^ What is the 



is 



absolute valu^^f -17? Which is always the greater of a non-zero 



number and Its opposite: the positive "Or the negative number?-, 
"^qplain why- the absolute value of any real number* is, a positive 
number^ gr 0. • ** ^ J. ' ' ~ < 

7^ As usual, we^agre^ on a symbol tt^indicate the opejpStion, 
We write ^ ^ ^ ' \ 



to mean the absolute ^alue of the .number n., 



IM - I 



3| 3 



|->/2| =72, 



Note that each of these is non-negative. 



For example, 
1 12 1 - 5.2/ 



If you look at these number^ and their absolute values,* on Uhe 
mamber line, what can you concDrude about the distance between a\^ 
number, and 0? You notice T:hat the distance between^ 4 ana 0^ i& 
ki between -«| and ' 0 _is_ ^ etc. Notice tha\; the ^^stance 
between *ariy two poihts of the number line is' a , non-negatiye real 
number. * - . ' 



The distance between a real^ 
number and 0 on. the real 



numB^TsJiin^ is the* absolute 



value of Xhat number. 



. We may, 
/ 

more fonpal 




rephrase our defini^tipn 
manner. Note how tl: 



of abso-lute value in a^somewl^at 
use of "symbols*^ re^iices the v^motuit 
oif language! necessary for expressing the idea: t , / / ' 
For any r4al number x >' / . / 



if 
'if 



X > 0, 
X < 0, 



then 
then 



|x| = x; 
|x| = -X. 



It- 



' You should verify the truth of the above' statemen'^eJ/to make 
sure ithis" ^ really says the same thing as our^previpiis defskiitions 
of abs^ute. value. ' 



ERIC 



r ^ 



Problems 



X, -Plnd the absolute values of the following numbers: 
(a) -7 ' (d) 14 X 0 

/ (bT -(-3) # ' ■ • ; (e) .-(14 + 0) 



i<^) (6 - 4) * ■ - . (f) \-(.{-3)) 

(a) What kind of number Is ' what kind of number Is |-||? 
(Non-negative or negative?) 

(b) If X Is a non-negative real number, what kind of 
number Is |x|? * 

(a) What kind of number Is - 1; what kind of number Is 
- (Non-negative' or negative?) 

(b-) If X Is a negative real- -humber, what kind of number 
Is |x|? ^ • 



'is |x| a non-negative number for every x? Explain. 

5. For a negative number x, which Is greater, x or |x|? 

6. ^ Is the set (-1, -2,-l, 2} closed under the operation of' 

taking absolute vklues of Its 'elements? 



Problem s 



1. Which of the following s^ntenceb are true? 
(a) .1-71 < 3 , (f) .3 .< 17 



(b) |-2| ^ l-al (g^) -2 < |-3| • 

(c) < 111 . (h) *|^| > |.4| 
'(d) 2 < |-3| r (1)1-- |-2|2 = 4 

(e) |-5U'|2| 



\ 



I 
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Write each as a common numeral: 



\ 



(aj 


12| + |3| 


(i) 


1-31 - 


i2| 


(b) 


|-2| + |3| • ' 


(J> 


|-2| + 


Ml 


(c) 


-(|2| + |3|) 


- (k) 


-(|-3| 


- 2) 




-(|-2| +'|3|) 


(1) 


-(|-2|^ 


+ 1-31) 


(e) 


(-71 - (7 - 5). > 


■ (m) 


3 - |3 


- 


(f) 


7 - I-3L 


(n) 


-(1-71 




(g) 
(h) 


1-51 X2 ^' 


. (o) 


1-51 X 


1-2| 


'-(1-51 -'2) ^ 


. (P) 


-(|-2| 


X 5) 



(q) '-(1-51 X \-2\y 
What Is the truth set of each open sentence? 

(a) |x| = ^ , (c) |x"| + 1 = 

(b) ■ |x| = 3 (d) 5 - |x| y2 ' . 

"Which of the following open sentences are true for all real 
numbers x? ' ^ • • 

(a) \x\> 0 (c) • -X < |x| 

(b) ^< |x| (d) -|x| < X. , ' ' 

(Hint: Give x a positive value; then give x* a negative 

value. Now come to a decision.) ^ 

"j 

Graph the truth sets of the following sertences: 

(a) .|x| = 5 , ■ (d) jx| >|2 

(b) '|x| < 2 ' (e) y< -2 or x > 2 

(c) X > -2 and X < 2 (f> |x| -3 (Be careful. )K 

Graph the set of integei»s less than'^ 5 whose absolute values 
are greater than ^2. Is -5 an element of this set? ,Is ' 0 
an element of this set? Is -10 an element of this set? ^ 
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If R is the sej; of all real^nvunbera, P 'the set of all 
positive real numbers, and I "^e set or all integers, 
describe the nvunbers: ' \ ^ 

a) in P but not in I,' \ ' c . ' 

(b) in R but nc|t in 

(c) in R but not in P nor in. I, ^ 

(d) in P but not in R. ' , 



Summary * " ' I * " * 

Points to the left of 0 on the nvimber line lire -labeled with 
negative nvunbers^ the set of real numbers consists of all 
niimbers of a^itiynetic and their oppoSltes. ^ ^* \ ' 

Majiy'pSluts on the number line ^are not assigned rational, 
_n\amber coordinates. ' These points are labeled with irration|[ L 
numbers. The set of real numbers consists'af all rational 
and'irratiojnal numbers. 

"ife less^ than" for real nuirifJers means "to the left of" on the 
nxamber line. ^ 

Comparison Property . * If a is a rea^ number and b is >e 
real nvmiber,- then exactly one of the following is true: 
a < b, a = b, b < a. • 



Trans 


itive 


' Priopelrty 


a < b 


and 


\^ < c. 



then 



.a < c; 



The opposite of 0 Is 0 and the opposite ofMhy other tekY 
nvmiber is ^ the other nvmiber which is at an equal^lstanoe ^rpm 
0 ^on the real number line. ' v ' • t 

The absolute -value of - J) * is 0, and the Absolute value Qf , 
any ^ other real number ri is the greater of n ^d the • 
opposite of n. • * ' ' ^ • > • 



9(j 



|1 
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•If X is a positive number,. then ~x is a negative number. 
If X is a negative number, then ~x is a positive number. 

The absolute value of the real number n is denoted by . 
Also, |n| is a non-negative niimber which is the dist'ance 
between 0 and n on the number line. " ^ 

If n > 0, then |n| = n;* • . 

if n <.0, then ^n] = -n. ^ ^ . 



Review Problems 



Consider the open sentence "|x| < 3". Draw the'gragh'of its 
truth set if the domain of x is the set of: 

(a)' real numbers " (c) ^cxn-ne^ative Teal numberis 

^(b) integers (d) negative integers 

' If R is the set of all real numbers, P the set of all 

positive real numbers, F the set of' all rational numbers, 
■ I the .set of* all integers, -which of tjhe following^are true 
^tatements? » 

(a) P is a subset of R. ' • * 

(b) Every element of 1 is an element of P. 

(c) Ther^ are elements of - I which are not 'element&' of R. 

(d) Every element of I is an element of P. ' ' 

(e) There are elements of R- which are not elements of P. 

Draw the "graph of ^he set of 'integers less than 6 whose 
absolute values are greater than ' 3 v. Is ^-8 ' an element of ^ 

thia-s-et? - ^ 

* ' ft « 

The perimeter of a square^ iS less than 10 inches. 

(aT|V^^^^* know about the number of units, s, in the 
' side of this squar^e. Graph this set. ' ^ 

(b) 'What you Icnow about the number^ of units. A,- in the 
area of this square. Graph this set. 
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. / ' . * PROPERTIES OP ADDITION 

Qne of the piirposes of thia^"^ section will be to lean? how to. 
translate into the language"" of algeljra 9perations which we fir&t 
describe geometrically. Addition on the number line is such an 
operation; wa shall try to define. it in the language of algebra. 

If we take 7 + 5 and picture this addition on the number 
line, we^ first' go from 0 to 7^ and then from 7 we move 5 
more units to the right . If we consider (-7) + ^9 we fii^st go 
from 0 to (-7), and then from (-7) move h units to the 
right* Th^se examples remind us of something we already know: 
To add a positive number, we move to .the right on the number line* 
It should now be clear from our other examples above 'What happens 
on the nixmber line when we add a negative number. When we added 
{-^) 9 we moved k units to the left ; when we added (-6), we 
moved 6 imits to the left. We have one more case to consider: 
"If we add 0, what motion, if any, results? 

We have now 'described the motion J.n all cases; let us see if 
we can learn to say algebraically how far wp move,. Forget for'^the 
moment, the direction; we j\ASt want to know how far .we go wh^n we go 
from a to a + b. When b is positive we go t& the., right. Yes, 
but how far? We go just b- units. When b is negative., we go to 
the left. How far? We go (-b) units., ( Remember (-b) is 
positive if b is negative .) If b is 0, we don't 'go' at all. 
What symbol do we know which tneans "b . if b is positive, -b*^ 
if b is negative, and 0 if b , is O"?^ "|b|",'*^of course. , 
And so we have learned that to find a + b on the nxamber line, 
'we start from a and move the distance ^ |b| 

^i-j^ to the right, if b is 'pos-itive'; 1 
VtQ the left, if b is negative.^ 



Problems 



Perform the indicated operations on real numbers, \ising the 
numbei? line 'to aid you: , * " 



(a) 
.(b) 
(c) 



(4 + (_-6)) +■ (-4) 
ij ; ((_6) +-(-4)) 
-(4 + (-6)) ' 
((-2) V)2). 



3. + 



(e) 2 + (o-+ (-2)) 

■(f) '((I3) + 0) + (-2.5) 

(€) '|-2| + (-2) '"■ • 

(h) (-3) + (|-3| + 5) 



Tell In your own -words what you do to the two given numbers 
to find t'heir sum:' " ' ■ - 



(a). ~ T'.i- 10 
\b) 7 + '(-10) ■' 

(c) 10 + (-7) 
/(d) >iQ) + (-7), 

•(e)" 10 + 7 



(f) -(-7) '+ t.-lO) 



(g)' 
(h) 
(i) 
(J)' 



(-7) + 10 
•(-10) +.7 
(-10)' + 0. 
0 + 7 



In whic^ parts of Ptoblem 2 did you do the addition Jvist as 
you added numbers in ai?ithmetic? 

*Vlhat could you always say about the sxim* Vhen both numbers 
^ere negative? : - ^ — " • "/ 



» . Properties of Addition. * One" of ovir main objectives in 
this course is to study the stmcture of the real number system. 
A system of numbers is a set of^ntmibers and the operat^-ons on "these 
numbers. , Hence, do not really^ have the real "-number system until 
*we define l^he operations of addition and multiplication for negative 
numbers . • - ' ^ ^ 

The oper^tion^ must be extended from tlie hori-negative reals to 
ali Tea3y ijumb^rs. Thus, the definitions of addition and multipli- 



cation for all real humbers must be formiLlitted e;ccl\isively in terms 
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of the non-negative numbers and operations (including o^^siting) 
on them, We^, of course, insist oh preserving the fundamental 
properties of the, operations. ' ' , > 

In -arithmetic, the sign in the expression "25 + 38"^ is . 

nothing more than a reminder or command to carry out a previously 
learned process to obtain "63". The idea of "V* ' as. an operation 
to be studied for its own s^ke is quite a '^dif ferent notiop( of 
addition from t/fa't in arithmetic. - I • • 

An attempt is made here to begin thinkirTg of the real number / 
system from the deductive point of view. In, other words, it is an 
undefined set of elements endowed with an operation of addition, 
an operation of multiplication and an order relation subject to 
certain assximed properties from, which all other properties can be 
deduced by proofs . * - * ' 

Very qu±c^kly in the present section you should learn how to 
find sums involving negative numbej^ . We want to bring out the 
important facVthat what is really involved here is an extension 
"of the operation of addition from the numbers' of arithmetic (where 
the ^operation is familiar) to all; real numbers in such a way that \- 
the basic properties of addition are preserved. This means that we 
fflustgive a definition of addition^ in terms of only non-negative 
numbers and familiar operations on them. The result in the language 
of algebra i^ a formula for a + b involving the familiar operations 
of addition, subtraction and opposite applied to the non-negative. 
|a| and »|b| . The complete formula. appeaa?s formidable begause of 
the variety of cases. However, the idea is. simple and is nothing 
more than^ a general statement of exactly what we always" do in 
ob^taining the sum of negative numbers . 



1 0 [) \ 



> 



Definition of Addition . We 'now want to use what we have 
just learned about addition on the number line to saj, first In ' 
English 'and then In the language of algebra, what we mean by 
a*.+ b for all real numbers a and b. First of all, we know 
frbm previous experience how to add a and b If both are non- 
negative numbers. So let us consider another example, namely, a 
negative plus 'a negative. What Is 

(-^) + (-6)? 

We 'have found, on the number line, that 

' ^ (-4) + (-6) = (-10). ^ . . 

Our present job Is to think a bit more carefully about Just how we 
reached (-10).^ We begin by moving from 0 to (-^). Where is 
(-4) on the^umber line? It is to the :^eft of 0. flow far?' 
"Distance between a number and O" was one of the meanings, of the 
absolute value of a number. 'Thus-, the distance between 0 and 
(-4) is !-4|» (Of course, we idealize that it is easier to, write 
k than but the expression -reminds us ^ that we were 

thinking of "distance from O", and this is worth remembering at 
present.) . ' ' 

(-4) is. thus I'-Mo ^^^^ 0- W:ien we now consider. 

'(-4) + (-6), - 

we* move another |*'-6| to the left. Where are we how? At' 

-d-M + l-6|). ' ■ 

Thiis, our thinking about distance from 0. and about aistance 
moved-on the rxumber line has'led us to recognize, that , , 

i^k) + (-6) = + |-6|)' . 

is a true sentence 

You can reasonably ask at this point" what we "have accomplished 
by ^ all this. We have taken a, Simple expression like (^-4) + (i^), 
and* made it lool#: more complicated; Yes,, but the expr^sion ^ ^ 
+ |-6|), complicated as it looks, has one great advantage. 
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It contains only operations which we know how to do from previous 
- experience I Both |-4t and |r6| are positive numbers, yau see, 
and we know how to add positive numbers; and -(|-^| + |-6|) Is . 
.the opposite, of a number, and we know how to find that. Thus, 
we have succeeded in expressing the sum of c two negative numbers 
for which sum we prevlous^j^ had Just a picture on the number line, . 
in terms^ of the language of algebra as V(e have built it up thus / 
far: ^ ' 

Think through (-2) + (-3) for yourself, and gee that by the 
same reasoning you arrive at the true sentence 

. ' (-2) + (-3) = -<|-2| + |-3|). ' ' . . 

Prom these examples we see that. the following defines the sum^ 
of two negative numbers lnM:erms pf operations whlcl^ we already 
know ho\j. to do : . , * ' . 

' In English: ^ The sum of two negative numbers is negative;, the. 
absolute value of this sum is the sum of the absolute values' of 
the nmbers . • , ' ^ " ' ° . ' 

'fen; the latnguage of algfebra: . ^ ^ 

3 

If- k and b are both negative numbers, then 
^ ♦ • ■ ■• a + b- = -( |a| + |b|) . • 

^ ' f 

. * ' Problems ,^-5^r^,, , ,v^r,U.. -^,v 

t , ' — - .V ^ 

Use 1:he definition febove Jto find a common name for each of^ the 
^ foil owing indicated sums; and then check b^T^sing the ijj^bep- 
• lljie. Example: I by definition^ ^ , ' . ^ 

• V2)U (-3)v. -(1-21 + |-3|) ^ ^ 

' r = -(2 + 3) 



1. 




- Check: A loss of • $2 followed by a loss of $3 is a net 
loss of._45' • , «^ ■ 

'(a) (-2^ + (-7) 



(b) (-4>6) -+ (-1.6)^ '-^ -1 ■ -1 



(c) + (-2|). 



(d) (-25) + (-73) 

(e) -5|+ 2| 



Find a corilmon "hame for ealch of the following by any method 
you choose: ■ . ■ ^ ' ; 



k) :(-6) + (>)* 

(b) '(-J) / (-6) 

(c) -(1-71 + |-6|) 

(d) 6+;(-4) 

(e) (-If) + 6 ■ 



(f) |6| - l-M' 
Cs) 0 + C-3) - 
(h)^ -(|-3| - |0|) 
(ii ^3 + ((-$) + 2) 



When -<Jne nvunber is positive and the other is negative, how 
.do 'you know whether the svun. is positive oij, nega1:ive? 



3o far, we have* considered the svun of two non-negative numbers 
and Aha, sum of two negative numbers. Next we consider the sum of 
two numbers, of which one is positive and the other Is negative . 

^ Let us look at a'few examples of gains ^d losses: 



Profit of $7 and loss of ^$3 



i. 



Picoflt of ,$3 ' and loss of 
Loss of ^7 and profit of 
Loss of 43 and profit of 



Loss of 



Df y^3 



and profit of 



$7 
$3 

$3 



7 +"(-3)^= 4; '|7| - |-3| = 
3 + (-7) = -4; J-71 - |3| = 
(-7) + 3 = -4; .1-71 -|3| = 
(-3-) + 7 = 4; ' i7| -. |-3| = |4| 
(l3) +3 = 0; 13-1 - f--3j"^'|0| 



Consider these examples on the number line. Prom these lb 
appears that the svuh of two numbers, of which one is positive (or 
O) and the, other -is negative, is obtained as follows: ■ 
• > - . ^ -■ 
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The absolute vAl^e- of the sum fs rthe differenjce 

of the absplute values of the numbers. - 
♦ ^ ♦ * 

^ The^um is positive if the positive numbe:5 has' 
^the g2;»eater absolute value. . • 

The sum is negative if the negative number has 
the greater absolute value. - _ ^ 

^ The gum is 0 if the positive and negative 
^numbers have the same absolute value. 

l4i the , language of algebra. 

If a > 0 and b'< 0, t^n: 

, I + b = |al - |b|, if |a| > |b| ' 

and ' ^ - ^ 

. a + b I - |a|)., if |b| > . ' 

If b 0 .and^ a < C; then: • 

7 + b = '[b| - Ja|, if/ |b| > |a| ' ^ 

and ' . - I 

\^ ' • . \ a + = -(faL - |b|), if |a| > |b|. 

• * ^ * • Problems • 

^1. In ^ach of the following, find the sum, first accordJLng to 
, ^the definition,' and then by any other method you f'ind con- 
" venient r , ' * " 

(a) - (-5) + 3 , " '(e) l8 + (-14) - 

- '(b) (-11) ^- (-5) ■ (f) 12 + 7.4 

(d) 2 + (-2) " (h) (-35).+ (-65) . > 

» 2. Is the set of all real nximbers closed under the 'operation of 
^addition^ , " " 

3. .Is the set of all negative real numbers closed- xmder addition? 
. Justify your answer. ^ ' 
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For e^ich of the following open sentences, find a real number 
which- will make the sentence true: » 

(a) X + 2 = 7- - . (f) c + (-3) = r7 

(b) 3 + y = -7 ^ ^ (g) .y + I = _| ^ 

(c) ,'a^5 = 0- - "(h) |x+(-4)"=6' 

(d) b + (-7) p 3. (i) (y + (-2)) +2 = 3 

(e) ' (-|) + X . '(j)* (3 + x) + (-3) = -1 

Which of the following sentences are true? 

(a) -(1-1.51 - |0|.) = -1.5 _ ^ 

(b) (-3) +5=5+ (-3) 

(c>. (\ + (-6)) +6 = 4+ (^-6) +6) ■ . 

(cl)_ (-5) + (-(-53) = -10 " - " 

(e) -(6 + (-2)) = (-6) +■ (-2) . • - ' 

Translate the following English sentences into open sentences 
Por example: Bill spent 6o^ on Tuesday and eame^ kO^ on 
V/ednesday. He couldn»t remembei; what happened on Monday, but 
he had 30f( left on WednesdajTliight . .What amount did he 
have, on^l^onday?. - ' ' 

« 

If Bill had x cents on Monday, then 
X + (-6o> +^/40 = 30. 
This- can be- written 

^.^ / X + (-20) = 30. 

(a) If you drive 40 miles north an^ then drive 55' miles 
south, how far are you from your starting point? 

(b) The sum of (-9), 28, and a third number is {"52),^ 
, What-?i's the third number? . , , ' 
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(c) At 8 A.M. the, temperature was -2 . Between 8 A.M. 

o ' 

and noon the temperature increased 15 . Between noon ^ 
and • h prM. the temperature increasecT 6^. At; 8 P.M. 
;fche temperature was -9 • What was the temperature 
change between 4 P.M. and 8 P.M.? 

(d) If a 200-pound man 'lost H pounds, one week, lost 6 
pounds the second week, and at the end of the third week % 
weighed 195 pounds, how much did he gain in. the thit»d 
week? 

(e) A stock which was listed at 83 at closing tim^ Monday 
dropped 5 points on Tuesday Thursday morning it was 
listed at 86. What was the change on Wednesday? 



Properties of Addition. We were careful to describe' and 
list the properties of addition when we dealt with the numbers of 
arithiT)etic • " Now that we have decided how to add 'real number^, we 
want to verify that these properties of addition hold true for the 
real numbers generally. » ^ 

We Imow that ^ur definition of addiy.on includes the usual 
addition of numbers of arithmetic, but we also want to.be' able to 
add as simply as we coul;i before. Can we still add real numbers 
in any order and group them in any way to suit our conyenience? 
In other words, do the commutative and associative properties of 
addition still hold true? If we are able to satisfy 'ourselves that 
these properties "do. carry over to the real numbeijs, then we are 
assured that the structure of numbers is maintained as we move from 
the hvmibers of ^arithmetic to the real numbers. Similar questions 
about multiplication will come up later. » 

Consider the following question: Are 4 + and (-3) + 4 

names for the same-Aumber? > ' / 

It appears that the sum of ;any two real numbers^ is -the same 
for either order of addition. This* is tHe 
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Commutative - Property of Addition: For any two 
real numbers - a and b, ; 

, \ a +'b = b a. * * ^ 

4 

-Next, compute the following pair of 'sums: 

(7 + (~9)) + 3, and 7 + ( ~9) :f ' 3^; 
What, do you observe about the results? ' ' 

We could list many more examples. Do you think the same 
results would Always hold? We have the 

Associative Property of Addition : For any i^eal 
^ numbers a, b, and c, 
/ * (a + b) + c .= a + (b + c) . 

Of cours.e, if the associative and commutative properties hold 
true in several instances it is not a proof ^Jiat^they will hold 
true in^ev^ry instance. A complete proof of the propertie3 can be 
giT(en by applying the precise definition of addition of rea-l numbers 
to every possible 'case^of the properties. They are long probfs, 
especially of the associative property, because there are many ' 
casqs. We shall not take the time tcr give the proofs, but perhaps 
Ijrou'may want to try the proof for the coijimutatiVe property in some 
of the cases . * f f ^ ^ 

The associative property assures us that in a sum of three 
real niojnbers it doesn't matter which adjaqent pair we add first; 
it is customary to drop the parenthese^and leave ^uDh sums in an 
unspecified form, su^h as 4 + (-1) + 3. 

Another property of addition, which is new for real* numbers ' 
and we that we shall find useful, is obtained from the definition 
of addition. For example, the definition tells us'that 
4 + (-4) = 0; that (-4) + (-(-4)) =^0. In general; the sum of ' 
a niomber and * its opp6site is 0. We state this as the 

Addition Pj?operty of - Opposites ;\ .For every 
real number a, 

^ a +,,(-a) = 0. 
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One; more property that stems direcrtly from tHe definition is' . 
the ^ ! ' . ' 

: Addition Property of 0: For every rear number a,. 

• > a + 0 = a- ^ ' 



\ 
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Problems 



1. Show^ow the* properties of addition 'can be used to explain 
why. each of the following sentences is true: 
Example: ' ^ , . 

\^ ' 5 + (3 + (-5)y-=/3 + b. \ 



The left numeral is 



^ 5 + (3.4. (-5)) = (5 + (-5)) + 3 



= 0 + .3 
'=^3 + 0 



associative and., 
commutative .properties 
of addition- ^ 

addition property of- , 
opposiffes, 

commutative property 
of addition. 



The right', numeral is 

•3 + 0. , 

(a) .3 + ((-3).+ l|) = 0 + i| * ' 

(b) - (5 4.*(.3)) + .7 - ((-3) + 5) + 7 

(c) (7 t (-7)) +6 = 6 

(d) |~l| +. |-3( + (-3) = 1 

(^) (-2)' + (3 + i-k)) = ((-a) '+ 3) + i-H) 
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Using the associative ajid coitimutative properties of addition, 
write a ^simpler name for one phrase of* each of .the following 
sentences, and find the truth set of each: 

(a) X + ^(-x) + 3) . . / * • • 

(b) m + ^7 + (-m)^ = m ' - ' * ' 

(c) n + (n + 2) + (-n) + 1 + (-3) =0 1* ^ . 

(d) (y + 4) + (-4) = 9 + (-4) . . . / 



The Addition Prpperty of Equality . There is another fact 
about addition to which we must' give attention. "We know that 

, ' + (^5) = (-1). ^ ' 

This means that 4 + (-5) and (*l) are two names for one number. 
Let us add 3 to that number. Then ^4 + (-5)) 3 " and (-1) + ^ 
are again two> names for one number. Thus, 

' V ^ ' + (-5)) + 3 = (-1) + 3. . ^- ^ 

Also, for example, 

+ (-5)) + 5 = (-1) +5. . - 

Similarly, since - 

^ ' ^ 7 = 15 + (.8), 

7 + (-7) = (15 + (-8)) + (.7)- 

This suggests the 0 

^ Addition Property of Equality : For any real^ 

• numbei*s a, b, c, "^^^^ 
if a ^ b, then a/^^^'c = b + c. ^ 



In words, if a and b are two names for one number, then 
a ■+ c and b + c are two* names for one jiumtijer.V . ^ 
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Let us use the previously 'Stated properties of addition, and " 
the above property of equajity in some exsimples. 

Example 1 . Determine the trutli set of the^ opSn sentence 

Can you guess numbers whic^h-make this Sentence true? , If you don» t 

see it easiljr, could you use properties of addition to'he^lp? Let' 

us see. We do^not really imow whether there ls_ any number making 

this senteijce true. If, however, there ik ZM0mm number x which 

makes the sentence true (that is, if the truth set is not empty), 

" 3 " ' 

then ^ + "5 ~2 ape the same number. 

Let us add td this number; then "by the addition .property 

^of equality we haye 




3 • 

Why 4id we add -•^? Because in this case we wish to change 
the left numerarso it will contain the n\imeral "x" alone. Watch 
this happening in the next ^ew lines . ^ . - ^ " . 

ContinirijAg, we^ have 

(f^"|)) = (-2] 4- (-|). (Why?) 

X + 0 « - / (Why?) r 

y ^ X = ~ ^. . (Why?)' 

Thus, we arrive at t^ie new'^b'tiierri'^s^nte'ride 'x = - If a number 

X makes^the original seiitence true, it alsp makes this new sentence 
true. Of m^vwdr*^cajt<^i^n^ 

hold* trOajfor all real numbers. -Thia tells us that i^^ is the 

ossible truth value of "the original sentence. But it does 
not guar en tee that It''"^ a truth value/ Does - ^ make^ the 
original sentence true? Yes, becau^'e -^) + = -2, 
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Here we have discovered a very important idea abput sentences • 
such as the above. We have shown that if there is a- number x 
making the original sentence true , then the only number which"" x 

V 13 ' ~ " — 

canbe 3£ - The minute we check and find that does 

make the sentence true, we have found the one and only number which 
belongs to the truth .set. • > ' • ' 

The sentence in the previous example is an equation . ' We shall 
often call the truth set of an equation its solution set, and^^s 
members s o nations ,gand we shall write "solve" instead of "determine 
the truth set of". . ' . ' ' ^ 

'^ Example 2. Solve the equation * • « . 

- ' . 5-.|.x%(4) 

3 ' 'l " * " ' 
5^+1= x+ (-|) 



If 



then (5 + |). 4-|^=(x4- (-1)) 4- I 
5 + 2 = X + 0 

7 = K 



is true 'for some^x, 

is true for the s^e x; 

iS" true for -^he same 
fs "true-'for the same x. 



^If X = 7, 
the left' side is : 



c .c3 _ 10 ^ 3 
; 13 , 



the right side Is: • 7 + (-^) = ^ + fi) 



13 



Hence", the truth set is {7}. 
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* ' . Problenis 

SoivB-each of the following equations. Write your work in the 
form, shown for Example 2 above • 

1. X + 5 = 13 

. 2. (-6) + 7 = (-8) + X • ♦ 

■3, (-1) + 2 + (-3) = 4 + X + (-5) 

4. (x + 2) + X = (-3) +.X ' ■ _ 

.5. (-2). + X + (-3) = X + (-|) 

/ , 6. , |x| + (-3) = |-2| + 5- ■ ■ ■ ~ 

7- (-f) = (-|) + (-1) . ^ 

■ 8.- ''x -h. i-Z) ^ Ml + (-3) . : . . ■ ^ 

9.- (oc.+-^) = x+ (x + |) ■ . 



^ The Additive 'inverse . Two numbers whose sum 3^ 0 are 
related in a. very special wa^F.. For example,^ what number when added 
to .3 yields the sum 0? What number when added to -4' yields' - 
0? In general, if x and y ^are real numbers such that . 

' I - • ^ * ' X + y = Q, . ' ' s 

,we say that y i^an additiue^ invei^se of x. "ynder thisc definition 
J Is X then 'also an aijj^itive invers'fe^^ot -y^ % ^» 
^ . Now let us think about any nvmiber z which is an additive 
/ inverse'df, say, 3. Of course, we know one such number^ namely, ;^ 
r /'-3^ for by the addition property of opi^sites, 3 + (-3) =0. Can 
/ there be any other number 2 such that ^ ^ 
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All of oyr experience ^with numbera tells us "No, there is no ^ther 
^uch number" • But how can we be absolutely sure? J/e can settle 
this question with the'u^.e of our properties of addition, jiist as 
we dj,d In Example 1 in the preceding s.ection. If, for some number' 

: ♦ 3 + z = 0 , ' - . 

/ 

is a true sentence, then 

. ^ (-3) + (3 + z) = (-3) +,0 * ^ 

is also a true sentence,; by the addition property of equality* 

(Why did we'adc^ -3?) Then,' howevei?, 

♦ ' // 0 . / 

^1 (^(-3) 3 V 2 = -3 ' ' / ' 

is true for tMe same x by the associative property of -addition- 
and the 0 p^roperty of addition. oTiis finally tells us that'-' 

z = -3 ' . * > ' 

mtet also b^ true; we have, for this' last step.,, used the addition 
pl^operty of opposites. ' ? . 

What have we dol(e here? We started out by choosing z as 
anj; number which ^:fg:;;^n ^additive inverse of 3; we found out that • 
z had to equal /.3; that is, 1;hat -3- is not just an additive 
inverse of 3, but also the only additive inverse of 3. 

Is there anything special about 3? Do you think 5 has more » 
than one additive inverse? How about (-6.3) ?- We certainly doubt 
it, and we can show that they do n^t by the same line of reasoning 
as the above. Can^e, however, check all numbers? What we need is 
a result for an^ real number x, a result ,which is supposed to tell 
us something like the following:,, We know that; '(^-x) is one addijbive 
inverse of x; we do^bt if there is any other, and this is how we 
prove there is none. Let us parallel the reasoning we used in the 
special case in which x = ^, and see if we can arrive at the , - 
corresponding conclusion. , / 

Suppose, z .is any-additive inverse of ^x, that is, any, number 
that / • * ' i 



such that 

V 

, ' x + z = 0 



1 13 



ERIC 



109 



What corresponds to ^he first step. in our previous special case? 
We use the addition property of equality to vrrite 

• ' (-x) + (x + z) -.'(-x) + 0. 

\ We then have that * ' 

\ (^(-x) + + z = -X. 

' Wh^t are the two reasons we have used in arriving at this last 
sentence? • • . ' 

Then 

0 + z - -X, (Why?) 

\ and finally 

' ^z =^-x, ' (Why?) 

• We have succeeded in bari'ying' out our p3:*ograin, not Just when 
' X = 3 but for any 'x. E^ch number x has a unique (meaning 
"Just one") additive inverse, namely, -x. 

•You probably have all kinds of qualms and questions at t^is , 
.point, and these are to be expected since J;tiis is the, first i^roof 
wh;L'Ch youJaav^-aa^n^in this course. What we have dene" is to use 
facts which we have' pre^ous jly 'iqioyn about all real numbers in 
order to ^argue out a new \act about all real numbers, a new fact 
which you certainly expected' to be true, but which r.evertheless 
took this kind of checking A We shall do a number of proofs in this 
course, and you will bec'dhie mbre and more accustomed to this kind 
of reasoning as you progress. \ln tli^ meantime, let us make one 
more comment about the proof J\i^t completed. The sujccessl^ve steps 

took were of .coiorse chosen quite deliberately iri 
the proof succeed. This might give you the impress i 
" p]^oof was "rigged", that it' couldn't come but any other way. Is 
this fair? Yes, it is, and in fact every proof is "tfigged" in the 
sense that >/e take only atejJs tc^ help us towards *oxir goal, and do 
itDt take steps which fail to do us any good. 'When we started from 

3 + z = 0, - 

we chose to use the addition prop9i?ty of equality to add ,,(-3)i 
co^ld have addend any other number instead, but it wouldn't have 
helped us. And* so we didn't add a different number, but added 

,. 1 i .i ■ - 
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, statements- of new facts or properties, which ,can be shown to 
follow from previously established properties, ^are frequently 
(but not always]") called " theorems ". Thus, the property about 
additive inverses obtained above can be stated as a theorem: ^ 

Theorem . Any real number x has exactly one 
y additive inverse, namely, -x. 

An argument by which a, theorem is shown to be^ consequence of 
other properties is called' a proof of the theorem. 

Problems 

« 

1. For each sentence, find its truth set. 

If 

(a-)^ 3 +'x k 0 , (f) (^_(_2A _ 0 , ' 

, '(b) (-2) +-a = 0 . (g) (.{2 + ^)) + a.= 0 / . 

•. ■ (c) 3 + 5 + y =~0 (h) ' 2 + X + (-5) = 0 

■(d) X + (-i) = 0_ * 4i)" 3^+ (_x) = 0 

(e) l-^l + 3, + /-4) + c = 0 ^ 

2. Were you able to use the above theorem to save work in ^ 
solving these equations? - ^ • 

^ Let us look at Another example for this technique of showing 
a general property ^f numbers. Of course, we cannot prove, a general 
property of numbfers until we suspect one; let us find one to suspect 
Recall the picture of addition on the number line, or the definition 
of addition if you prefer, to s«e that 

.'. ' (-3) + ('-5) = -(3 + 5). . 
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Another way of writing that (-3.) +'(-5) , and -(3 +'5) are names 
fQr the saine number :is that 

♦ : -(3+ 5) i (-3) + • . " 

This might lead us to suspect that the opposite of the sum of two 
^numbers 'is the sum of. the opposites. 'of course, we have checked 
this only for the" numf)ers * "3 and 5, and it is wise-'to check a 
f§w more aases. -Is * - ^ 



+ 9)' = (-2) 4- (-9)? 



Is 



"\^^ (1?)) = (-4) + (-(-2))? 
(What is ^inother rfame for (-(-2)^ ?) 

IS '■• : • ' ■ 

Our hunch ^eems to 
have tried. Let -uir now 
' arithmetic , State ' the 
theorem. 




in all the, examples we 
of checking any more examples by 
'^al property which we hope to prove as a 



Theorem . Fo^l^^ real numbers a and b 
. -(V^b)^-^) + (-b) . 

Proof. We need' to pr^ "that ' (-a) + (-b) na'hie^ the same 
humber as -(a +*b). Let us\l5eck that (-a) + -(-b)/ acts like 
the opposite of (a + b) w^ look at (a +' b) + ((ia) + (-b)J , 
for if this expression is 0, (-a)' + (-b) will be' the opposite . 
of '(a + b). ' ^ 

(a + b) + '((-a)- + (-b)) '= a + b + (-a) +-(ib) , • 

/= {a + (-a)j' + + (-b)J (Why?) 

■ =0 + 0- " (Why?) 
= 0. 
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And so we find that for all real^ numbers a and b, 

t 

is' an" additive inverse of (a + b)^ and, .since there is^only-one' 
additive inverse, that . ♦ 

-fa* 4- b) and (-a) + (-b) ^ ' - ' \ 

name the ^ame number. . , ^ - 

» 

Problems 

1. [.Which of the following sentences are true fgr all real numbers? 

Hint; Remember that the opposite of t-he sum of two niambers Is 
. the siam of their 'opposites . 

(a) -(x + y) = (-x) + (-y) (e) -(a'+ (-b)) (-a) + b 

(b) = -C-x) (f^"* (a + (-b)j +,(-a) = b 

(c) .-(-x)=x ^. (g) -(x + .(-x)) = X.+ t-x) 

(d) . -(x + (-2)) •= (-x') + 2 ' 

2. In the f ollov/lng' proof supply, the reason for each step: 
For all n,umber3 x, y and z, ' • • 

(-x) + [y + (-2)) = y + ( -(x + ,2)) . ' 



Proof: 



^ (^-x) +"(y +^ (-Z)) =,(-x) ^+ ( (-fc) + y) 
. = (-z)). + y 

= (-(x.+ 2)J + y 
= y + (^-(x + 2)j . 
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-(3.+ *6-+-(-J|) + 5) ' (-3) + (r6) + 4 +^5) 
think Is true for the opposite of the sura of 



'> What do 
more than 



Is 

•you 

two nmbers? • 

Tell which of the foi;Lowlng sentences ate true. <^ 
(a) '.((-2) + 6 + (-5)) = 2 + (-6) +• 5 • , ° 

(bj -^3a + (-b) + (.-2)j = 3_a + 1) + 2 ' - / 

(c) ^ -|a + (-b) + (-5c) •+ .7d) ="(-a) + b / 5c + (-.Td) '^^ 

(d) -/|x + 2y + (-2a) f (-3b)) = (-|x) + 2y + (-2a) + (-3^^'), 



Prove the following -prop^rty of addition: 

For any real number a and any real niomber b 
and any real number c, 

^ • ' • if 'a rf c = b + c, . then a = b. 



' . Summary^ 

We have defined addition of real numbers as follows: 

The siam of two positive numbers is fajjiiliar from arithmetic. 
The sum of two negative numbers is negative; the absolute • 
value of this sum is the sum of the absolute values of 
the numbers. - ' ^ 

' The sum qtf* two numbers, of which one is positive (or 0) 
and th'e other is negative, is obtained as follows: 
The absolute value the 'sum' is the differ^ence 
of the absolute values of the i^mber&v^ 

The sum is , positive , if the pos ^blve^nU ^ber has ^ 
the greater absolute value. 
'"''^'^^^JJhe ^sum Isi'rtrgatJve if the' negative number has . 
V73he greater absolute value. % . • ♦ 

The sum is 0 if the positive and negative 
noombers have the same absolute value. 
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We have satisfied ourselves that the following properties 
hold for addition- of real niimbers : * ^ - 

Conunutative Property of Addition ; For any two real numbers 
a and b, \ 

-\ a-fb = b + a. 

Associativ.e Property 6f Addition ; For any re^l numbers a, 
b, . and c, . ' * ' 

, (a + b) -f c = a -f (b -f c) , 

Addition Property of Opposites : For every real number a, 

a + |Jha) =0. 

Addition Property ^ 0: For every real nxamber a, 

' a + 0 = a. 



Addition Property of Equality ; For SOiy real numbers a, b, , 
and c, ' ' ^ 

if a''= b, ' then . a c = b + c . 

We have used the addition property of equality to determine 
* * * . 

the truth sets of open sentences. 

We have proved that the additive inverse is unique ^ that is; ' 
that each number has exactly one additive inverse, which we call 
i1;s opposite, " . ^ 

We have discovered and proved the fact that the opposite of 
the sum ol^two numbers is the same as the s\m of their opposites? . 

. . — ' 

Review Problems { 



» w 

1. Show how the properties of addition can be used to explain 
^ why each of the following sentences is true: 

(^) (-§)) =7 

(b) |-5l + (-^6) + |-.36|. = 10 + (2 + (-7)) 
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2. Find the- truth set of each of the following: 
(a) I + 32 = X + I', - 

(b-) X + 5 + (-x)- = 12 + (-x) + (-3) 

•(c) 3x + ^ + X 10 + 3x + 

(d) |x| + 3 = 5 + |x| 

* 

3. For what set of numbers is each ©f the following sentences 
true? ' * ' ' ■ . •■ 

(a) |3| + |a| > |-3| ■ (c) |3| + |a| < t-3| 

(b) |3| + |a| = i-3| . 

Two numbers are added. What do you know about these numbers if 

(a) ^ their sum is negative? 

(b) their sum is 0? . ' 

(c) their suip" is positive? - ^ 

5. A figure has four sides./ Three of them are 8 feet,^ 10 
feet, and 5^^^', resrpectively . How long is. the fourth side? 
U) Write ^ cojnpound open sentents^for this problem. 

' (b) Graph the truth set of the dpen sentence. 

6. If a, b, and c are numbers of arithmetic, write each of 
tl^e indicated sums as an indicated product, and each of the 

• ,indicated products as an indicated sum: 

(a) ^(2b + c)a (e) x^y + xy » 

(b) 2a(b + c) ' _ .^-fi).- ea^b + 2ab2 

(c) 3a + 3b- • (g) ab(ac + 3b) ' ' , 

(d) 5k + lOax (h) 3a(a + 2b + 3c) _ / 
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7. Given the set {-5, 0, |, -.75, 5): 



(a) Is this set closed under the operation of taking the 
-opposite^of each element of the set? 

(b) Is this set closed under the op^ation of taking the 
^ absolute value of each element? 

(c) If a set is closed under the operation of taking the* 
opposite, is it closed under the operation of taking 
^he absolute value? ^Why? 



8. Given the set {-5, 0, '5/ 7): 

(a) Is this set closed under the operation of taking the 
absolute value of each^element of the set? = 

(b) Is t)iis' set closed under the operation of taking the 
opposite of each element? 

(c) If a 9et is closed linder the operation of taking the 
absolute value, is it closed under the operation of 
taking the opposite? Why? 
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PROPERTIES OP MULTIPLICA'DION 



Multiplication' of Real Numbers. Now let us decide how we 
should multiply two i?eal numbers to , obtain another real n\;imber. 
All that we can s^ay at -present is ,that we know how to multiply two 
non - negative numbers . 

Of primary importance here, as in the definition of addition, 
is that we maintain the "structure" of the number system. ,We know 
that .if a, b, c are any numbers of arithmetic , then 

ab = ba, ^ ^ 

(ab)c = a(bc) , ' . k 

' a»l = a, 

a^O = 0,. ' * . ' 

a(b + c) = ab + ac^ " 

(What napes clid we give to these properties of multiplication?) 
Whatever meaning we give to the product of two real numbers, we 
mxist be sure that it agrees with the products which we already have 
for non-negative real numbers that the above properties of 
mvyitiplidation still hold for all real numbers / ^ 
Consjjrte^ some possible products: 

(2)(3),, (3)(0), (0)(6), (-3)(0f, (3)C-2K^(^2)(-3). 

(Do these include exampieS of every iiase^of multiplication o\ 
positive 2Lnd negative numbers aijd zero?) Notice that the first 
three products involve only non-negative n\imbers and are therefore 
already determined:, 

(2)(3) = 6, C3)(0) = (3, (0)(0) = <0). 

Now let us try to see what tbe reaminirig three products will have 
to be in order to preserve the basic prop^ties of multiplication 
listed above. In the first placey^ if we want the mu^LtipliCation 



. 121 

o , . - . ••• ^ \ 

ERIC . , 



property of 0 to hold fqr'all real numbers, then we must have, ; 
(-3)(0) = 0. The other two products can be obtained as follows: 

' 0 = (3)(0). . 

Or^ (i^2 + '(-2)), by writing 0 = 2 + (~2); (Notice how 

^ , / ^his introduces a negative number 

^nto the discussion.) 

0.= (3) (2) + (3) (-2), if- the distributive property is to* 
^ . . . hold for real numbers; 

. 0 = 6 +. (3)(-2), , since (3)(2)=6. ' 

We know from \miqueness of the additive inverse that the only -real 
number which yields 0 wheh addeQ to 6^ is the number -6', 
Therefore, if the properties of numbers are expected, to h,old, the 
only possible value for (3)(r2) which we can accept is -6, 

Next, we take a similar course to atnswer the second question, 

0 = *(-2) (0) if the multipliQatioR property of 0 

- is J^o hold for real numbers; 

0 = (-2)^3 + (-3)\ by writing 0 = 3+ (-3); ^ 

0 = (-2) (3) + (-2) (-3), if' the distributive property is to 

hold for real numbers; 

0 = (3) (-2) + (-2) (-3), if the commutative property . is Jj^'o. ' 

hold for real numbers; 

O = (^6) + (-2)(-3), by the previous result, wliich was'" 
^ (3)(-2) = -6. : ' 

Now we have to come to a point where (-2) (-3) ,must be the opposite 
of -6; whence, if we, want 'the properties of "rttultlpliQatipn tP hold 
for real numbepsi then (i-2)(-3) must be- 6... ' 

Let us think of these examples now in terms' of absolute value. 
Recall that the product of two positive niimbers is a positive ^ 
mimber. Then what are the values of |3ll2|. and |-2il-3l? How 
do these compare, respectively, with (3) (2) and (-2) (-3)? 
Compare (r3)(if) and -(^31141); '(-5)(-3) a^d h5||-3|; 
(0)(-2) and • |0||-2|. ' • .c,^ 
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' This is the hint we needed. If we want the structure or the 
, ntiml^ejiL system to be the same for real numbers as it was for the 

numbers of arithmetic, we must define the product of two real' 
, numbers a and b *as follows: 

If a and -b ' are both negative or 
both non-negative, then ab=:|a[:|b|. • - — : 

If one of the numbers a and b is 
non-negative and the other is negative, 
then ab = -( |a| |b|) . 

It is important to recognize that |a| and |b| are numbers 
of arithmetic for any r^eal numbers a and b; and we already Imqw 
the product |a||b|. (Why?) Thus, the product |a||b| is a posi- 
tive number or zero, and we obtain the product^ ab as either 
|6J Jb| or its opposite. Again we have used only the operations 
with which we are already familiar: multiplying positive numbers 
or 0, and taking oppo3ites. 



The product of two positive numbers is a number. 

Tne product of two negative numbers is a number. 

The ptoduct of a negative and a positive number is a 

n\jmber, ' . ^ 

The product of a r^al number and 0 is • 

Since the product^ ab is either Ja||b| or its opposite and 
.since |a||b| is non-negative, we can state the following property 
^ of ' multiplic at ion : 

^ For any real numbers a, b,y- ' ' 

|ab| = |al|b|: 
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Problems 



Calculate the following: 

(a) 2)) (-5) 

(b) (- l)((2)(-5)) , 

(c) (>3)(-4) + (-3) (7) 

(d) (-3) ((-4) + 7) 

(e) (-3)(-4)+7^ 



(f) |-3l(-4) + 7 

(g) ■ |3 11-21 + C-6) 

(h) (-3)1-21 + (-6). 
(-3)(|-2| + (-6)) 

(J) (-0.'5)(|-1,5|, + (-4.2)) 



Find the values 'of the following for x = -2, y = 3, a ^ - 

(a) + 2(xa) + ' ' (c) ' x^ +(3 |a | + (-4) ["y |) 

(ix) (x + a)2 (d) |x + 2| •+ (-5) I (-3) + a| 

Which of the following sentenced are truQ? 

(aj__?(-y) + 8 = 28, 'for .y = -10 

(b) ' (-5) ((-b)(-4) + 30) < 0, for b = 2 

(c-) |x + 3|'+ (-2)(^|x + (-4) I) ^ 1, for x = 2 

Pin<3 the truth sets of the following open sentences and draw 
their graphs . 

Example: Find the truth set of (3) (-3) + c = 3(-^). 

It' ' (3) (-3) + c = 3(-4) 
then -9 + c = -12 ^ • 

(-9 + c) + 9 =. -12 + 9 



. is true for some ^, • 
is true for the sa^e c; 
is true* for the same c; 



0 ='-3, 



If , - ' 0 = -3, 

then the left hiember is 
and the right member is 
Hence, the truth set is 



"(3) (-3) +, (-3) = -12, 
, "3(-4) •= -12. 

{3}. 
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(a) X + (-3) (-4) =8. 

(b) -X + 2 = 3(-6) + (-4)(n8) . . ^ • 

(c) x.= (-5)(v_6)-4- |-2|(3),- .-^ . ; 

(d) x.> (-4)(-2).> (-5) (2) , , * ' (. 

^ (e) |x| = (- |)T7) + (-l)(-5) ■ ' . ' 

■5. Given the set R of^all real numbers, find the, set- Q of all 
products of pairs of' elements of R. is Q the same set as 
R? Can you conclude that R is closed under multiplica1;ion? 
6-. Given the set V = {l, -2,, -3, 4), find the set K of' all 
positive numbers obtained as. products of pairs of elements of 



V. 

.4 /. 



7. Prove that 'the absolute value of the product ab is the 
product • |a|'|b| of the absolute values; that is, 

labj = Ia.||b|. 

8. What can you say about two real numbers a and b in each 
of the following cases? • " 

(a) ab^ is positive.. 

(b) ab^ is nfegative. ^ , s. . 

(c) . ab is' positive and a is positive. 

(d) ab is positive and a is negative. , 
.(e) ab is negative and a is positive.'^ 
(f) ab is negative and a is negative, 

9. Give the reason f oz*- each numbered step in the proof of the ^ 
following theorem. 

Theorem . If a and. "b are numbers such that both 'a' and 
, ab are positive, then b is a:iso positive. 
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Proof s We assiime that 0 < a and 0 < ab. ' Then: 

1* Exactly one of the following is true 

b < 0, b =/0, ' 0 < b. 
» 

2. If b = 0, then ab = 0. 

Therefore, "b = O" is false, since ab = 0 and 
0 < aj) are contradictory. « ^ 

3. If b < 0^ then ab' = -( |a| fb | ) . 

If b < 0, then ab is negative. - 
Therefore, "b < O" is false, since ab is negative 
and 0 < ab are contradictory. 

Therefore, 0 < b; that is, b is positive, since 
' this is the only remaining .possibility . 



Properties ^ Multj-plicat ion . ^ - The definition of 
multiplication for real numbers given ^ in the preceding section, was 
suggested by the structure properties which we wish to preserve 
for all *numb€frs . On the other hand, we have not actvially assi^d 
these properties, since the definition could have been given at 
..the outset without any reference to the properties. However, now 
that we have stated a definition for multiplication, it becomes 
important to satisfy ourselves that this definition really leads 
to -the desired properties, yin other word^we need to prove that 
multiplication so defined does have the pi?operties. Since the 
definition is stated in terms of operations on positive numbers 
and 0 and of taking oppQsi^es, these operations are the only ones 
available to us in the proofs . , 

Mi^tiplicatioi^ property of 1.: For any real number a, 

a*l = a. 
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Proof. If is positive or ^ 0, we know that a(l) = a. 
If a is negative, our definition iof multiplication states that 

a.l = -( la) -1) 
= -Ia| 

> 

\ = a. 



Tiy to|explain the reason why each step in the above proof is 

Multiplication property of 0: For any real number a, 

a-0 = 0. 

. .Write out the .proof of this property for yourself. 

Commutative property of multiplication ; For any real numbers 
a and b, , 

ab = ba. 

I!roof : If one or both ^he numbers a, b are z^ro, then 
ab = ba. (Why?) If a and b are both positive ot both negative, 
then ' ^ 

ab =.|a| |b|, and ba = |b| |a| . 
Since |a| and |b| are numbers of^arithmetic, 

. kl'lbl = |bha|. 
Hence, ^ . < " : 

ab = ba ' - ^ -.^ 

for these, two eases. 
» • * * 

If one or^ a and b is positive or 0 and the other 'is 
negative, then 

•ab = .(|aj|b|): and ba - -( |b | |a| ) . ^ 

Since 

. : Ia||b|.= |b||a|, 
and since if numbers are equal their opposites are equal, 

.-(|a||b|) = -(|b||a|).: 
'Hence, ^ 

ab = ba 

for this case also. * • ^ 
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• 12^ 

Here we have given a complete proof of the commutative property 
for all real numbers. W.e have based this proof on the precise 
definition of multiplication of real numbers. 



Problenis 

Illustrate the proof of the commutative property by replacing^ 
a and b as follows:' 

(a) (-3)(5) Example: < -3) (5) = -( |-3 | |5| ) 



(5)(-3) = -(I5II-3I) 
= -15 

(b) (3) (-5) (d) (-3) (-4) 

(c) (-|)(0) . (e). (-7)(^) 



Associative property of multiplication : FCr any real 'numbers 
a,- b, and c, 

(ab)c = a(bc) . 



1 



Proof: The property must be shown to be true for one negative, 
two negatives, or 1^ree negatives. This is lengthy, but we shall 
b/s able to simplify it by observing that 

.|Cab)c| |ab| |c| (Why?) . ' 

= lallbi'ld, 

and ' • , „ ' 

|a(bc)| = lallbcf 

= Ia||b||p|-. ■ 

Thxis, |(ab)c| = |a(bc) | for all real numbers a, b, c. 

This reduces the proof of the associative property oS multi- 
plication to the problem of showing feat (ab)c and 'a(bc) are 
eitKer both positive, both zero, or both negative, , 
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For example, if both (ab)c and a(bc) are negative, then 
|(ab)c| = -(aCbc)") and |a(bc) | = -('(ab)c). Thus, 
-^a(bc)^ = -^(ab)c^ and hence, a(bc) = (ab)c» . 

If one of a, b, c is zero, then (ab)c = 0 and a(bc) = 0. 
(V/hy?) Hence, for this case (ab)c = a(bc). ^ 

If a, b, and Cy are all different from zero, we need to- con- 
sider** eight different cases, depending oxy which numbers are positive 
and which are negative,* as shown in the table below. 



If \ a is 







+ 












and b Is 


+ 


+ 






+ 


+ 






and c is 


















then ab is 


















be is 


















(ab)c is 








+ 










a(bc) is 








+ 











nfeg 



a, and negative b 
is positiAAe, Hence, 



One col\amn ha^ been filled in for positive 
and c. In this/case, ab is negative and be 
(ab)c is posl/tive and a(bc)^ is positive. Therefore, 
(ab)c = a(bc)| in this case . 

The associative property states that, -fn multiplying three 
numbers', we may first form the product of any adjacent pair. The' 
effect 6t associativity along with commutativity is to allow us to 
w^ite products of numbers without grouping symbols and to perform 
the multiplication in any groups and any orders . 
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Problems 

C6py the table given in' the text' and complete it. Use It to 
check the remaining cases and finish the pr'^of . ' • 
Explain how the associativ^e and commutative properties can be 
used to Ferfom the following multiplications in the easiest 
manner. 



(a) (-5) (17) (-20) (3) 
(-!)(3)4)(-|) 



(c) (5)(-19)-(-3)(50) 

(d) (-7) (-25) (3) (-4) 



• Anothei/ property is one whiSft^ ties together the ope^rations of 
addition and) multiplication. - 

Distributive ^roEertg;. For any real numbers, a, b, and c, 
a(b + c) = ab + ac. 
, We shall consider only a few examples: 

(5)(2 4- (-3)) = ? and (5) (2) + (5) (-3) = ? 

(5)K-2) 4- (-3)) =■? and (5)(-2) + (5)(^) = ? 
^ . (-5) ((-2) + (-3)) = I and (-5)(_2).+ (-5).(-3) = ? ' 

The distributive property does hold for' all real numbers If 
co,ild be proved by^ applying the definitions of multiplication and 
.addition to all possible cases, but this is .even more tgdlous than 
the* proof of associativity. ' , • 
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Problems 

Use the distributive property, if necessary, to perform the 
indicated operations with the minimum' amount 6f wo»k: 

3. (-7)(- |) + (-7)(^) 

(-t)/((^?3) 4- (-7)) ^ ■ 



(-9) (-92) + {-9U-8) 
(- |)(^(-^) + 6) 



erJc 
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« 

We can use the distributive property to proVe another useful 
•property of .multiplication. 

Theorem . For every real number a,^ . 

To prove this theorem, we must show that (-l)a i? the 
opposite of a, that is, that , 

a (-l)a = 0. ' . * 

^ Proof. * 

a + (-l)a = 1(a) + (-l)a (Why?) 

= (l + (-l))a • ^ (Why?) 
, = 0*a . ^ . (Why?) 

= 0. 

Here, we have shown that ( -\|a^^^^J^ an additive inverse' of' a. 
Since we also know that is an additive inverse of a and 

that the additive inverse is unique, we have proved^ that ^ 

(-l)a = -a. ^ , 



Proble; 



^Use the previous theorem to prove the following: 

1. For any real numbers a and b, (~a)(b) = -(ab)^ 

2. J^or any real numbers a and b, ("a)(--b) = ab. 

3. Write the common names for the .products : ^ 
(aL (-5)(ab) (c), (3x)("7y) 



ih) , (.2a)(-5c):' (d) j(-0.5d)(1.2c) 



^ / 
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Use of the Multiplication Properties , 
the previous problems that we may now write 

-5a for (-5)a , * 

a - * " ^ -xy for (x)(-y)., 

6b ' for (-6)(-b). 



We have seen in 



In fact. 



-ab = -(ab) = (-a)(b) = (a,)(-b) 



Now that we can multiply real numbers and have at our disposal 
the properties of multiplication of real numbers, we have a' strong 
basis, for dealing with a val^ety of situations in algebra. 



Froblems 



Use the distributive property to write the' following as 



iridlcated sums: 
(a) 3(x + 5) 



(d) (-l)(y + (-z) + 5) 

(b) 2(a + b -fc c) • (e) (13 + x)y 

(c) ((jp) + q) (-3) (f) (-g)(r + 1 + (-S) + (-t)) 
Use the distributive property to write th^ following phrases 



as indicated products: 
(a) 5a + 5b 
.(b) ' (-9)b + (-9)c 
(a) 12 + 18 
(d) 3x + 3y + 3z 



(e) (a + b)x + (a + b)y 

(f) 7(^) + 3(^) . • 

(g) (-6)a2 + (-6)b2 
(^) ca + cjx" + c 



Apply tjie distributive, and other properties to the following: 
Examp-le : 3x +'2x = (3 + 2)x = 5x ' ^ 

(a) let + 7t ^ (f) (i.6)b +^2.4)b 

(b) 9a + (-15a) (g) 3a + 7y ' (Carefull) 

(c) '12z +;z (Hint'': z = l-z) (h) 4p + 3p + 9p 

(d) T-(-3m) + (-8m) (i) 6a +, (-4a) + "sb .+ 14b 

(e) ^ + ^ - • • ' _ ■ 
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In a phrase which has the fopi of an 4j3aicated sum- A + B, 
A and B' are called terms of the phrase; in a phrase of the form 
A + B + C, A, B, and C are called terras, etc. The distributive 
property is very helpful in simplifying a phrase. Thus, we found 
that 

- y5a + 8a' = (5 + 8)a = 13a 
is a possible anli^ desirable simplification. However, in 

5x + 8y ' ' " . 

no such simplification is possible, vftiy? ' • * 

We may sometimes be able to app^Ly the distributive property 
to some, but not all, terras of an expression. ,TJius, 
6x + (-9)x^ + llx^ + 5y = 6x + ((-9) + ll)x^ + 5^ ^ 6x + 2x^ + 5y. 
We shall have frequent occasion to do this kind of simplification. 
For cor^v^nience we sh^ll calj it collecting terms or com]pining 
terns.' We sha^ll usually do the middle step mentally. Thug, 

15w + (-9)w = 6w. . ' • 



Problems 

Collect terms in the following phrases: 

Ca) |a + |a (e) 6a + 4b + c 

(b) 5p + 4p + 8p ' (f) 9p + 4q + (-3)p + 7q 

(c) 7x + (rlOx) 3x ' " (g) 4x + (-2)x^ + (-5x) + 5^^ + 

(d) 5c + (-2c) + 3c^ 

SJjcid the ;truth set of each of the following open sentences, 
♦^/here possible, collect" terms in each phrase.) 

^7a) (-3a) + (.7a) = 40 {&) x + 2x + 3x = 42 

(b) X + 5x = 3 + 6x ■ '" (e) ^ = y + 1 

(c) 3y + 8y + 9-= -90 (f ) 12' = 4y + 2y 
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^ Further Use of the Multiplication Properties . We have 

seen how the distributive property allows ua to collect terms of a 
phrase. The properties of multiplication are helpful also In 
.certain techniques of algebra related to products^ Involving phrases 

Example 1. "<3x y)(7ax)" -can be more simply written as 
"21ax^y." • - ^ 

Give the reasons for each of the following steps which show this 
^Is true . < , 

(3x^)(7ax) *= 3-x-x-y.7.a-x 
^ , = 3»7*a»x»x«x«y ' 

' _ • - . = (3-7)a(x.x.x)y 

= 21ax'?y. 

(Notice that we write x^x^x as x"^.) 

While In practice we do not write down all these steps, we 
"^^s^ continue to be aware* of how thl3 slmpllf j^tlon depends on our 
^^slc properties of multiplication , and we Should he prepared to 
explain tKe Intervening steps at any time. 



Problems * 'v 

Simplify the following expressions and write the- steps which 
explain '^the simplification. ^ ^ 

1. (|abc)(^cdy ^ . . 3. . (^b)(9a^) 

2^ (20b^c^)(l0bd) . 4. («7b)(~l|a)c 



We can combine the method of the preceding exercises with the 
distributive property to perform multiplications such as the 
following: - ^ ^ ^ 

(-3a)(2a + 3b + (-5)c) = (-6a^)^+ (-9ab) + 15ac. 
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^ * Furthermore, since we have shown in the properties of multi- 
plication section that 

-a = tr^)a, 

we may again with the help of the distributive property simpli^ 
expressions 'such as ^ - , ^ 

/ -(x2 + (-7x) + (-6)) = (-l)(x2 + (-7X) +^(-6))' 

= (-x^) + 7x + 6. * 



•V ' Problems 

Write in the form indicated in the previous examples: 

1. " ?(8 + (-3b),+ 7b^) . 5. ' -(P + q + r) 

2. '-6x(3y + z) . ' . 6. - (-7)(3a'+ (-5b)) 

3. (-3)b^c2(4b + 7c) 7. 6xy(2x + 3xy-+ 4y) 
k. 10b(2b2 + 7b + (-4)) 8.. <-x)(j6+ (-1)) 

Sometimes the, distributive property is used several times in 
one exanjple. ' 

Example 1. (x + 3)'\x + 2) = (x + 3)x + (x + 3)2 

= x^ + 3x + 2x + 6 

= ,x^ + (3 + 2)x + 6- 

= oc + 5x + 6 

E^^mple Z. (a + (-7))(a*+ 3) =^a'+ (-7))a + (a + (-7))3 

o = a^ + (-7)a + 3a + J-21) 

^ ^ . . ^ ^ ^2 ^ ^(_^) ^ 3>jfe ^ (_2i) 

«> ' '= a^ ,+ (-4) a + (-21)- 

Example 3. (x + y + z)(b +-5) = (x + y + z)b,+ (x + y + z)5 

= bx + by + bz +'5x + 5y + 5z. 

( - ^ . 
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Problems 



1. 'Perform' the following multiplications . 

(a) ' (x + 8)(x + 2) ; {dTj^ (a+'2)(a + 2) 

(b) (y + (^3))(y + (-5)) (e) (x + 6)(x + (-6)) / 
^ (c) (6a + (~5))(a + (^2)) (f) '(y + 3)(y% (-3)) 

2. Show that for real numbers a, b, c, d, 

(a + b)(c d) = ac + (be + ad) + bd. 
(Notice that ac is the product of the first terms, bd is 
the product ofy^he second terms, and ^( be + ad) is the sum 
of the remaining products.) ^ ^ 

3. Multiply the following: 
(a) (3a + 2)(a + l) (d) (2pq + (-8))(3pq + 7^ 



(b) 



(x + 5)f4x + 3) ^ • • (e) (8 + (.3J{).+ (V))(2 + (•y)) 



(c) {l\ n)(.8 + 5n) ' (f) ('sy + (-2x))(3y + (-x)) 



Mul1;iplicativ6 Inverse > We have found that every real 
nxMber ha,s an additive inverse • In other words, for every real ' 
number there ;I.s another real number such that -the sum of the two 
numbers is 0. Since a given real^^xamber remains unchanged when ' 
0 is added t® it (Why?), the number 0 is called the .Identity 
element for addition. 

is'J;here a corresponding notion of multiplicative inverse forf 
real numbers? First, we must have an identity eler^fent for multi- 
'Plication. Since a given^ real nxamber remains unchanged when it is 
multiiDlied by 1 (Why?), the number 1 is called the^ identity 
element for multiplication ^ For a given real nxamber ^is there 
another real number such that the product- of the two numbers is 1? 

Consider, f or \xample., the number 6., .Je^ there' a real niamber 
whose product with 6 is 1? By^ experiment or from your knowledge 
^of arithmetic, you will probably say that ^ is such a number. 



1.37 



beca\ase 6 



= 1. 



Do the same fot* 

y 
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Find a number whose product with 
•J .and for ^ 



-2 is 1. 

Before going any further, let 



us write down a precise definition of multiplicative inverse . 



If 



are .real numbers, such that 



then 



Q and d^ 

cd'= 1, 

d' is called a multiplicative inverse of c. 

If d is a multiplicative inverse of c, then as c a 
multiplicative inverse of d? Why?* Does every real number have a 
multiplicative invei»se? What is a multiplicatiT(e inveirse of 0? 

We can 'observe something of the way these inverses behave by 
looking at them on the number linei On the diagram below, some 
numbers and their inverses under multiplication are Joined by 
doub,le arrows. How can you test to see that these pairs bf numbers 
really are multiplicative inverses? Can. you visualize the'pattem 
of the double arrows if a great many more pairs of these Inverses 



were similarly marked? 




How about thT number 0?*^ith what number can - 0 be paired? Is . 
there a number b such that 0*b == 1? What can ypu conclude "about 
a multiplicative inverse of 0? » * 

As you look at the double arrqwa in t\^e aboye^ diagram, you may 
get the" Impression that the reciprocal of a number must be in a 
form obtained by interchanging ntimerator and denominator. What 
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about ^/5?' Certainly, v^) * /5 = -^C /5 ; /5) = ^ . 5 = 1, so 
that and -^-/W are reciprocals. 

The-s$M-operty toward which we have been working can now be 
stated. It really is a new property^ of the real 'numbers, since it 
cannot be derived as a consequence of the properties which we have 
stated up^ to this point. 

Existence of multiplicative inverses ; For every 
real number c different from 0, there exists 
a real number d such, that cd = 1. 

That the real numbers actually have this property, if it is 
not already obvious to .you, will become clearer as we do more 
problems. It is also obvious f3:om exfperience that each non-zero 
number has exactly one multiplicative inverse; that is, the multi-- 
plicative inverse of a number is unique . We shall assume unique^- 
nes^, although it could be proved from the other properties, just 
as we dj-d for^ the * additive inverse. 

Problems 

1. Find the inverses under mtt^tiplicatiori of the following numbers 
3,^, -3, -'I, 3,. 7, 5^ - 3^^_7, ^, - 0.45, -6.8. 

2. If b is a multiplicative inverse of a, what values for b 
do we obtain if a is larger than 1? '^at values of b 'do 
we obtain if a is between 0 and 1? What is a multiplicati 
inverse of 1? 

3. If" b is a multiplicative inverse of a, what values for b 
do we get if a is less than ,-1? If a < 0 and a > -1? 
What is a^ multipiicative inverse of, -1? 

^. For' Inverses under multiplication, what ^^lues of the inverse 
b do you obtain if a is positive? If' a is negative? 
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Multiplication Property of Equality . We have previously 
stated the addition property of equality. Can we find a cgrrespond- 
Ing multiplication property? Consider the following statements: 

Since (-2) (3) = -6, then 
Since (-5) (-3) = 15, then 



((-2)(3))(-4) = (-6)(-4) 
((-5)(-3))(^) = (15)(^). 



Notice that "(-2) (3)" and "-6" are different names for the 
same number, and when we multiply (-4) by this number we -obtain 
"(^(-2) (3)) (-4)" land "(-6)(-4)" as different names for a new 
number. 

In general, we *have the 

Multiplication property of equality . For any real numbers 
a, b, and c. If a = b, then ac = be. ^ ^ ' 



Problems 



Which of the following statements are true?^ 



(a) 


If 


2x 


= 6, 


' then 


2ic(i) 


= 6(i). 


(b) 


If 




= 9,'- 


then 


-'3a(3) 


= 9(3). 


(c) 


If 




=.12, 


then 


^(^) 


= 12(^). 




If 




= 16, 


, then 


fy(|) 


= 16(|) . 


(e) 


If 


24 




then 


2M|) 


= |«n(|) . 



Uo 
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.2. Find the truth set of each of the following sentences • 
'/ Example' ; Determine the truth set of ^ = 6o, 

If ^ ' -Sx = 60 is true for some x. 



then \ = 6o('|) is true for the same x; 

\ (Why did we multiply by ^l?) 

^(-|)(-|))x = 24 is true for the same xj 
X = 24. 

If ^ X = 24i , 

then the left member -1(24) = 6o, and the right member is 
•66. ' ^ 

So "5(24) = 60" is a true sentence, and the truth set is 



(24). 










(a) 12x 


= 6 




(g) 


f = 5 ' 


(b) 7x 


= 6 


• 


(h) 










(i) 




(d) |z 


^ 2 
= 7 




(J) 


3 + X = - 


(e) ^»|^ 


3 




(k) 


n - ^ 
0 - 


(f) 7a 


= 35 









3 



Solutions of Equations . In the past, you found possible 
elements of truth sets of certain sentences , such as the equation 

3x + 7 = X + 15, 

and then checked these possibilities. Now we are prepared to solve 
such equations by a more general procedure. (To "solve" means to 
find th.e, truth set.)^ 
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First, we know that any value of x ^or which 
^ 3x + 7 = X + 15 
is true is also a value* of x for which 
^ (3x + 7) + ((-x) + (-7)) = (x + 15) + ((«x) + (-7)) 
is true by the addition property of equality. The numerals in 
each -member of this sentence can be simplified to give 

(3x + (-x)) + (7 + (~7)) =(x + (~x)) + (15 + (-7)); 

^ . 2x = 8. . ' ^ 

Here we added the l?eal number ^(-x) + (-7)^ to each member of the 
sentence and obtained the new sentence "2x = 8". Thus, each number 
of the truth set of "3x + 7 = x + I5" ife a number of the truth set 
of ^*2x = 8", because the addition property of equality holds for 
all real numbers / ' ^ 

Next, we apply the multiplication properiffi- of equality to 
obtain ' 

(|)(2x) = (|)(8), 

X = 4. 

Thus, each number of the truth set of "2x = 8" is a number ^pf the 
truth set of ";<^i 4". 

We can now deduce that every solution of "3x + 7 = x + I5" 
is a solution of "x = 4". The solution of the latter equation isf 
obviously 4. But are we sure that 4 is a solution of 
"3x + 7 = X + 15"? We could easily check that it is, but let us 
use this example ^to suggest a general procedure. \ 

. The problem is this: We showed that, if x is a solution oY 
" 3x.+ 7 = X + 15, 
then - X is a solution of ^ ^ 

, X = 4. 

What we must now show is that, if x is, a solution of 

X =4, . \ ^ 

then X is a solution of 

• * 3x + 7 = X + 15. 

These two statements are usually written together as* 

X is a soiution^of "3x + 7 = x + I5" if ' 
only if X is a solution of "x =4". % 
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One way tp show that the second of these statements is ^ti^e Is 
to reverse the steps in the proof of the first. Thus, if x = 4,,^ 
we multiply by 2 to obtain' 

2x 8. • . ^ 

(Notice that 2 is the reciprocal Then we add (x + 7} 

to obtain , ' 

'2x + (x + 7) = 8;+ (x + 7)> 
' 3x + 7 = X + 15. 
(Nptice that (x + f) is the opposite of ^(-x) + (-7)). Hence, 
every solution of "x = 4" is a solution of "3x + 7 = x + 15". 
That is, the one and only solution is 4. 

We say that "x = 4" and ''3x + 7 = x. + 15" are ^ 
equivalent sentences in the sense that their truth ^ 
sets are the sam'e. * 

To siommarize, if to both members of an- ??quation we add a real 
number or multiply by a non-±ero real nlunber, the new sentence 
obtained is equivalent to the original sentence. This is true 
because these operations are "reveraible" • Then if we succeed in 
obtaining equivalent sentence whose solution is obvious, we are 
sure that we have the required truth set without checking . Of 
course, a check may be desirable catch mistakes in arithmetic. 

As another example, solve the equation ^ ' 

5y + 8 = 2y + (-10) . ■ 
/This ' equation is equivalent to 

(5y + 8) + (^(-2y) + (-8)) =(2y + (-10)) + ((.2yj + (-8)), 
that is , to 

(5y + (-2y)) + (8 + (-8)) = (2y + (-2y)) + (^(-lo) + (-8)) 
and to . 

3y = -18\ ^ / ^ ^" 

In other words, y is ^ solution of* "^y + 8 = 2y + (-10)" if 

and only if y is a solution of' "3y r The latter sentence 

is equivalent to , 

(^)(3y) = (^)(;-i8), 

that is, to- , .. . 

V L -6. , . 
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Thus , y is a solution of "3y = -l8" if and only if y is a 
solution of "y = -6". Hence, ^11 three sentences are equiv?ilent, 
and their truth set is (-6). Here, we weii^ pertain that each step 
was reversible without actually doing it. When we solve an equation 
we' ask ourselves at each step, "Is this step reversible?" If it is, 
we obtain an equivalent equation. 

Later, we shall learn how to solve other types of sentences by 
means of applying propet»tles of numbers . To do this we shall learn 
more about operations which yield equivalent sentences euid others 
which do not. 



Problems 
^ - 

( 

' 1. Find the truth set of each of the following equations. 
Examgle: 

Solve: -(-3) + 4x = (-2x) + (-1). 
This sentence is eqi;ivalent to 

•((-3),+ 4x) + (2x + 3) = ((-ac) + (-1)) + (2x + 3), 
, \ ^ 6x = 2j * 

and this is equivalent to , 

Hence, the truth set is [-jj . 

. (a) 2a +^5 - 17 - - ' ' / ' 

. ' (b)* 12X'+ (-6) = 7x + 24 

^ (c) 8x + (-3x) + 2 = 7x 8 (Collect terms first.) 

(d) 12n + 5n + (-^) ^. 3n + (-4) + *2n 

(e) (-6a) + (-4) + 2a = 3 ^ (-a) . / * 

(f) 0.5 + 1.5X + (-1.5) = 2„.5x/ 2 . ■. 
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(e) I ^ (-.-Ic) + (. |) = w + (-2) + |c) 

(h) (x + l)(x + 2) = x(x + 2) = 3 

Translate* the following into open sentences and find their 
truth sets, ^then 'answer the question in each problem. 

(a) The perimeter of a triangle is 44 inches. The -second 
side is three inches more than twice the length of the * 
third side, and the first side ^s five inches longer 
than the third side. Find the lengths of the three sides 
of this triangle. 

(b) If an integer and its successor are added, the result is 
one more than twice 'that integer. Wiat is the integer?^ 

(c) The sum of two consecutive odd integers is 11. What 
are the integers? 

(d) Pour times an integer is ten more than twice the successor 
of that integer. What is the integer? ' 

(e) In an automobile race, one driver, starting with the first 
group of cars, drove for 5 hours at a certain speed and 
was then 120 miles from the finish line. Another 

' driver, who set out with a later heat, had traveled at 
the same rate as the first driver for 3 hours^and was 
- 250 miles from the finish. *^ How fast were these men 
^ driving? f * ^ 

(fy Plant A grows two inches each week, and it ±3 now 20 
inches tall. Plant B grows three inches each\(eek,^ 
and it is now 12 inches tall. How many weeks fron^now 
will they be equally tall? 

(g) A number is increased by 17 and the sum is multiplied 
by 3* If the resulting product is 192, what is the • 
number? 
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Reciprocals. We shall it convenient to use the 

shorter name "reciprocal" for the multiplicative inverse, and we 

1 " • 

represent the reciprocal of a by the symbol Thus, fori 

T a 

every a except 0, a = 1- 

a 

Ypu probably noticed that for positive integers the symbol, we 
chose for "reciprocal" is. the familiar symbol of a fraction. Thus, 
the reciprocal 'of -5 is This certainly agrees with your 

former' experience . 

2 " ♦ ' > ' ^ 1 ' 1 
The reciprocal'Of -j, however, is --g— ; of - -9 is -g} "of 

1 ' 1 2 

2-5 is Since — ^ is the reciprocal of -j, and 

. ' . 7 ° , * 

2 3 • 1 3 

•J X -J = 1, it follows that — ^ and must name the same 

7 ' . " 

1 ' f " 

number;© since is the reciprocal of '-9 and since 

-9 >< (- ^) = .1, and - must nam§"*th€ same number. Sinceu ' 

(2.5) (0.4) = 1, OA and must name the same number. We 

shall be in a 1?etter position to continue this discussion after 
we consider division of.j?^al numbers in a later section. 



• , Problems 

1, If the reciprocal of any non-zeipo niamber a,\^ is rejjresented 
by the symbol , repres^&nt the reciprocal of ; ^; 



(a) 15 (e) ' |. 



(b) -8 (f) 0.3 

(c) 

(d) 



(c) ^ ' . (g)" -I 

1 / 



6 




14 6 
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2. Prove the theorem: For each non-zero real number a there is 
' only one multiplicative inveT?se of a. (Hint: We know there 
is a multiplicative inverse of a, namely, . -. Assume there 
is another , say x. Then ^ = 1.) 

Why did weNexclusJe 0 from our definition oi reciprocals? 
Suppose 0 did have a reciprocal. What could it be? If there x 
were a number b which is the -reciprocal of 0, then 0-b = 1. 
What is the 'truth set of the sentence^ 0-b = 1? You should conclude 
that 0 Simply cannot riave a reciprocal. Here. we have an oppor- 
tunity to demonstrate, using a rather simple example, a v«ry power- 
ful type of proof. This proof depends on the fact that a given 
sentence is either true pr It^^^ false , but not both. An assertion 
that a given sentence is\oth true and false is called a contradiction 
If we re&ch a contradictioA in a chain of correct reasoning, then we 
are. forced to admit that the' reasoning is based. on a false statement. 
This is the idea behind the proof of the next theorem. - 

Theorem .. The number 0 has no reciprocal. 

Proof. The sentence "O has no raci-procal" is either true of 
false, but not both. Assuming that it. is false, that is, assuming 
that 0 -does have a reciprocal, we have the following chain of 
reasoning: 

1. There is a real number a _Assuraptit)n. 
such that O-a = 1. 



2, 0*a = 0 



The prodU'ct. of 0 with any 



• real turaber is 0. 

3'. Therefore 0 = 1. •* 
Thus, we are led to the assertion that "0 = l" is a true sentence. 
But "0 = 1" is obviously a false sentence, and so we have a con- 
tradiction.- Conclusion: Step 1 of the argument cannot be true. 
.Therefore, it is falSe that 0 has a reciprocal; ^ that is, 0 has 
no l-eciprocal. ** 

A proof of the above type is called indirect or a proof 
by contradiction or a reductio ad absurdum. 

\ • • ■ 
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We affould like now to see what we can discover and what we 
can prove about .the way reciprocals behave. 

In each Qf the following sets- of numbers, find tl^e reciprocals 
What conclusion do you draw about reciprocal^ on axWlning the two 
sets? ' 

' I: ^2, ^, '150,. 0.09<^ I 

^ II: -5, -700, -2.2, - I 

Observation of reciprocals on the niomber line ^strengthens ovir 
'belief that the following theorem is true. 

Theorem. The reciprocal of a positive number is positive, * 
and the reciprocal of k negative number is negative. 

Proof. We kijLOW that a = 1; 'that is, the product of a 

non-zero numb«r and its repiprocal ds the positive number 1. Let 

us first assume that a * is positive. Then exactly one of three 
possibilities must -be trUeJ ^ - ' 

|<o, i = o, o<i.. 

We see that if i is negative, then a is negative, a con- 
tradiction of the fact that a*^ is positive. Also, if i = 0 



When a" is positiW, then a • — = 0, again a contradiction. This 
leaves but one remaining possibility: v-^ is positive. ^ ^ 



a 

In the same way, we may show'^'that if a is negative, then i 
is negative. 

For each of the following nvunbers,. find the reciprocal of the 
number; then find the' reciprocal of that reciprocal. What conclu- 
sion is suggested? 



-12, 80, ■!§, - |; 1.6 
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Theor em. The recipK)cal of .the reciprocal of a non-zero real 

^ — 

number a is a itself. 

Proof.. The reciprocal of the reciprocal of a is 



1 1 ^ 

Since — ?p- and a are both reciprocals of — (why?), and since 



a ' n 
there is exactly one reciprocal of it follows that "-j-" 



a 



and "a" must be names of the same number. Hence, 

a 



Problema 

1. For what real values of a do the following numbe3?s have no 



reciprocals^ 

2 



a 



+ (rl), a + l7 + '(-1), a(a + 1), ^ ^ a + 1, -g- 



a'- + 1 

2. Consider the sentence M 

(a + (-3))(a + 1) = a + (-3), ' 
^ which has the truth set [0, 3). (Verify this fact.) If botii-^ 
members of the sentence are multiplied by the reciprocal of 
a + (-3), that is, by + ^^^^ properties of real ^ 

numbers are used (which properties?), we obtain the sentence 

a + 1 = 1. .-^ • ^ ^ 

For a = 3, we have 3 + 1 = 1, and this is clearly a false 
^sentence. Whj/ doesn* t the new sentence have the same truth ^ 
^ set as the original sentence? ^ ^ ) * 

3. Consider three pair»s o^f numbe3?s: (l) a = 2^ b = 3; 

(2) a = 4^ b = -5; (3) a = -4, b = -7. Does the sentence 

* 1 1 1 



a ' F ~ aF ^^-^^ true in all three cases? 



ERIC 



4* Is the sentence ^ F ^ three cases of Problem 3? 

5. Is it true that if a > b and a, b are positive, then 

^ > i? Try this J^or some particular 'values of a and b. 

Is it true that if a > b. and a, b are negative, then 

V ^ > Substitute some ..particular values of^ a and b.~ 

7. Could you tell immediately which reciprocal is greater than 
another if one of the niimbers is positive and ^the other is 
negative? 

9 

In Problem 3 on the previous page you showed that for three 
particular pairs of values of a and b, i • ^ = in other 

words, the product" of the reciprocals of these two numbers is the 
reciprocal of their product. How mai^y times would we need to test 
this sentence for particular numbers in order to be sure it*is 
true for all real numbers except zero? Would 1,000,000 tests ^ 
be enough? HowVould we know that the sentence would not be false 
for. the 1,000,001st test? . ^ 

^We'can often reach probable conclusions by observing what 
happens in a number of particular^*cases . We call this inductive 
reasoning . No inatter how many cases we observe, induc:^;Lve reason- 
Ing alone cannot assure us that a statement is always true. 

Thus, we cannot use inductive reasoning tp prove that 
111" 

a* * ^ ^ aF ' always t^rue. We can prove it for all non-zero real 

numbers by deductive reasoning a^ follows.. (Remember that, in the 
proof we may use only pr8)perties which, have already been stated.) 

Theorem , ^jr'ahy non-zero real... numbers a and b/ 

l/ 1 1 
a • If = SE- 
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Discussion: Since our object is to prove that • ^ is the 

reciprocal of^b, we recall the definition of reciprocal. Then 

we concentrate on the product ab • (~ • ^) and try to show 'that . 
it is 1. ' 

- \ Proof . ab . (| . ^) = a(i) • b(^) 



by commutative and 
associative properties 

since x • ~ = 1 

X 



In other words. 



= 1 • 1 . 

> 

• = 1. ' 

Hence, 4 • ^ is the reciprocal -of ab, 

111 

"Hptice how closely the proof of tWs theorem parallels tVie 
proof that the sum of the opposites of two members is the opposite 
•of their sum. • Remember how this result was proved: 
(a + Jj^ + C(-a) + (-b)) = ^a + (-a)J, b + (-b)^ = 0; hence// 
(-a) + (-b) = -(a + b). 



!P3?oblem3 i 

Do the following multiplications, (in these and in future 
problem sets we assume that the values of the variables are 
such that the fractions have meaning.) 

* 

1 



(d) (^^)(-_^) 
-2ra n 3mn 





(b) 




(e) 








(c) 


^ab 9af^ 








2'. 


Is 


8 • 17 = 0 - 


a true sentence? 


Why? 




3. 


If 


n • 50 = 0, 


what can you say 


about 


n? 


iT; ■ 


If 


p • 0=0, 


what can you say 


about 


P? 
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5* If P • q = 0, what can you' say about p or q? 

6. If p • q*= 0, ^ and we know that ^p > 10, what can v(e say 

about q? ' , 

\ 

The Idea suggested by the above 'exercises will be a very use- 
ful one, especially in finding truth sets oT certain equations. ^ 
:We are able to prove the following theorem now by using the proper- 
ties of reciprocals . ^ / • ^ 

^. ^ . * 

Theorem / For real numbers a and b, ab = 0 if and only 

if a = 0 or b = 0. * 

Becaiise of the "if and only If", we really must prove two theorems: 
(1) If a = 0 or b*= 0, then ab = 0; (2) If ab = 0, then 
a = 0 or* b = 0. ^ ^ . - , 

Proof.. If a ^ 0 or ^ = a, then ab = 0 ^y ^he mult;Lplica 



tion property of" 0. Thus, we have. proved one part of the theorem. 

i?o prove the second part of the theorem, note that either 
a = 0 or^ a / 0, but not both. If a = 0, the -re qui repent that 
a = 0 or b = 0 is satisfied, ^y? * 
If ab = 0 and a / Q, then there reciprocal of 



and 



(|Hab) ='i/lo, . (Why?) 

(~)(ab) i 0, ' (Why?)^' \ - 

.' " (i • a)b = 0, . (Why?) 

/ . • \ 

1 • b = 0, (Why?) 

b =;= 0.* 

Thus, in this case also the requirement' that ^=0 or^ b- = o' ^ 
satisfied; hence, we have proved the second uairb of the ^^theorem* 
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Problems 



3. 



.If ^(Jk + (-5)) -7 = 0, What must be true about*' 7 or? 

+ (-5))? Can 7 be equal to 0? What about x + (-5) ' 
then? 

Explain how we know that the only value Tof y which will make 
^9 x'y X, 17 X 3 = 0 a true sentence is 0. - 

If a is'b'etween p and' q, is i between i and 4? 

,3- P. q 

Explain. ' . 

This last theorem enab.lel|^' to determine the t^path'set of ah 
equation such as « , • * ^ , . ^ 

(x + (-3))(x + (n8)) = 0 . , . \ 

■wJ^hout guesswork. With a = + (-3)^ ' and t!.='^x + j(-8)^, 
the" theorem t^lis 'iiS' that this, sentence is equivalent to the 
sentence ' ■ /*. 

X + (-3) = 6 or X (-8)*=.0. 
Prom this sentence we read off the truth set as (3, 8). Find 
the truth set of e^ch of the following equations : « ' 

(a 

(b 

(c 

(d 

(e 



(x +, (-20))"(x.+ (-100)) =,0. 

(x +/Mx + 9> = 0 ' • 
;x(x + (-.4)) =.0 , 
^(3x .+ (.5))'..(2X' + (-1)) = 0,^ . 
;(x + i-lf)(x + (-2))(xi+ (-3)) = 0 

2(x +'(-^))"(x = .o; . 



5. 



(gp 9hx + (-6)1 -= .6 . ^ , • ' 

(h) x(x V 4) ^x^ + 8 ^ ' • * 'i' * ^ 

'Prove: If a,'^b, c a^e real numbers,. ^d if ac ='.bc and 
c / 0, then a .= b. , . * , 
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The Two Basic Operations and the Inverse of a Number 
Under These Operations . We have focused'^oiir attention on . 
addition and multiplication and on the Inverses \mder these twc^ 
operations. These four concepts are basic to the real number sj^tem*. 
''A'dai^lM^iEd'^linulI^ipirS^ a number of properties by them^j,elves 

and or\e property connect^^addltl^n with multiplication, namely,^ the 
distributive property. * All our work in algebraic simplification * 
rests on tfiese^'pi^opertles and on the various consequences of them 
vflilch rei^ate addition, multiplication, opposite, and reciprocal. 

We have pointed out that the distributive property connects 
addition and multiplication. It Is Insl^ructlve to see whether some 
relationship occurs which connects every combination of addition, 
multiplication, opposite, and reciprocal In pairs. 'Let us write 
down all possible combinations. 

1. Addition and multiplication: The distributive property, 
a(b + c) = ab + ac; for example, 

2(3 + 5) = 2 • 3 4- 2 • 5 10 = 16; 

4(7 -^.0-2)) •= 4 • 7 + 4(-2) = 28 - 8 = 20. 

2. Addition and opposite: We have proved that 
-(a + b) =: (-a) + (-b); for example; 

' -(3 + 5) = (-3) + (-5) = (-8)5- • ^ : \ 

/? + (-2)) = (-7) - (-2) -= -5. . ' * 

3. Addition and reciprocal: We find that ^ there is no simple 
^ relationship connecting ^ + ^ and ^^TT' example, 

-J + -J does not equal in fact, there are no real' 

numbers at all for which these two phrases represent ^ the 
same number. This \mfort\mate lack of relationship' is 
considerable ^cause of trouble in' algebra *f or students 
who unthinkingly assume that theVe expressions represent 
o the same number. . ' . ' ^ 



4. Multipiication and opposite: We have proved that 
^ab). = (-a)(b) = (a)(-b);^ for example, T ' . 

• -(2 • 5) = (-2)(5) = (2)(-5) = -10;-. 
-((-3)(4)) = (3)(4) = (-3)(-4) = 12. 
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5. 



6. 



Multiplication and reciprocal: We have proved that 
IF = I • ^"^^ example, = f ' ^ 



1 



-5 



opposite and reciprocal; 
f ' 

r This J.ast relation is a new one and should be piy>ved. 
^ ^ The proof may be obtained from -(5) above by replacing 

b by -1. The proof is left to the students. (Hint: 
* * What is the reciprocal 'of -1?) ^ 

State (1), (2), (k), (5), (6), in words. Do you see any 
similarity between addition and opposite, on the one hand, and 
multiplication and reciprocal, on the other, in these properties? 
Explain . v 

At thiS'point, we should be sure that we are familiar with 
the more important ideas of this section. Can you summarize these 
ideas about real nipbers? * ? 
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Part 4 . 
' PROPERTIES OF ORDEIR 

The Order Relation for Real Numbers . In Part; III ; 
'extended the concept of order from the niambers of arithmetic to 
all real numbers. This was done by usi^g the number line, and "Hie 
agreed that: 

"Is less than", for real niunbers, means ' ' 

"to the left ^f" on the real number line. 

If a ^ and b are real nuhibers , then 

"a .is less than b" .is written "a < b". 



We speaJc of ths relation "is less than" for real numbers as 
an order relation . It is a binary relation since it 'expresses a 
relation between tv?o numbers . < 

Two basic properties of the order relation for 3?eal ntirabers 
were obtained in Part III. 

Comparison paroperty : If a is a real 
'^htimber, then exactly one of the following 
is^ true: 

a < b , a b , b '< a . / ^' ^ 

Transitive property : If a, 6, c ar6 real 
/ , numbers and- if a < b and b < c, then 

' A < c. 



A* Another property of Order which was obtained in Part III 
^^kOBnects , the order relation with the operation of taking opposilies 

If ^ a and b are real numbers and if . ' ' ^ , i 
a < b,' then -b < -a. * ^: '-^ 

You may wonder at this^ point yAij we are so careful to avoJjd 
talking about "greater than". As a matter of fact, the relation 
"is greater than", for which we use the sjrmbol ">", is also Bit 
order relation. Does this order relation have the comparison ^ 
pTOpejrby and the ti»ansitive property? Since it does, we actually 
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have two different (though very closely connectedl) order relations 
for the -real numbers, and we have chosen to con^entJrate ou^j^^^ten- 
tion on "less than". We could Have decided to concentrate on ^ 
"greatei? than"'; but if we are going to study an order relation and 
its properties, we must not confuse the issue by shifting from one 
^order relation, to another in^' the middle of t>he discussion. 
We need not concern ourselves und\fLy with this problem since any 
sentence involving ">" can be written as one involving "<" . 
Does "a < b" imply that "b >"a"? Try this with some unequal 
pairs of real numbers . 

Thus, we state the' last property mentioned above in terras of 
"<", but in applying the property we feel free to say, "If a < b, 
then -a >^-b"r 

In thrf'^xt two sections we obtain some properties of the 
order relation "<" which involve the operations of addition arid 
multiplication. ^ Such preperties are essential if we are to make 
much use of the order relation in algebra. 



Pr.(pblems 

1. ^ For each pair of numbers , "determine their order.' 

(c) c, 1 '\ ' (X)<!>nsider the comparison property^.) 

2*. Continuing Problem l(c)^ what sCan you say about the or^der 
,of c and 1 if it is ImdvSi that c > '4? What property 
of order did you use here? ^ 

3. Decide in each case whether the sentence, is true. 

, (a') -3 + (-2) < 2 + (-2) ' (f) (-3)(0) < (2)(0) 

(b) (-3) + (0) < 2 + 0 (g) (-3)(-2) < (2)(-2) 

(c) (-3) + 5 < 2 + 5 (h) • (-3)(a) <^ ('2)(a) (What 



(d) (-3) + a < 2 + a 

(e) (~3)(5) < (2)(5) 



is the truth ^et of .this 
sentence?) 
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(i) |4|(3 + (-2)) < |.6|(2.+ (-3)) 

A given set may be described in many ways. ]j>escribe i^i three 
ways the truth set of: ' 

(a) 3 < 3 + X (b) 3 + X < 3 

Determine the truth set of 

(a) y < 3 (c) -|y| < 3 

(b) - ly| <'3' (d) -y < 3 



Addition Property of Order . What is the connection 
between order of numbers and addition of numbers? \(e shall find a 
basic property, and from it prove other propertie's which relate' 
ord^r and addition. As before, we concentrate on, the order 'relation 
"<";' similar properties can be stated for the order relation ">". 

It is helpful to view addition and order on the number line. 
We remember that adding a positive nvmiber means moving .to the right; 
adding a negative number means movl^Pig-^b the left. Let us fix two 
points a and b on the number line, with a < b, and, hence, 
a to the left of ^ b. If we add thi same number c to a and V& 
b, we move to the> right of '^ar and of b If c is positive , to 
the left if c is negative. Whether c is positive or rfegative • 
we see from the figure that a + c is still to the left of b + c. 



1 r~] m 



X 



b+c a+c a b+c 



Here we have f otoid a fundamental property of order whioh. we shall, 
assume for •all real numbers. 

Addition Property of Order . If a, b, c 
are ^ real numbers and if a < b, then 

a+c<b + c. . 
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Illustrate this property for a = -3 and b = - yrlth .c 
^ having, successively, the values -3, ^, 0, -7. Here, 
: -3 < - Is "(-3) + (-3) < (- ^) + (-3)" a true sentence? 

Continue with the other values of c. Phrase the addition property 
of order in words. Is J;here a corresponding property of equality? 



Problems 

By applying the addition properties of order,, determine which 
of the following sentences are trnie. v 

(a) (-|) +4=< (-|) +4 

(b) (- |)(|) + (-5) > (- 1) +' (-5) 

(c) (-5.3.) + (-2)(- |) < (-0.4) + 1^ • 

(d) (|)(-|) + 2>'(-^);-+ 2 



2. Eprmulate, an addition^ property of order for each of the 

^ relations' "<\ ">", ">" . . * 
'3. An extension of the order property states that: ' ■ - 

, If a, b, c, d are real numbers, such that 
a < b and ' q < d, then a + c < b + d. 

This can be proved in three steps. Give the reason for each 
' step: 

If a < b, then a + c < 'b + c; 
if c^ < d, then b + c < b + d; 
' hence, * ^ * 

a" + c < b + d. 
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Find the truth set of each of^ the following sentences • \ ' 
Exaunple: ^ If (- + x < (-5) + ^ is true for some x, ^ • 

3 3 

then X < (-5) + + -| ^ is true for the same, x 

X < -2 is trup for the same x. 

Thus, if X is a number which makes the original sentence 
.true, then x < -2. If "x < -2" is true for some x, then 

/ 



(- «|)- + X < (- -1) + (-2) is true for the same x, 



(- |) + X <<- |) +((-5) + ay 

(- |) + X < (-5) + (3 4- (- |)), ^ . ^ 
(- ^)(^ X < (-5) + "I is ti^ue "for the same x. 



Hence, the truth set is the set of all real numbers less thain 
-2. , % 

-(a) t3 + X < (-4) (f) (-X) + 4 < (-3) + |-3| 

^(b) i+'(-2\>-3 . (g) ;(-5) + (-x) < § + I- ^1 

(c) 2A.< (-5) t ^ ' (^) (-2) ,+ 2x < (-3) + 3x + 5 

« (d) |3x > I + 2x • (i) (- j) + I > X t I- |l 

(fe) (- |y + 2x > I + X 

Gra!^ the truth sets of Parts (a), (c), and (h) of Problem ki 

The^Tollowing property of ordex^has b$en previously stated: 
''if a < b, then -b <^-a." trove this property, using the 
addition property of ojrder. (Hint: *Add ((-a) + (-b)) to 
both members of the inequality a < b; then use- property of 
additive inverses.)^ ^ ^ . 

Show that the" property: 

"if 0 < yy then->x^< x + y,"' . 

i& a spedial case of t^e addition property of order. (Hint: 
In the statement of the addition property of order, let 
a = y, b = 0, c = X.) . 



160 



9 



4 




•> * 

Many results about order can be proved a^^;^nsequences of |the 
• addition property of order. .,Two of these are of special interest 
*to us, because they give direct translations back and forth between 
statements about order and, statements about equality. 

The first of these results will be a special case of tl^e 
prop^^ty. Let us consider a few numerical examples of the property 
with a = O.^If a = 0, then "a < b" becomes "O < b"; that is, 
b is a positive number. Thus, we may write: If 0 < b, then 
c + 0 < c + b. , , ^ 

Let a = 0, b = 3 and c = 4; then 4 + 0 < 4 + 3; 

that is, since 7=4+3, then 4 < 7. 

Let a = 0, .b = 5 and c = -4; then + 0 < (-4) + 5; 

that is,^since ' 1 = (-4)* + 5, then -4 < 1. 

These two examples can be thought of as saying: 

Since 7=4+3 and 3 Is a positive number, then 

, ^ < 7. ' . ' 

^ Since 1 = (-4) + 5 and 5 is a positive number, then 

/ -V < 1/. 

This result we state as • ^ 

Theorem . If z = x + y and y is 
a positive nximber, then x < z. 

^ Proof s We may change the addition property of order 

to read: 

/ If a < b, then c + a < c + b. ,(Why?) 

Since the property is true for all^.real numbers" a, b, c, we may 
let a = .0, b = y, c = x. Thus, ' 

if 0 < y, then x + 0 < x + y. 

If z = x,+ y, then "x + 0 < x + y" means "x <: z**. Hence, y^e 
have proved that-^'if z = x + y and 0 <^y (y is positive) then' 
X < z. 
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This theorem now gives us a translation from a statement about 
equality, such as . ^ o 

^ .4 = (-6) + 2, ^ ^ - 

to a statement about order, in this case 

-6 < .^4. . 0 

Ngtiae_that>- adding 2, a" positive number^, to (-6) yields a ' 
number to the right of -6. ' 
Chauige the sentence 

4 = (-2) + 6 
to a sentence in-^^ving or*der. 

The second result of the addition property is a theorem which j 
translates from order to eqiiality, instead of from equality to 
order. You have seen that if y is positive and x is any number, 
then X is always less than x + y. If x < z, * then does there ^ 
exist a positive njamber y^ such that z ==. x + y? Consider, Sor 
example, the numbers 5 and' 7 and note that 5 < 7. What is the 
number y such that 

' . ^ 7 = 5 + y? 

How-did you determine y? Did you find y to be positive? 
\ Consider the numbers -3 and -6, - noting that -6- < -3. ' What 
^is the truth set of * • . 

-3 ^ + y? 

Is y again positive? 

' 4 ^< 9, ' ; 9 = 4 + ( ) 

-3 < 5, ^ .5 = (-3)^4. ( ) ^ ^ 

. -4 < -1, . -1 = (-4) + ( ) 

-6 <--0-, , 0 = (-6) + ( ) 

What kind of nvunber/Hiakes each of the aboye equations true? 
In each case you added a jj^sitive number to the smaller number to 
get the greater. \ 
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By this^ time 3;ou see that the theorein we have in mind is 
^N^^ieorem. -If x and z are two real numbers - 

such that .X < z, then there is a positive ' - 

real number y such that , ' ' 

. z = X + y. " ■■ 

m^t fSf: T"""" '^'""'^'^ -^i-^t, we ^ 

prove that the y we found is positive , if x < z . 

• It is not hard to find a vaii of ' y -s^ch that z = x y 
Your experience with solving eauatlV>n<, ^ + 7- 

( ^\ Ir. V ^v, equati?>ns probably suggests adding 

(-X) to both members of "z = x 4- y" to obtain y = z + f x^ 
Let us try this value of y. Let ~ . 

. .y = z + (-x). 



Then 



x + y = x + (z+ (r-x)) 
= (x + (-x)) + z 
= 0 + .z . 



(Why?)° 
(Why?) 



, ~ . X + y = ^ 

Thus, we have found a y, "namelv ^ a."Y ^\ ^ ^ - ' 

^' namely, z + (-x), such that z = x° + v 
• It remains to show that If x < z, then this y positive 
we .now there is exactly one true sentence among theL: / L ' 

ZToTZ^ ' ' " - 3ho„- that 

two Of these possibilities are false, ihe third «t he true. 
the first possibility: If it were tn.e that y IT hegtlve and 

l< l l^t '""'"^'^ -oulTZ^- that, 

fact "ha ?"* t-'l^ -ntradiots the 

fact that .X so^t oannot he true that y is negative Trv 

he second possibuity: If it were true that y is ZTZ:^ 

thl ZtL.Tl f ^ ' ^- ^ contradicts 

the fact that z < x; so it cannot be true ^hat y is ^ero He„.» 
we are left with only one possibility, y is -posiLe T 
be true. This completes . the' proof £££iiive, \*>_ich «st 
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This theorem allows us to translate from a sentence^ iilvolving 
order to one involving equality, l^ius^ 

can 'be ^eplaced^y 

^ . -2 = (-5) + 3? 

which gives the same "order information" abo\i^ -5 and -2. That 
is, there is a positive-number, 3, which when added to the lesser 
-5^ yie^di^^e greater, -2. ^ . 

Problems 

1* For each pair of numbers, determine their order and \^nd the 
positive number b which when added to the smaller gives 






larger. 






.(a) '-15 


and 






and 




(c) 1 


and 




(d) -I 


and 




Show that 


the 



the 



-24 " (e) .-25^ and -345 - 

: I - (f) - # and - ^ 

(g) 1.47 and -0.21 

^ (h) (': and - 



are real number^ and if c"< a, then there is a negative 
real number b s'^cj;! that c^= a. + b., (Hint: Follow the 
similar discussion for b positive.) 

3. \teich of ^the following sentences care true for all reaj^values " 
x)f the variablesfi^'' ^ 




(a) If - a + 1 =5 b, then- a < b. 

(b) If va + (-ly = b, then a < b. 

(<j) If (a +^ + 2 =s (b +^),* then a + .c < b + c. 

(d) If (a + c) + (-2) =: (b + c), then- b,+ c < a + a. 



■■ ■ -J . ■ , 
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(e) If a,^-2,^then there is a pGSiti>/e number, d s^ich ' 
that^ -2 = a 

^ ' (f^ If -2 < a, then there^is a positive number d' such 

^ that a ^ (;^) + d.^ , * 

4. (a) Use 5 + 8 = 13 to suggest two true sentences involving 

"<" relating pairs 6f the numbers 5, 8, '13. 

(b) Since (-3) + 2 = (~l), how majiy true sentences involving 
"<" can you write using pairs of these three numbers? 

(c) If 5^< "J y write^ two true sentences involving 

relating the numbers 5^ ?• ' 1 

5. Show on 'the ntambfer line that if a and c are real numbers / ^ 
and if b * is a negative, number duch that c = a + b/ then / 

c < a* ^ ^ 

* ' ' J 

6* Which op. the following sentences ai% true for all values of 
the variables? 

(a) If b < 0, then^3 + .b < b. ; , 

(b) If b < 0, then 3 + b < 3.; 

(c) If X < 2, then 2x < 4. 

7* Verify tl^at each *of the following is -true. < ^ ^ 

' (a) |3 + 4| < |3-|'+ |4| . - ^ - 
l(-3) + 4| <.|-3| + |i| " ' 
, l(-3) +^-4)1 < |-3| + |-4| ' * • 

(d) ' State^a general property relating |a 4-'b}, |a|v and |b| 

for any real* ntambers a ^ and b . 

8.' What general property can be stated for m\iltipl'fc6tio|i similar 
to the property for addition in Prablem 7? • 
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9. Translate the following into open sentences and find their 
truth s^ts . ^ - ^ 

(a) The sum of a number and 5 is less than twice the nurabeB., 
What is the number? ^ 

(b) When Joe and Moe were plannii^ to buy a sailboat, they 

^ a^ked a salesman about the cost of a new; type of a boat ^ 
that was being designed. The salesman -replied i "it 
^ won't vcost more than 1^380."' I.f Joe 'and Moe had agreed 

that Joe was to contribute ^130 more than Moe vwhen the 
boat was purchased, how much would Moe have to pay? 

(c) Three more than six times a number is greater thain seven 
* increased by. five times the number. What is the number? 

/' (d) A teacher says, "If I had twice as many s^^udents in my 

class as I do' have, I would 'have at leapt 96 more than 
I now have." How many students does he have in his class? 

(e) A student has test grades of* 82 and 91. What m\ist he 
score on a third test to. have an average of 90 or 
higher? 

(f) " Bill is 5 years older than Noiinan, and t^'e sum of their 
ages is less than 23. How old is Norman? 



Multiplication Property of Order . We have stated a basic 
property giving the order of a + c • and . b + c when a < b. Let 
\is now ask about the order of the products ac and be when 'a < b, 
Consider the true sentence 

' 5 < 8. ^- 

If each of these numbers is multiplied by ^, the products are 
Involved in"^he true sentence ^ 

^' ■ -(5)(2) < (8)(2). 

What is your conclusion abotit a. multiplication property of orcier? 
^Before making a decl^sion, let \is try more examples. 'Just as above, 
where we took the two numbers 5 and 8- in the true sentence 

V . ' let 
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-5 < 8" . and. inserted tl/em in "( )(2) < ( )(2^ to make a true 
sentence, do the same in 'the following. 



1. 


7 < 


10 


and 


( )(6) < ( 


)(6) 


2. 


-9 < 


6 


and 


( )(5) < ( 


)(5) 


3. 


2 < 


3 


and 


(■ < ( 

• * 




4. 


-7 < 


-2 


and 


( )(2) < ( 


)(2) 


5. 


-1 < 


8 


and 


( )(-3) < ( 


)(-3) 


6. 


-5 < 


-4 


and 


( )(-6) < ( 


)(-6) 



We are concerned here with the order* relation observing 
the pattern when edch of the nxiinbers in the statement "a < is 
multiplied by the same niimber. Did you notice that it makes a ' 
difference whether we .multiply by a positive number or a negative 
nmber? 

The above experience suggests that if a,< b, then 

ac < be, provided c is^ a positive number ; 
^c^ac, provided 'c is a negative number . 



order. 



Thus," we have fovind another important set of properties of 



Since 


1 


< 


2 

7' 


then 


5 ^ 10 


Since 




5 
F 


<- 


14 
17' 


then ^ 


Since 




<- 


7 


then 





How can you use these properties to tell -quickly whether the 
following sentences are true? 



<ll' • ^ ' ■ 

ll'' ^ 

These properties of order tiim out to be consequences of the 
other properties of order, and we state them together as 

^ Theorem * Multiplication Property of Order . 
If a, b, ^ and c are real numbers and if ' 

, < b, then 
> ^ • • 

ac < be, if c, is positive, 
be < ac-, if c is negative. 
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EroQf. There are two cases. Let us consider the case of 
positive .c. Here we must prove that If a < b, then ac < be. 

Fill In ,the reason for each step of the proof. 

1. There Is a positive number d ' such that b = a + d. 

2. Therefore, be = (a + d)c. 

3. bc-=r ac + dc. ' 

4. The number dc Is positive. 

5. Hence, ac < bc.» , . . 

The p^oof of the case for negative c Is left to the student in 
the pVoblems . 

We could equally well have discussed the multiplication property 
of the order relation "is greater than" Instead of "is less than". 

>/hen life are comparing numbers, the two statements "a < b" 
gind > "b > a" say the same thing about a and b. Thus, when we 
are concerned primarily with numbers rather than a particular order 
relation. It may be convenient ^to/'sBlft from one order relation to 
another and write such sentences as: 



Since | <. 5, then 3(-2) > 5(-2). 
Since -2 > -5, then (-2) (8) > (-5) (5). 
Since 3 > 2; then (3) (-7) < (2) (-7). 




'Proof . If X ^ 0, then either *x is negative or x . is 



positive, but npt both. If ,x is positive, then 



^ X > 0, 



(x)(x) X(0)(x), 
. x^ > 0. " ^ 



(Why?) 
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If X is negative, then 

X < 0 ^ 
(x)(x) > (0)(x), (Why?) 
2 

X > 0. 

In either case, the result is the desired one. 

The previous theorem states phat the square of a non-zero 
number is positive. What can be said about x^ for any x?" 
^ The properties of order can be used to advantage in finding 
txyth sets of inequalities.^^ For example, let us find the truth 
set of ' . 

(-3x) + 2 < 5x + (-6) . 
By the addition property of order we may add (-2) + (-5x) to 
both* members of 1^his inequality to obtain^ • 

((-3x) + 2) + ((-2) + (-5X)) < (5x (-6)) + ((-2) + (-5X)), 
which when simplified is 

-8x < -8. 

SJJice ^(-2) + (-5x)) is a real number for every value of x, the 
new sentence has the sajne truth set as the original. (What must we 
add to the members of "-.8x < -8" to obtain the original sentence, 
that' is, to reverse the step?) 

Then, by the multiplication property of order. 

1 < X 4 ' 

Here we multiplied by a non-zero rea!}. nmiber. Thus, this sentence 
Is equivalent to the former sjentence. (What must we m\iltiply the 

if 

members of "1 < x'^ by to obtain the former sentence?) Obviously, 
the truth set of "l < x" is the set of all n\imbers greater than 
1, and this is the truth set of the original ineqxiality. 
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* Problems 



Solve each of the following ineqi^alities, using the form of, 
the follow;Jjig example. (Rec'&ll that to "solve" a sentence is 
to find its truth set,) 
Example: (-3x) + 4 < -5. 

This sentence is equivalent to' 

-3x < (-5) + {-^), (add C-^) to both memhers) 

-3x < -9, 

which is equivalent to ' " \ 

(- •3-)(-9) < (- -jX-Sx), -(multiply both members by (- |.) 

3 < X. * . , ' ' « 

Thus, the truth set consists of ^all nvunbers greater than 3. 

(a) (-2x) + 3 < -5 

(b) (-2) + i^kx) > -6 

(c) (-4) + 7 < (-2X) ^ (-5) 

(d) 5 + (-2x) < 4x + (-3) 

(e) |x + t-2)< (-5) + |x 



(f) '2:t <^ + |-2f|. |l 

(g) -C2 + X) < 3 + (-7) . / ^ 

2. Graph the truth, sets of .Parts (a) and (b) of P3?oljlem 1. 

3. Translate the follQwing into open sentences and solve. 

(a) Sue has l6 nfore books than -Sally. Together they have 
more than 28 , books. .How many books does Sally have? 

(b) If a certai^ji variety of buibs are planted, less than ^ 

* of them will^row into plants. If,' however,, the bulbs 

' 3 
aire given proper care more than ^ of* them will. grow. 

If a careful gardener has 15 plants, how many bulbs 

did he plant? t 
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4. Prove that if a < b and c is a negative number, then 
be < ac Hint: There is a negative number e such th^tt 

a = b + e. Thel»efore, ^ac = be + ec. What kind of number^ 
is ec? Hence, what is the order of ac and be? 

5. If a < b, axid a and b are ^oth positive real numters, 
.prove that 5- < ^. Hint: Multiply the inequality a <'b by 
^ a * • I^swionstrate the theorem^ on the number line, 

6. Does the relation ^ < ^ hold if a < b and both a .and b 
. — -ara-negativ-e-?— Frove it -or -4isprgve it . 

7. Does the relation ^ < -i hold if ' a < b and a < 0 and 
b > 0? Prove or disprove. 

8. State the addition and* multiplication properties of the ortier 



9. Prove: *If 0 < a < b, then a^ < *b^, Hin>) Use ^operties 
*of order to obtain a < ab and ab < b . 

'J ' ~ — ■ 

/ Fundamental properties of Real Numbers . We have been 

dealing with two main problems. The first problem waa to extend 
the order relation and the operations of addit^.on and multiplicatiqn 
from the numbers of arithmetic to all real numbers.^ .Until this was 
done we really did not have the real number system to work:, with. 
The second problem was to discover and state carefully th^ fundamental 
properties of the real number system. The two problems', as we^haye 
been i^orced to deal with them, are closely intertwined. In thik 
section we shall separate* out- the most important^ problem, the second 
one, by summarizing the fundamental properties which have been 
obtained. 

Before, continuing, we should admit that the decision as to 
what is_^ a fundamental property is not made because of strict mathe-' 
matical reasons bu/ M 12. ^ large extent a matter of, convenience and*^ 
common agreement . We tend to think of the real number system and' 
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its many properties as a "s^tructure" built upon a foundation #^ 
consisting of fundamental properties. l?his is the way you should 
begin to think of the real number system. A good question, which 
can pow be answered more precisely than before, is: What Is-^e 
real number system? 

The real number syste;n is a set of elements for which binary 
operations of addition, and multiplication, along 

with an order 'relation,^ "<", are given with the following" 
properties . ' " . 



8. 



For any real numbers a and b, 
a + b is a real^number/ 

For any real numbers a and b, 
a + b = b + a. 

For any real numberd^ a, b, and c, 
^ (a + b) + c = a + (b-+-e) . 

There is a special real number 0 
such that, for any real number a, 
' a + 0 = a . . 

For every real number a there is 
a' real number -a' such that, 
^ a + (~a) = 0. 

For any real numbers a 
a • b is a real number. 

For ^y rfeal numbers a 
a • b = b • a/ 

For any >real numbers a, b, and c, 
(a • b) • c = a^^ (-b c) . 

There is a special real number 1 
such that, for any real number a, 
a • i = a . . * 



(Closure) 

(Commutativity) 

(Associativity) 



(Identity element) 





(Associativity) 
(Identity elementf 
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10. 



For any real nvunbep a different 
from , 0, there is a real number 



— such that, 

a • (J) = 1. 



11- 



12. 



/ 13. 



14. 



15- 



For- any rea^. numbers a, b, 
a • (b + c) = a • b + a 



and" 
c . 



For any real numbers a and b, 
exactly one of the following is 



true: 



a < b, a =.b, b < a. 



For any real numbers 
if a < b and b < c. 

For any real numbers 
if a < b, then a + 



a, b, and 
*then a < 

a , b , and 
c < b + c. ' 



then 

f 

.For any real numbers a, b, and 
if a < b and 0 < c, then 

a • c < b • c, 
if a < b and c < 0, then 

b • c < a • cC^ 



/ (Inverses) 

(Distributivity). 

(Cooparison) ^ 
. (Transitivity) 

9 > 

(Addition property) 



(Multiplication " 
property) 



You have pjjobably noti-ced that there are several familiar and 
useful properties which we have failed to^ mention. This is not am 
oversight. The reasons for emitting them is that they ^an be 
proved from the properties listed hereg^ In fact, by adding ^Just 
one new property, we could obtain a iWt of pr*operties from which 
everything about the real numbers xjould be proved. We shall not 
consider this additional property since that would take us beyond^ 
the limits of this course. 

Practically all of the algebra in this course can be based ojy 
the alfcve list of properties. It is^ by means of proofs that we 
bridge the gap between these basic properties and all of the many 
■ ideas and theorems which grow out of them. The chains of reasoning 
involved in proofs are what hold together the whole structure "of 
mathematics — or of any logical system. 
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^ 

Thus^, if "we are going to appreciate fully what mpthematics is 
like, we should i^egin to examine-howL4deas are linked in these 
chains of reasoning — we should do some proving and not always be 
s-atis fled' with a plausible explanation. It is true that some of 
the statements y^e have proved seem very obvious, and you might 
wonder, quite justifiably, why we should bother to prove them. As 
we progress further in mathematics, there will be more ideas which 
are not at all obvious and which are established only through 
proofs; During ^the more elementary stages 'of our training we need 
the experience of seeing some simple proofs and developing gradual! 
some feeling for the chain of^ reasoning on which the whole struc 
of mathematics depends. This is our reason for looking ,clos 
proofs of ^^me rather obvious s^ta^ements . 

The ability to discover a method for proving a theorem is 
Something which does no.t develop overnight. It comes, with seeing 
'a variety of different^ proofs, by learning to look for connecting 
links between something you know and something you want to prove ,^ 
by thinking about the- suggestions whith are given^to lead you into 
a proof. On the other hand, the kind of thinking required is not , 
used only in mathematics but is involved in all logical reasoning. 

Let us now return to the fundamental properties of real numbers 
and summarize a few of the other properties which can be proved from 
those given on the previous page. Some of these, were proved in the 
text and some were included in exercises. i 

■ 16. Any real number x has just one additive inverse, 
namely, -x. I 

17. For any real numbers a and b, . 

-(a + Id) = (.a) +,(~b). 

18. For real numbers a; b, and c, if a + c= b + c, 
then a = b. 

1*9. For any real number a, a • 0 = 0. 

'20. For any real number a, t-l)a = -a. • 
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21. For any real numbers a and b,^ (-a)b = -(ab) and 
(>a)(-b) = ab. • . 

22. The opposite of t^e opposite of a real number a is 'a. 

23 . Any real number x different from 0 has just one 
multiplicative inve'rse, namely, ~. 

24. The number 0 has no reciprocal. 

25. The reciprocal of a positive number is positive, and 
the reciprocal of a negative ntimber^is negative. 

26/ The reciprocal of the reciprocal of a non-zero real 
number a is a. 

27. For any non-zero real numbers a and b, 

a ' ^ aF' 

28. ' For real numbers a and b, ab = 0 if and only if 

a = 0 or b = 0. 

29. For real numbers a, b, and c with c / 0, if 



ac = bc> *then a = b. 



^ 30. For any real numbers a and b, if ' a' < b, then 

-b < -a . * ' . 

31. If a and 13 are real numbers such that a < b, then 
there is a positive number c such that b = a + c. 

32. If X / 0, therr x^ > 0. 

33. If 0 < a < b, then ^ < ^. 

34. If 0 < a < b, then a^ < b^. 

You. may have noticed that we have given a proof/of the 
multiplication property of order in the preced ing:, se ction. In . 
fact, this property (No. 15 in the list) follows from the other 
l4 fundamental properties. Therefore, it could have been omitted . 
from the list without limiting in any way its scope. However, jwe 
have included the property in order to emphasize the parallel between 
the properties ' of addition and the properties of multiplication. ' 
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You may have noticed also that nowhere in ^he previous , 
discussion of fundamental properties is there any mention Of absolute 
values i This important €Cjf\oept can be bi:ought into the framework of 
the basic properties by the definition: 



If 
If 



0 < a, 
a < 0, 



then 
then 



|a| = a. 
|a| = -a, 



We close this summary^ with a mention of some properties of a 
rather different kind, namely, 'the properties of equality ;^ These 
are properties of the language of algebra rather than properties 
of real numbers. Recall that the sentence "a = b", where "a" 
and "b" are numerals, asserts that "a" and "b" name the same 
number, - The first two properties of equality which we list have 
not been stated before but have actually been used many times. 
In the following, a, b, and c are any real numbers. , , 



35. 
36, 

37. 



If 
If 
If 



a = b, 
a = b 
a ?= b. 



38. ^**T5»--fr = b, 

39. If a = b, 
ho. If' a = b, 

L 



then b = a, 
and b = c, then a = 
then a + c = b + c . 
thefi ac = be . 
then ^a = -b . 
then |a| = |b| . 



(Symmetry) 

(Transitivity) 

(Addition property) 

(Multiplication 
property) 



r 
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FIELDS AND MODULO SYSTEMS 

At this point. It might be worthwhile to "broaden our hpriz^ 

a bit". Let us. consider some of the properties we have- just 
svunraarized, namely: 

1. - ^ The real number system consists of "a set'^f elements. 

and two binary operations, addition and multiplica1;±on, , 
such that: _ ' ' ■ 

2. This set of elements is closed under these operations. 
(Numbers 1 and 6.) . 

3. The operations of addition and multiplication are 
commutative ; .(Niimbers 2 and 7.) 

4. The operations of addition and multrplication are . 
associative . (Numbers 3 and 8.) ■> t 

5. Thd. operations satisfy the distributive property which 
states that a(b+c)=a-b+a.c. (Number li.) 

6. There are distinct identity elements ic^v addition and 
ihultiplication, namely, 0 and 1, respective?.y, for 
the real numbers. (Numbers 4 and 19. J 

7. For each element there exists an additive inverse , 

siich that the sum. of any element and its additive inverse 
equals the identity element for addition, (^umber 4.) 
• 8. For each elejienr^the^-tKarT^ there exists a « ' 

multipllc^ve inverse , such that the product of any 
non-^cfo element and its multiplicative inverse equals 
the identity element for multiplication. ^ 

Mathematicians call such a system, which satisfies these 
properties, a field . The real number system satisfies these 
properties and is obviously a field. This *s- not the only sys'tem 
whioh is a field, however. The set of rational numbers with / ' 
addition and multiplication also is a field, ^s is the complex 
number system, to name^a few.' It should be noted that the sets 
.in these systems are infinity. e., there is no limit to .the 

Q 'I 1 / / ' 

FRir 




number of elements in 
The question ar: 
field with a f init^: 
Let los con 

integers^ {1, *?/^3, 4, O) and the operations of "addition" and 
"multiplicatJii^" defined as follows. Imagine a clock with these 
numbers on its face as follows: 



as to the possibility of cgnstructing a 
of elements ^ ' / . 

^r the system consisting of the finite set of 




We .see that' one unit more than 
and that 1 + 3 = 4. However, what is 



2 + 1"^= s: 



Clearly, *it is 4 
also, 1 * 3 = 3, 



units more than 3j 



2 



is 3, or 

3+4 in this system? 
or 2; "hence, 3 + 4 = 2 
a = 1,' etc. We call such a sys-tem, ^ 
"integers modulo 5", which means that , we can count to 4 and 
must start all over again. Our usual system of telling time is a 
modulo system;^ How would you describe' it? 

Let us proceed to construct addition and multiplication 
♦ tables, remembering that we will be working in the modulo 5 
system. 

One table will look like this to start, 

112 3 4 



0 

_1_ 
_2 
3 
4 



4-^ 



T 



and will, read something like a ijiileage chart on a road map. To „ 
find 2 + 1 we would locate the row containing 2 and the column 
containing 1 and notice where they cross- To complete the^table 
we may have to refer back to our clock, but when' finished it will 
look like this: ---^ 



ERLC 



178 



1.74 



+ 


0 


1 


2 


3 


4 


0 


0 


1 


2 


3 


•4" 


1 




2 


3' 


'4 


0 


2 


2 


3 


4 




1 


3 


3 


4 


0 


1 _ 


2 


4 




0 


1 


2 


3 



- NOW, does 4 + 2 = 2 + it? is this "addition" commutative^ " 
Is there an identity element for addition? How many other field 
properties of "addition" hold in this system? • 

ThQ^e follows a partially constructed table for the operatfon 
of multiplication (•) m this-system. The reader is to fill in 
the 'blanks . 



0 
\1 
2 
■3 
4 



0 
0 

P 
0 
0 



1 

2 

3 



0 
2 
4 
1 



0 
3 
,1 



0 
4 

3 



I 



J 



I 

Before attempting to complete^'the table the followliig dis 
A might be helpful. Le,t us consider the following products!, 

5 + 0 
5+1 
5+2 
5 4-3 
5;.+ 4 
5^+ 0 
5+1 
5 t^- 

5+3 " etc. 



cifesion 





'9 = 1 


• 5 + 4^ 




10 = 2 


• 5 + 0* . 




11 = 2 


•5+1 




12 = 2 


•5+2 




13 = 2 


5+3 




14 = 2' . 


5 + 4 




15 = 3 : 


■5— fc 0 . 




16 = 3 • 


5 + 1 
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.By combing this information and the numbers in the table, it' 
1& 'seen that the products modxilo 5 are nothing more than the 
remainders when division of the ordinary products has been performed 
by 5 or a multiple of 5. For example, 2 • 4 8 but 
8 = 1 5 + 3, hence, we see that 2 • *4 = 3 (mod 5)^. 

Althoulgh' we have use^ Jhis idea for multiplication it may be 
used Just as easily to construct the addition' table in fhodulo 5 
arithmetic. All that must be done is to divide the ordinary sums 
by 5 or a multiple of^ 5- The remainder is the corresponding 
entry of* the addition taWe. The reader should verify this with 
the addition . table on pagfe 17^. 

Now io^^iaswer our basic question, "is the system of integers 
modulo 5 a field?" To dete'rmlne this, we muai; see that all of 
.the 8 properties of a fieldfare satisfied, 

'Prom the tables it is fairly obvious triat the closure, 
* commutative, associative aSi^ distributive properties are satisfied. 
We also see that the identity elements 0 and 1 appear, Purth^^ , 
examination is neces^ry to verify there a^e such 'things as 
additive inverses. We s-ee thffc * .1 + 4 = 0, 2+3 = 0, 3+2 = 0 
and 4 + 1. = 0. Hence, the additive Inverse of 1 itfust be 4, \^ 
of 2 must 'be 3, and so' on. In a like manner we can check and' 
see that evety element (except O) has one and only one multipli- 
cative inverse^ (2 * ,3 = 1, for 'ex'ample.) 

Evidently the system of integers' modulo 5 is a fieldJ Notice, 
however, that we must be very careful concerning the order relations 
l>etween the elements of this set. In'fact, we shall find that 
moclulo syutems such as this vdo not satisfy all of the properties 



of order. 



(Numbers 12^15 on page ]|68.) 



Is It sa^e to assume. tbat ^all modulo 
fields 



is neither safe npr wise to do so^ fdr not 



systems aire fields? It 
all such systems- are 
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. Some modulo systems will satisfy all of the field properties 
except one, (the ssune one^) and, hence, they, cannot qualify for 
membership ^ the "fields" club. 

. , Problems 

1. As was done in the text, construct tables for addition and 
^nultiplication for the following systems of iyitegersi 

(a) modulo 2 ' (c) modulo \ 

(b) modulo '3' -(d) modulo 6 

'2. Which of the systems in Problem 1 are fields? 

3. What is the only field property that a modulo 'system* does 
. not satisfy if it is n^t a field^ 



> ^, Part 5 -4^ 

ADDITIVE AND MULTIPLICATIVE INVERSES 



^ Definition of Subtraction . Suppose you make a purchase 

which amounts to 83 cents, and* give the cashier one dollar- 
What does she do? She puts down two cents and says "85^ one 
nickel and says "90", and one diiae^ and says "one dollar". What 
has she' been doing? She has been subtracting' 83 from' 100, 
How does she do It? - by finding what she has to add to 83 to 
obtain 100. The' question "lOO - 83 = what?" means the same as 
"83 + what = 100?". And how have we solved the equation 

83 + X = 100 

so faf In this course? We add the opposite of 83, and find 

«^ X = 100 + (-83). 

Th\is, ^ MlOO - 83" and "100 + (-83)". are names:' for the same number. 
Try a few more examples: ' > - 



20 - 9 = 11 
8-6=2 
5.- 2.= ( ) . 
8.5 - ( )^-*5.3 



20 4 (-9) =^ 11 
8 + ( ) = 2 
5 + ( ) = ^3 
8.5 + (-3.2) = ( ,). 



Prom these examples you will agree ^at, subtracting a positive 
niamber b from a larger positive ntomber a, gives the same result 
as adding the opposite of b to ✓a. 

Our profblemi now is to dedlile how to define subtraction for ^ll 
real nutriber2|. ' Wje have now desca^bed subtraction in the'^famlllar 
case of the positive numbers in terms of operations we know, how to 
do fDT all real numbers, namely, addlnj sLnd ts^dng opposltes* Anci 
so we ' define subtraction for all real riumbers as adding the opposite. 
In this way/ we extend subtraction to real numbers so that it still 
has the properties' we know from arithmetic; and o\;r definition has 
used only^ldeas -with which we have previously become familiar* * 
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To subtract the yeal nvupber b from the real number a, add 
the opposite of b to a. Thus, for real numbers a atn^ b,- 

a - b =i«-a + (-b) . ' i 

, 

•' Exairfples t- <, 2-5 = 2+ (-5) = -3^ ' ' 

5-2=5+ (-2) = 3 ' ■ * 
(-2) - 5 = (-2) + (-5) = -7 

2 - (-5) =2+5 = 7 
(-5) - 2 = •? , 

5 - (-2) = ? ■ - . 

(-2) - (-5) = ? , . 

(-5) : (-2) = ? ., 

Read the expression "5 - (-2)". 'is the symbol ^ "-" used in 
two different ways? What\is the ineaning of the first "-"? What 
is the meaning of the second "-"? 

To help, i^eep these uses of s the symbol clear, we make the 
following .parallel statements aqout- them. 



s 



In "a - 6", / \ In "a + (-Ij)" 

stands between two numeJfals ^ is part of one numeral 



and indicates the operation df and indicates the oi ^osite 

subtraction . We read the aiove * of We read the above as 

as * "a ^inus b".. ^ "a pliis the opposite* of b". 

We see t^^at the operati*on of Subtraction is closely related to 
that of addition.: We may state this aft . j. ■ • • 

I Theorem . For any re^l numbe'rs a, b, c, ^ 
a = b + c if and only if a - b = c* 

I 

' - PjToof ♦ Remember that -in order to prove a theorem involving 
"if and ojily if" we realJLy must prove two theorems . 

Let us first prove: if a = b •+ c, ^then .a -,b = c. 
, - a = b -f "c _ . 

a +• (-b) = (b + c) + (-bj (Why?) 
a - b = (b + (-b)) + o . (why?) 
a - b =: c. ^ • '(Why?) 
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Next we prove: If a'-^r t) = c, - then a == b + c. To do this, 
note that -^'a - b = c" means "a + (-b) = c". The reader may now 
complete the proof • * ^ , . • ^. 



Problems 

1. I - (- -1) 3.^_-(-1.79) - 1.22 

2. (-0.631) - (0,631) ' k.' 75 - (-85) 
5* Subtract -8 from 15- 

6, Prom -25> subtract. -4. 

7?^*^ow much greater is 8 than -5? * 

8. Let -R be the set of all real numbers, and S 'the set qf all 
numbers obtained by performing the operation of subtraction on 
pairs of numbers of R. Is S a subset of R? * Are the real 
numbers closed uhder subtraction? Are the Climbers of arithmetic 
closed unde;? subtraction? . \ 

9. Find the truth set of each of the following equations i 
(a) .2 . 34 = 76^ ^ (c) 2 + (- |) = - I' 



(b^ *2x + 8 = -16 



10, , * Prom a termperature of 3^ below 2ero, the temperature 

dropp.ied ^ 10^3.. What was the new termperature? Show l:low this 
question is related to « subtraction of real n-umbers, 

11. - The bottom of Death Valley is 282" feet below sea level. The 

.top of^Mt. Whitney, which is visible from Death Vallej^, has an 
altitud^ ofv 144^95 feet^ove sea iWel. How high alcove 
^ Death Valley^^W. Wliitneyj^ ^ - ^ 
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Properties of Sbutraction. What are some of the 
properties of subtraction? Js ^ 

-X . ' . 5-2=2-5?' 
lilhat dQ you conclude about the coimnutativity of subtraction? 
N^xt, is " * . ' * 

8 : (7 - 2) =.(8 - 7) - 2? ^ 
Do you think subtraction is associative? • * 

If stibtraction does not haye some of the properties to which 
^we have become accustomed, we shall have to learn to subtract by 
going back to the definition in terms of adding the opposite. 
Addition/ after all, does have the familiar properties. 

For example, since subtraction is not associative, the ex- 
fp^es^ion • , ^ f • 

^ 3 - 2 - 4 - 

reali^y^s not a numeral because it does not, name a Specific number. 
Recall that subtraction is a binary operation, #iat fs, involves 
two numbers. Th^h does "3 2 - 4" mean "3 -.(2 - 4)" or does 
it me^^ "(J - 2) 4"? To make a decision, we convert subtraction 
tO' addition of opposite. Then ^ 

3 M2 - i) = 3 + (:(2 + (-4)5) 
= 3 + ((-2) + 4)"^ 

\ ; <^ = 3 + (-2) + 4 

On the other hand, ' . • 

(3.2) -4 = (3 + (-2)) +.(^4) 
I =3 + .M) + (-4). 

second of these is ,-^he meaning we decide upon, 
agree that 

that is. 



We shall 



a - b - c means (a - b)^/- c, 
a'-b-c=a + (-b) + (-c) . 



1 8 0 
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Exsunple 1_. Find a common name for 



1 



,6 



We can think of this as (-^ -h 2) + (- , and then we know that we 
C2U1 write 



„ <^ (f +2) (f +2) + (--1) 



= 1 + 2 

_ = 3. ■ ' . • 

Example 2. Use the properties of 'addition to write 
-3x + 5x - 8x In simpler form. 

-3x + 5x - 8x = (-3)x + 5x + (-8)x, 

where we have used the theorem, -ab ^ (-a)b, for the first term, 

and the definition of subtraction and the same theorem for the last 

term. That is, we think of -3x + 5x - 8x as the sum of 
(-3)oc, •Sx, and (-8)x. Then ^ ^ j 

-3x + 5x - 8x = (^(-3) + 5 + (-8)^x by t^he distributivi 
= -6x. 



property 



3) - (6y -8). 



Vfhile it is not as precise, we use the commonly accepted word 
"simplify" for directions such as "find a common nai^e *f or" and' 
"us^ the properties of addition to write thd followlnjg simpler 
form". When there is no possibility pf confusion], this term wi^l 
appear henc^jPprth. 

• j VExample -<3 . Sin5)li'f2| (5y ^ ^ 

\57 j 3) - (6y.'..8) = 5y + (|{ 6y + {k^ ^"^Ly^-. 

. = 5y + (-3).+j (-(6y))' +|^:(-8)), since thl[ 

■ , _ ' opposite of the sum is the 
. # f*/^ °^ oppositesfc 

=• SjuV (_3; + <-6)y +.8 



(Why?) 
(Why?) 



-y + -5. 




> v. . <• ' 

Instead erf the fact that the opposite of a s.vim is the sum of 
the opposites, we could also K&ve used the theorem which states ' 
that ■ -a = (-l)a, and then °the distributive property. Then our 
■ example wovfld have proceeded as follows: 

^ ' (5y - 3),- (6y- 8) = 5y - 3 + -(6y - 8) \ Y . 

= 5y - 3 + {-!)(% + (-8)) - . 
= 5y - 3 + (-l)(6y-) + (-1)(J8) ^ . 4 
"\ = 5y - 3 - 6y + 8 

= -y + 5 ' ♦ ■ ' 

When you understand the steps involved, you can abbreviate the 
steps to: ' 

' (5y - 3) - (6y - g) = 5y - 3 - 6y + 8^ ^ 

= + 5 . 

* 

You may be impressed, by the way we.^re now doing a number of 
steps mentally. This ability to comprehend several steps without 
witing them, all down is a sign o*?v our mathematical growth. We 
must be carefu^, however, to be able at any time to pj.ck out all 
the detailed ste'ps arid explain each one. 

/ ■ 



Problems 



2. 

3 
4 



7. 



Simplify . ; 

(a) -3y - 5y + 

(b) -3c + 5c - 

-iSx- 4y) 

(| 4) ^) 

(3x - 6). + (7 - %x) 

(5a - ITb) - (4a -"Sb) .. 

'(2x + 7) + (4x2. 8 - x) 

(3a + 2b - 4) - (5osr-3b + c) 



(c) ' Sa"^ - 5af + 6a 
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•8. (5x - 3y) - (2 + 5x) + (3y -.2). 

9. What must \^ added to '3s - H + 7u tot obtain -9s - 3u? 

10. Proved If a > b, then- aT^ b is positive. 

11. If (,a fr|jv±s a positive number, which of the statements, 
' ' a < b, a = b, a > b, is true?^ What if (a - b) is a 

negative number? What if (a -^b) is zero? 

12. If a, b, i^and c are real numbers and a > b, what can we 
say about the order of a c and b - c? Prove your 

^ statement. 

If 

. * * 

The definition of subtraction in terms of addition permits us 
to > ex tend ^further our applications of the distributive property, 
and to describe in different language some of our steps in ^^finding 
truth sets . ' . #• 

Example . Simplify * * , , 

\ ■ (-3^ (29c ^ 5). 
By applying the definition of subtraction, we have 

^ ^ (-3)(2x - 5).= (-3)(2x + (-5)) 

.= (-3)(2x) + (^)(-5) (Why?) 

' ^ ((-3)(2))x +'15 What properties 

^ ,of^ multiplic^tiori 

I 1^ liave we used here 

' • . = (-6)x +15 ■ ' 

= -6x + 15. 

You would Iperhaps have done some of these steps' mentally, and. 
would have' vn?itten directly: ^ ^ 

(-3)('2x - 5) = -6x +-15,. ' ' * > 

thinking ^ "(-3) times (2x) is 

' "(-3) times (-5) is 15." . ; ' 

''*><■■■'"' 







- \ • ■ 


- • . r 




Problems 


Perform indicated 


operations and simplify where possible: 


('-3) (-a + 2b 


- c) ' , • ' .' ' " 


(b) (-3X + •2y) + 


2(-2x -^y) ■ 


(c) (-2) (a - 2b) 


* 3(a - 2b) 


(d)' 3(a - + c) 


- (2a - b - ,2c) , * , 


»(e) a(b t c + 1) 


- 2a(2b '+ c - 1)/ » 1 


*^lve: ' 





(a) «a - 1 = 4a - 3 

(b) -3y = 2 - y - 6 

(c) V. _2 - 2y < -1 , 



(d) 4u.-+ 3-> -5u --3 

(e) 3^'+^3 = 7a +.-4, 



4a 



3- 



(a) The width -of a rectangle is /5 inches lest than its 
length. What is it's length If i^s pei;i:^eter is' 38 

- I inches? • ' ' 

(b) If 17 is subtracted from a. number, and; , the result is 
multiplied by 3, the product is..' 102., What is the 
number? . 

(c) A teachejTv^'ays , "if I had 3 times as many students in 
my class as^ ido have, I would hav6 less than 46 more 
than I now ha^i(e." How many' students does^ he have in 
his class? 
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Subtraction in Terms of Distance, 



Supposfe we ask: On 
8?' If X represents 



the number linej how far is it from 5 to 
the number of units .in this distance, then 

5 + X = 8." 

TheVpolutioni^ this equation, as we have seen, can be writtfen as 



= 8 
^ to 



8 



5 can be interpreted as the dis,tance from 



8' on the number. line. 



■8 ".5 



Z 8 



10 



Let US' now ask hovf' f ar it is from 3 to (-2). If y repre- 
sents the number of units in this distance, then 

3 + y = (-2) 

y = (-2) - 3. 

^Thus, (-2) 3 can be interpreted as the distance from 3 to 
l. (-2). . ■ * 



f 



-'{-2 ).-3 



-2 



' The quantity 8-5=3 is positive, while (-2) 3 is 
negative. What does this distinction tell us? ^ It tells us tha 
the distance from 5 to 8 is to the right , while from 3 itc 
C-2) ^ is to the left . Therefore, a - b really gives, us the 
distance from t) to a, that -is, both,, the length -and its direction. 
Suppose we are not interested in the direction, hjj^ionly' 



in the 

distance between a and b. Then ^a - b is the distance i'rom b 
to a, and b a is the distance from a to b, and 'the distant 
T^etween a and b is the positive of these two. Prom our earlier' 



^ork, w^ knqw that this is |a - b^ 



\ 
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For example, the, distance from 3 to (-2) is (-2) - 3, 
thai is, -5; the distance between ,3 and (-2) is |(-2) - -3|, 
that is, 5, Jnr the same way, the distance from : 2 to x is 
X - 2i the distance between 2 and x is |x - 2|. 



1. 



2. 



Problems / 



What is the distance 
•"(a) from 



^-3 ^o 5?- 
^ (b) between -3 and , 5? 



(c) from 6 

(d) between 

(e) ^rom 5 
What^ is the distance 

(a) *from x to 5? 

(b) between x and 5? 

(c) from -2 ,to 

(d) between -2 and x? 



to -2? 

6, a^^^- -2? 
to 1? 



(f 
(g 
(h 
(i 
(J 

(e 
(f 
(g 
(h 



between 
from 
between 
from 7 
between 



8 ^to 



and 1? 
2? 

:8-^nd 

I. 

and 0? 



to 
7 ^ 



-2? 



from -1 to -X? 
between -x and - 
from 0 to -x? 
between 0 and x? 



1? 



3. For each of the following pairs of expressions, fill in the 



it ti 





or ^ ^> , 



I (-2) ^ (-9)1 
V 



which will make a -true sentence 

|9| - |2| 
|2| - |9| 

191 - 1-2/ - ^ 
|-2| - 191 ' 
l-^l - 12| . . - • 
|2| - 1^91 ' ' 
? 1-91 f 1-21 ■ ' 
?• |-2| - lil , 



4. . Write a sj^bpl between^4^ - b) and |a| - |bK which willt/ 

\> * 
make a true sentence for ar-ll real ntobers a and b* Do the 

same for |a,-. b| and^'|b|.- \a^[ For |a - b| and 



5. What, are' the two niimLers x on the number line such thatr . 

ix - 4i = i?f / , y 

6. What is the truth set of^ the sentence 

|x - \\ .<;i? " , ^ 

^ Praw the graph of this set on the number line, ' \^^* 

7. What is the trulJh set of the sentence. ^ 

- 4| > 1? ' ' / * 

8. Graph the truth set of * ^ ^ > . ^ • . ^ 
r 'A 'oc >^3 ,and x < 5* ^ ' 

oi)'Jbhe number line. Is this set the sante as the » truth set of 
|x - ^L<, 1? '(We usually write "3 < x < 5" for the^sentence ^ 
''x >2 'atid X < 5".) 

9t Find the ^ truth set of^ch of tJie following equations; graiih 
each of these sets: 

< r y , - ' 

^ (a) |X - 6| = 8 er _ ' . 



(b) y .+ I-6'I = 10 

(c) |10 - a| = 2 
(=d) |x| <'3 

(e) ^|v| > -3 * • 

(f) |y| -t: 12 = 13 

(g) * |y - 8| < 4 (Read this: The distaMp, between _y and 8 

is less than 4 . ) ▼ '* # 

(^) |2| + 12 = 6 - - . •-. ■ , . i 

(i) |x - (-19)1 = 3 , . " ' * ' 

4i) Iy+i5r=9 
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10. For each sentence in the left coliunn pick the sentence in the 
right colunjn which has the same truth set.: 



x| = 3 


X 




-3 


and 


X = 


3 


x| < 3 


X 




-3 


or 


X = 


3 


x| < 3 


^ X 


> 


-3 


and 


x..< 


3 


x| > 3 


X 


> 


-3 


or 
and 


X < 


3 


x| > 3 


X 


< 


-3 


X > 


3 




X 


< 


-3 


or 


X > 


3 




X 


> 


-3 


and 


X < 


3 



11 • Prom a poinf marked 0 on a straight road,' John and Rudy ride 
bicycles. John rides 10 miles per hour and Rudy rides ^Ig 
miles per hour. Find the distance between them after 

"(ly 3 hours, • (2) • 1^ hours, (3) 20 minute^., if 

(a) They start from the 0 mark at the same time *and John 
'goes east and Rudy goes west. 

(b) Johnis^ 5 miles east and Rudy Is 6* miles west of the 

. ' 0 mark when they start and they^bo^^h go eastj. [ 

^'(^c) John starts from ^he 6 mark and goes eastl Rudy starts 
from t^he 0 mark 15 minixtes later and goes west. 

'(d) Both 'start at the same time. John starts from the 0 

mark' and goes w^st and Rudy starts ^ mlles^ west of the 
0 mark ^d also goes west. 



Division . You will recall that we 'defined Subtraction of 
a number as addition of the opposite" pf the numbei?: - 

a -'b = a + (-b) . ^ , 
*In other words,' Ve denned subtraction in terms of "addition and 
tHe additive -inverse, ^ . ' * , 



1 9 3 
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' ';^Slnce division is related to multiplication in much the same 
wa^as subto^^ction is related to addition,* we might expect to define 
division in tjerms of multiplication and the multiplicative inverse. 
Thls^S exactly what we do. ^ • _ * ^ 

For any real numbers a - and* b (b 0), ' 
"a divided by'^ b" means "a multiplied by 
" the reci^p^cal of b''. 

We slTall indicate "a divided by *b" by the sjmibol. This 
symbol* is not riew. You have used it as a fraction indicating 
division.' Then the definition of division is: 

^ ' f=a.^, (MO). 

As 'in arithmetic, we shall call "a" the numerator and "b" 
the" denominator of the fraction ^. -When there Is no possibility 
of confusion^ we shall also call /the number named by "a" the ' 
numerator, and the number, named by "b" the denominator . 

Here are some examples of our definition. By we mean 

10-^, or 5; bj^' we mean 3(-^) = 3(5) = 15. 

t)oes this d^finit'ion^of division agree with the ideas about 
division which we ^klready have JLn arithmetic? An eiementary way 
to talk about ^ • is to ask "what'times '2 gives 10"? Since 
5'^ = 10, then ^ = 5.^ < ' 

Why in the definition of divisioh^did we makg the restriction 
"b / 0"? Be on your guard a^aindt being forced into an impossible 
situation by inadvertently trying to divide by zerp. 
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Problems 

Write copnon -names for the follpwing: 

5% 



^ -30 
1- -IS 



3.* 



30 
-30 

5 



6. 
7. 



2 
7 



I 

8 

■ T- 
2b 



y ^ . ' Theorem. For b / o, a = cb . 
. if and only .if | = •, ■ 

This amounts to saying that la divided by b is fh. • v. 
multiplied by b gives a ' ' r^'ZJ It the number .which 

says that b A. "'""^ "^^'^ ""^ ^^e theorem which 

says^that b subtracted from a fs the numbe^r which added to ^ b 

■ ■' Again, in order to prove a theorem involving "if and only if " ' 
,we must prove tMo thino-., v^^*. & -^J- ^na onxy if 

he riL " ' ^ "1^°' ^° Obtain^ cb -on • ' 

the right suggests startinkme oroof bv ™nV-.^-. . '^- 
of -a - y.rr' "v. -0? ^ nmltip lying both meral?ers 

- •. - . . ■ . "V ' . . 

EJ^^ -If |-=c(b./o), the^v.a.! c, • 

« , = cb, 

■ a(l.-b) cb, ' : 



a - cb. 
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Second, we must show -that if a = cb (b 7^ 0)', then^^ =^ g.- This " 
•6ime, the fact that we do not want b on th^ right suggests start- 
ing the prooT»by multiplying both members of "a = .cb" b,y 
This is po&sible, since 15 0. 

' Proof . If a = cb (b 0), then a-^ = (cb)^, , 



r 



= c(b4) 



J.1, 



= c 



Supply the ^reason for each step *of tlte above proofs. 

The ^second part of this theorem agrees wit^h our customary 
method of checking division by multiplying the' quotient by the ' 
divisor. ^ « ^ ^ • - - 

The multiplication property of .1 states that a = a(l), for 
any real number a. If we apply this theo;rem here, we obtain tWo 
familiar special cases of d3,vision. For any real number a, 

and for stny non - zero real number -a,., • . 



Problems 

Prove that for any real number a, 

-^ = a. 



1. 

Prove that for any non - zero real number a., 

|:=1. 
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In the follbvi.ing problems perform the indicated divisions and 
check by multiplying the quotient by i^he divisor. 

(a) 

(c) 



1. ^ ♦ 

-45 
5 




. (e) 


12 
.1 


-200. . 








-50 




(f) 


0 








3 vT 






3 

2. 




(g) 


28 

IT 










3 









(d) 

4. When dividing a positive number by a negative number, is the 
quotient positive or is it negative? What ift we divide a 
negative number by a positive number? What if we divide a 
negative number by a negative number? 



Find 


the 


truth 


set 


of each of the 


following equations: 


(a) 


6y 


= 42 




e 




(b) 


-6y 


= 42 




.. (g) 




(c) 


6y 


=. -^2 




4 

(h) 


¥' " ■ 


(cl) , 


-6y 


= -42 




(!)• 




(e) 




0 

= 20 








Find 


the 


truth 


set 


of each of the 


following ecjua,tibns. 


(a) 


5a - 


8 = - 


53 * 


^ (c). 


"X + ,30x = 6'. 50 



. (b) |y + 13. = 25 • . > 

^ ■/ ' 
7. If six time's' a number is decreased?, by 5, the result is . -37, 

^ Find the number. 

8* '-If two-th*ird6 of a number is adde^i to 32, the"^ result Is 38, 



What is the number? 



I 
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9. John is. three times as old as Dickv Three year^ ago thQ. sum 
. of their ages Was 22 yea.rs. How old is each now? 

10., Find two consecutive even integers^ whose sum is* 46. 

11. Find two consecutive odd positive i^tfegqrs whose sum is less* 

* than or equal to CS^^/. 

12. Two trains leave Chicago at the ^same tiine; one travels noi/tti » 
at 60 m.p.h. and the other south at {fO m-.p.h. After now' 
many hours wj^ll they 125 mi;ies apart? 

V 

13. One-half of a number is 3 more than one-sixth o^f the same 
number. What is the number.* ^ . 

14. John has - 50 coins "v^ich are 'nickels, pennies, 'and dimes. 'He 
has four more dimes than p'ennies, and six more nickels than 

- cJimes. How many of each kind of coin has he? How much money 
- ' . does he have? 

15. John, \yho is saving his money for^a bicycle, §a'idj "in fiv6 
„j[ weeks i shall have orie dollai; more than three times the amount 

I now have. I shall then have enough, money for my bicycle."- 
If the bicycle costs $76, how much money does John have now? 

16*. ^toie sum of two Recessive positive integers is less than .25'. 

* Find the integers . - ; - r 

17. A/^yrup manufacturer made I60 gallons of ' syrup worth $608. • 
t?7 pilxing mapie sjfrup worth %2 ^ per quart with com Byrup 
^ worth 60 cents per quart. How many ^ga lions of each kiftd 
did he use? ' ' \ . " ( * 

iS. Show that if the quotient ..of two real numbers .is.,po^itive><the 
product of the humbers also is positive,^ and if the quotient 
is. negative, the product is negative. » ; ■ ^ . 



Common Namefe • In Part 1 we^ noted some special names for 
.rational numbers which are in som^ sense the s implead* names for 
these niimlDers, and whio*i we called "common riames". TWo particular 
items of interest about indicated quotients were the following: 

We db^ot call^''^^^^ Sa* common^ name fpr *^fbur", because "4"* i^ ' 

simpler; similarly^ ^ is not a common 'r^e for "two-thirds" > 

^b^ca\;ise i ^0 is simpler.- We. obtain these common names by using 

' " ' • " ^ ' ^ = 1. . 



th^ property "of )L and the theorem — 

= 4(1),= 4 



ajfid ^ 



\, ill '2/7x „ 2/,x _ 2' > ' 
21 ^T^^ "* ^^^^ 



On the other hand, we cannot simplify ' "4" and any further/ 

, . ^ " * / 2-7 

IH tlfe above example, what permitted us to write j;y as 

.^(7)9 Yhis familiar practice from arithmetic is one which can be 
% proved for^all real numbers. . ^ , * ' • * ' s/- 

, . Theorem . ^ For any real numbers a^,*br, 

' c, d, if b ^' 0 ,,and a / 0^. then \ ' ^ 



a c ac 



^ ■ = (ac)(^-|). ■ . (Why?) 

• =^ • " • ' ■ ' (Why?) 



1.99 



\ 



■J 



2 

Example 3^. , Simplify* ^ * ' • 

|B?^-=|^[^), 'by associative and 
. V, { . • ^"^y py^ap; , commutative properties*, 

^^r(|^'), (Why?) 



"Sa- 



by th6 property 'of 1. 



Example 2. Simplify . " h . (Note: When .we vn?ite this ^ 

^ * * ' ' ^ ' phrase, we assume automatical- 

^ . ly that the domain of y 

' : * ^ excludes 1 . Why? ) 

J? " h " , by the distributive 

, ^ly - -^J ^vy property, * 

. . ■ •= |(^^), (Why?). 

= -lU), since 1^ = 1, (here 



■• * ■ a = y - 1) 

* = i, by the multiplication 
property o€ 1. 

After further experience,, your mental agility will undoubtedly 
peiinit* you to skip some* of these steps. » 

Exim^le 3> Simplify (^'"^ - - ■ . 

By the definition of subtraction,. ' 

(2x ^+ 5) - (5>-..2x) ^ 2x + 5 " 5 + 2x 

-8 -8 . . ' . 

4x - • 



The numerals and - and - ^ all -name the 

and alt look ecjually simple; the accepted common name is the last 
'of these. Therefore, 



$ by the multiplication [ 

property of "1.. \ 

same* niSnber, 
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Problems 



2. 


(a 


3. 


(a 


• 

4. 


(a 




(b" 


5.. 


(a 


i 


(b: 


6. 


(a] 




(b] 


7. 


(a) 




(b) 


8. 


(a) 




(?>") 



We have ,used the property of real nulnbers a and b that 
b-/ 0, then 

-a " a a,, , 

Prove this theorem. 

In each of the jpollowing problems, simplify: " 
12'. 



if 



*2 
-n 

h. 



2x 

xy + 



4 



X 

xy - y 

■ X - 1 

■ 8b - 10 



5 

8b - 10 ' 
5 - 4b 

X + 2 

•2x - 3 , 
^y^ 

2a a^ 



2a - a' 
a - 2 



(b 
(b 

(c 



(c 



(c 
(d 
(c 



-12 
-n 



!(x - 2) 
US -x) 



y 

^ - y 

y(x - i) 

8(1 - b). + 2 

4b - 5 



•.2x 


+ 


1 






3 






3x 


+ 


6^ 






3 






2a 




a2 




a^ 




2a 
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(x> n(x - 1) , ^ (-5X - 5)(2 -'2x) 

^ ^ 4x 4 ^ ' lOx + 10 . 



Fractions. Let us 'recall two conventions on common' names 

which we have been using ever since Part 1: A common name contains 

no indicated div.ision which can be performed, and if it contains an 

indicated division, the resulting fraction should be "in lowest 

terms". Then in this part,' we stated another convention, this one 

a " 

about opposites: We prefer writing r ^ to any of the other 

eimjJle names for the same number, ^, j^, 

r . ^ . ' 

Let us return to the conventions about fractions, in this 

co\ir&e a "fraction" is a ^symbol which indicates the quotient of 

two numbers. Thus, a fraction involves two numerals, a numerator 

and denominator. When there* is no possibility^ of cOnf^iqn, we 

shall use the word "fraction" to refer also to the number Itself 

whioh is represented by the fraction. When there i£-a possibility . 

of confusion we must go back to ouf strict meaning of fJfeiction as, 

a nximeral. ^ 

In some applibations of mathematics the number giyen by ^ 

is called th^ ratio of a to b. Again we shall sometimes speak 

of, the; ratio when we mean- the symbol indicating the quotient. ^ 

\ . Example Simplify 
\ ^ ' X 5 x*5 



Tb (What? theorem is used here?) 
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1. 

2. 

3.'. 

k. 
5. 

&. 
7. 

8. 



^ ' _ . ' I98 
'Example 2. Simplify - (|) (^) . 





3- 


m 


: ~ 2* 




■ . 7- 














Problems' 





Ih ^.2-7 ana 
9 = 3 -.3. 



(Why?) 
because 
(Why?) . ^ * 

(Why?) 

by the property of 1 



.fin Problems 1-8 simplify; 



(a) 

(a) 

(a) 
(a) 
(b) 
(a) 
(.a) 
(b) 
(a) 



3.7 

8 ^ 

1 




* 


h 21 1 


(b) 


^1 7 + 1^^ 
5- + 2 • 7 

> 




(b) 
ft 


f ((-5)(-2)) 




(b) 


,x 3 

7 X . 


10 3' . ' 

T"2 


<c) 




10 _^*3 


* (d) 




3,x'+'2 


•• \ (b) 


3.(^ ; ^) 


J 3 r ^ 




n + 3 n + 2 
2-3 




n + 3 2 


n "+ 3 .-2 
"2 'n -t'S 


■ -(b)'^ 


V 2a - • a^ 2a 
) -a-, 'a - 2 
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9. Can every ra\lopal number be represented, by a fraction? Does 
every fractiw represent a -rational number? 

♦ • 2 

*10« The ratio of faculty to students in a college is -j^. If 

there are 1197 students, .how many faculty merrfbers are there? 

11% The' profits from a student show are 'to be given to two 

scholarship funds in the ratio If the fund receivirJfe the 

larger amount was 'given 4*38?^ how m^uch was given to tl;e 
other fund? 



We can state what we have, done so far in another way. A 
product of two indicated quotients can always be ^writteu as- one 
indicfited quotient-./ ,Thus, in certain kinds of phrases, which 
involve the product of several "fractions , v(e can always simplify 
the phrase to Just one fraction. If a phrase contains several 
fractions, however, "these fractions migjit be adc^^ed or subtracted, 
or dividedC We shall see in thig section that in all these case^, 
we may always'^^ljid another phrase tor the same number which in- 
volves 'only one indicate.d division. We are, thus, able to state . 
one more convention about indicated quotients:' No Qommon name .for 
a nymber shall cohtain more than one Indicated division. Thus, the 
instruction "simplify" will always include' the idea "use the proper- 
ties of the real numbers to find another name whicfi contains at 
most one indicated division." , * ^ \ *' 

The key to .simplifying the sum of ^two fractions is using the' 
property^s;)f one to maike the denomin^rtors ajike. 
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Example 3. Simplify § + > ■ 

•. , ' ' f + ? = f(^) + |(1), ' " by the property " 

. _ . ■ =|(|)+^(|), since .|=1, 



What Theorem? 



= 5x(-=j^) + 3y(yr)* the definition 
I, ' * ^ ^ ' -^^^ of division, 

^ • = (5x + 3y)T^* distributive 
, property,^ ./^/ 

. = ^it by the .definition 

_: • ' . ±0 • . division. 

Once again, you will soon 35eam to telescope these steps . 



. ^ ' Problems 

, In Problems 1-^ simplify: 

1. (a)' -fx I . : ^ 

2. ' (ai i + l ■ - - . 



Ma 
(a) Tf + -J 

(> •) 



„ ^ 4 a 



(c) 


-i 


2 


(c) 




5 , 


(c) 


(r 

•X 


f : 




X 

? " 


X 


(c) 


4a 


1 


T ■ 





6. 



8. 
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Find the truth set. of each of the follovflng open sentences; 

"x \ 2 ' . ' 

Example - 2 4 |k 

Two different prodedtu-es a-re possible. r; 



X 

3x 

T 

3x 



X = 2 



2x 

T 

2x 



= 2 
= 2 

X _ 9 

X = 18 



(f --2)^ =.(fx)9* 
3x - 1.8 = -ax 

X = 18 

*We mfflfeplied by 9 . because 
we could see that the result- 
ing equation would ^ntain no 
fractions . 



(a)- -Jy + 3 = -ly 



(b) f 



a 

z 



41 



3 + X 



15 



(d) |ix = -jx + 8^ 



(e) = 35 

(f) 3jw| +'8 = ^|w| 

(g) 



f +|x 



•^1 ^ 22 



7. The) s\jm of 'two numbers is 240, V and one number is 



the o4;her. 



./ 



3 
3 



time^ 



ind the two numbers 

w is incre'ased by an amount 
( . 27 



The^nui^erator of ^the fraction 

.X. The value of ^tlie^sulting fraction is"' By what 

amount Was the numerator increased? • , 



9. The sum of two positive integers is 7 and their difference 
' • is 3. What are the numbers? What 1& the sum of the^ recip- 
rocals of these "nu^ei^ ^at is the^ difference oP the 

reciprocals? * ^ , ' 

' . " - ^ ' 

10* . (a) If it takes* Joe -7 cLayS' to paint his h6use, what part 

of -the Job wil2^ Jie do 'in one d^y? How much^ln d days^ 

(b) Iffl^ t^es Bob 8 'days, to paint Joe's house, what part 
o'f the Job woiad he do in ohfe day? In d d^tys? ' 

Vj(c) If Bob and Joe work together whit portion of the Job 
would they do in one day?' What portion in d days?<? 



20() 



202 



11. 



Referring to 'part^a)., (b) , (c), translate the following 
/ , into an Englisfi senteripe: ^ 



d . d , 
7 + ^ = 1. 



, Solve this open sentenci fpr d. , What does 



d represent? 

(e) What portion- of the painting will. Joe and Bob, woncing"- 
together, do- in one day? / , ' - * ^ * 

A ^all team on August 1 had won 48 gara'es and lost 52. '-They 

Win the pennant they .ust finish with a standing of at least 
.600 How n^y.of ti^lr ren^ining ^ games must they win? Wh^t 
ls_ the hi^est standing they can get? The lowest^ \ ' 



■ For^5.1mpliffing the indicated product of tw^ractions a. key 
property was the theorem^^hich stated ^ . ^. f,^ JZu^T 
t.e indioated 3^ of two. .actions , a .1 p^ope^?;. ^ iTZZ 
Of 1 Wfeen handling the indicated quotient of two fractioL we 
have several alternative procedures involving these propertie 
Let us consider an example. / . » 

Sample V. Simplify 



think of '1 
proceeds . ) 



Method 1. Let us apply the" property of i, where we shall 
■ Of '1 as.^^. (You Will see why we chose | as -JAe .worH , 



5 
7 



|x6 

^ X 6 

10 ' 
T' 



by our previous work, on multiplication. 



L. 



20 



203 



Method 2. Let xis use the property of 1, . where we shall think 
- of 1 as ^. 'We choose 2 because it is the reciprocal *iDf ^. 



5 






•(§) 








X 2 


1 

'1 


X 2 


10 




-T 




"10 




"..3 




Let 


us 



then 



numerator by previous work -j. 
denominator by choice of reciprocal of 

because j = a for any a, 
Iftpthod 3. Let us appJLy the definition of division 

1 



/ 



10 



Since — j— = a 
a 



= "by previous work on multiplication. 

You may apply any one of these methods which appeals to you, 
provided that (l) you always , understand what you aj?e doing, and 
(2) you receive no instructions to the contrary, • 
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Profelems . ' " . 

In each of the- fallowing, simplify, using the most appropriate 
method: , ' ' " ^ 

3 ' 



2. 



3. 



- a2 
a 

ax 




5, 



12 



- Summary . : 

Definition of subtraction ; To subtract the real number b 
' from' the real number a, ^dd the opposite of. b to a,. 

Theorem . For any real numbers a, b,c, a = b + c if and 
only if a - b = c. 

Agreement ; a---b-.c=a + .(-b) + *(-c) i- ' « ' 

On the number line . 

a - b is the distance fr^m b to a 

b - a is the" distance from a to b 

|a-b|^' 3^ the distance between a and b. 

r - 209 
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Definition of division ; "To' divide the real niimber a by the 
non-zero real number b, multiply a by the reclpro.cal of b. * 

^ Theorem. Poi: any real nlambers - a^ b, c, where b ^ 0, 

""^""^^"^^ a 

a = cb If and only If ^ = c. 

Theorem. .For any real nmber^ a, b, c-, d. If b / 0 
an<J d / 0, then 

a c ac 

m 

The sifaplegt name for a number: 

, (1) Should have no Indicated operations which pan be performed! 

(2) Stiould in/any Indicated division have no common factors In 
I t^he nume3?ator and denominator. 

(3) Should haye 'the. form - f m preference to "I or 

(4) Qhofld have at most one Indicated division* 
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FACTORS AND EXPONENTS 

- Factors and Divisibility . Consia-Cr the following 
■ quotients: 6 ^3; 84^28; 27-4-9; 12 4. 3; 17 -i- 5. Se see 
that in all but the last of these t;he division is exact; i.e., 
there is no 'remainder. In other words, "3 divides into 6 exactly 

2 times", "2§ divide?^, into 84 exact^ 3 times", and so on:. 
It is- a bit clumsy to vn?lte "divides into exactly" all the time, 
so let.u^ use a more compact mathematical term 'for this. We could 
say, for instance, that 3 is a "factor" of 12 because 

3 X 4 = 12; we could also say that 6 is a "factor" of 12 
(because 6x2 = 12). Is 4 also a facto?^of 12? -Is ^2? 

The number 5, however, is not a factor of ,12, because we 
cannot find another integer such that 5 times that integer equals 
12i Of couke, 1 and 12 are also factors of - 12-. |^iven any 
positive Integer, i and the integer itself are factors of that 
Uiteger; because such, factors are always present, they are not v^ry 
mterestingv So we ^all call 2 and 3 and 4 and "6 proper 
factors of 12; these :and ,1 and 12. are all factors. The 
hvimber 11, however, does not have any proper factors, beca'iise no 
posi^iye integer other than 1 and 11 is a factor of 11, Now 
we are- y^ady for a more precise definition of a factor, remembering 
that a factor of n .is one or two integers whose product, is n. 
The integer * m is a factor of the integer n if mq = n, 
where q is an integer. If the integer q does not equal 
1 or n, we, say that m is a proper factor of n. 

' Is ^5 a factor of 17? 

Doe3 it follow from this definition that if m is a proper 
factor of n, th6n m also cannot equal 1 or n? / , 

Since 3 J^s a factor of 18, ^ then .is ^ a factor of l8? 
Is it true tha^ if m is a factor of n, ,then ^ is a factor of 
n? Is the same trJe for proper factors? How can you tfell? 
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• Since 5 is, a factor of 15,' we say that 5' divides 15. 
In general, .Lf m "and n ara'^^ositive integers ajid if m is a 
-facjtor of n^ we say that m divides ti, or ri^ is divisible by 

We shall'' say ^that. 0 is divisible by every integer, but 0 
sQoes not divide any number.. ' '-^ ^ 



1. 

3- 
\. 
5. 



Problema 



For each of the questions- below, if the answer is "Yes", write ♦ 
the numbw iii* factored form as in the definition. If the 
-answer IsVno", justify in a similar way* 

Example . as- 5 a factor of- 45? Yes, since 5 x 9 = 45 
' o-Is 5 a factor of 46? No, alnce there is x\o 
integer q such that 5q^^. 

Is 30 a factor <$ 

Is 12 a facto 

Is 10 a factd 

Is 3 a 

Is 12 a factorNpf 40,4o4^ 




100,000? 
10,101? 



If any of the followJing nuinbers are factorable (i.e. have 
proper factors), 'find^ such a factor, and find the product 
which equals the given number and uses this factor. 

Example. 69 = 3 x 23 



-.6. 
7. 



•85 
51 



67 is not factorable-. 

9. 122 
10. 141 
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Is, there an easy way to tell whether or not 2 is a factor 
of a nxunber? 

Let us now look at the^ numbers 5 and 10. A nj^ynber has 10 
as a factor, if and only if it has both ' 2 and 5 as factors • 
Numbers which have 5 as a facto:^ must have decimals which end 
in 5 on 0, and* numbers which have 2 as a factor must be ev6n: 
hence, if a number is to have both 2 and 5 as a factor its 
.decimal form must end in 0. Can you formulate what we have Just 
said in terms of two sets and members common t^ both? 

Problems 

V -^^ - — 

Think about a test to check whether a number is divisible by 
4, and also ^ te^ for divisibility by 3. The following 
e:^ples 'Should give you some real hints on the solutions - \ 
but don«t be disappointed if a^imple rule for 3^ to be a' 
factor of a nimiber escapes you tor a moment, ^or it is rather 
tricky*, 

1. Divisibility by 4: Which of the following numbers l^iave 4 

. as a factor?^. 28, 128, ; 228; 528, 3028; 106, ^ 306, ^8o6, ' 
c 118," $6l8; 72, 572? Do you see the test? How many .digits^ 
of the numfeer, do you have to consider? 

2, .Diyisibf^ty by^ 3: Which .of .th^ following numbers have 3 

as a factor? 207, 2007, f62,Y27Q; l6, 106, 6oi, ' 

61? Hqw about'; 36,. (observe that 3> 6 = 9), 306, 351, - ' 
315, ^513, 5129 1 (observe that ^5 + 1> + 2 + 9 = 17), 32122? 
We write " . ^ " * 

\2358 = 2(1000) + 3(100) + 5(10) + 8(1) 

■ ' = 2(999 + 1) + 3(99 +^a) + 5(9 + l) + 8(1) 
1 = 2(999) + 3(99') + 5(9) +'2(1) + 3(1) + 5(1) + 8(1) 

I (2(111) + 3(11) + 5(1))9 + ;(2 + 3 + 5 + 8) 

= (222 + 33 + 5)9 +.(2 + 3 +.5 + 8). 
The expression (222 + 33 '+ 5)9 is divisible by 3 ' (Why?]i; ^ 
is 2 + 3 + 5 + 8 divisible by 3? Notice that. the sura of 
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the digits is the key to divisibility by . Try to formulate". 
* this" as a rule . ' 

3'. - If a number is divisible by 9, j^s It divisible by 3? If a 
— ntffSBer is divisible by 3, is it divisible by ' 9? <^ 

4. If you know a test for both 2 and 3, what woul_d be test- 



for 6? 



«4 



5. Answer the following questions and in each case/tell whicji 
divisibility tests made your work easier. ^, / 





Is 


3 


a 


factor 


of 


ioi;ooi? 


(b) 


Is 


* 3 


^ a 


factor 


of 


37,199? 


(c) 


Is 


6 


a 


factoi: 


of 


151,821? 


(.a) 


Is 


15 


a 


factor 


of ^ 


91,215? 


(e)^ 


- Is 


12 


a 


factor 


of 


187,326,648? 



Prime Numbers . We'^have been talking about factors of 
positive integers ovet the positive integers, in*the sense that * 
when we write ^ 

mq = n ^ 

we accept only positive integers for m, ' n and q. We could, of 
course, accept negative integers, or any rational numbers, or even* i 
any real numbers, as factors. But if you consider these ppssibiil^r*^ 
ties for a moment, you will see that they dO' not add much to oxir 
understanding. *^If, for example, you perMt ne^Sttive integers as J I 
factors,, do you really find anything new? i^'or e^spple, ^2, 2,^ ; 
-3, 3 are factors of 6. 

Vpu get a ^dtfferent picture if you accept all.ratfonal n\jmbers 
as possible factors of ^ positive integers. The rational nximber,. y, . 
for^exaraple, would be a factor of 13, in this extended sense, 
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because = 13, can you think of any non-zero' rational 

nmber, in fact, which would not be a factor 'of 13 in this sense? 
Try for example. Sinc^ '("^^(- if) = ^3, we Yind thaV 

- is also a rational fdctpr of 13i 

You see that ^f you try factoring ppsitive integers over the 
rational *number»s or over the real* numbers , then every number other 
than zero becomes, a factor of every number. Such a kind of factor- 
ing, therefo^c'e, would not add much to our understanding of the 
structure of 'the .real number system, and so we shall not consider 
it further. Usually factoring ' over the positive integers ^ives us 
the most interesting, result^ and so when we speak of "factoring" 
a pdsitive integer, we shall always mean over the positive integers 

We have listed b^low a set of positive integers less than or 
equal' to 100. Cross out the numbers for which 2 is a proper 
factor and write a 2 telow each of these ^lumbers . (For example, 
9^ *^^2' • *" • ) " * ■ * ^ » ' 



1 


2 


3 . 


4 


' 5 


6 


7 


a. 


9 


, 10 


11 


12 


13- . 


14 


15 


16 


17 


18 


•19 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


31 


^2 


53 


34 


35 


36 


37 


38 


39 


40 


41 


42 


43 


^4 


45 


46 


47 


48 


49 


50 


51 


52 


53 


54' 


55 


- 56 


57 ■ 


58 


59 


60 


61 


62 


63 < 


64 


; '65 


66 


67 


68 


,-69 


70 


71^ 


72 


73 


74 


75 


1* 


77 


78 


79 


80. 


81 


.82 


83 


84 


85 


\ 86 


87 


88 


89 • 


90 


91 


92 


93 ^ 


94 


95 


* 96 


^ 97 


98 


99 , 


100 



1; 



What is the first number "^fteij 2 which has not been crossed put? 
^ It should be 3.. Now cross out all numbers \^ich have 3 as a 
Oproper f&ctor and write a 3 below each of the numbers. If a 
number has already been crossed out with a 2 do not croafe it out 
again but skip it.^ What now is the first number after 3 which 
has not been croi^^d out? It' should be Cross out numbers 

which^ have as proper factor the number 5. Continue the process.^ 
ilfter the fifth step your picture should^ook like this.-^ * 
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1 


2 


3 


^ 2 


5 


z 


7 


^2 


^3 


> 7^2 


11 




13 


/ 2 


z-^3 


7~2 


17 


X 2 


19 


7^2 


r 3 




23 


7^2 


- 7^5 


7^2 


r ' 3 


/^2 


29 


X 2 


31 






^ 2 






37 


y 2 




7^2 


41 




43- 


2 


7^3 


^ 2 


47 


''^ 2 




/^2 




^ 2 


53^ 


d 


^ 5 


^2 






,59 


^ d 


\6l • 




^3 




^5 


^2 


67 


^2 


-^3 


^2 


71 




73 




5^3 


7^2 


^7" 


7«2 




^2 


^3 


^2' 


83 


•?^2 


§^5 


^2 \ 


^3 


^2 


85 


^2 


^7 


^2. 


^3 


■ K 


^5 


^2 


97 


^2 


^3 


^2 



Did the picture change from the fourth step to the ^fifth step? 
Why or why not? If you are ^halving difficulty with this question 
perhaps it would help if you wOttld consider the first number 
'crossed out in each .step. Hpw far would the set ^f num);)ers have to 
be extended before the picture aTter the fifth step would-be 
different from tl^^^ture' after the fourth step? 

In the set, of ^the first 100 positive integers, y^ou have 
crossed out all the numbers which have proper factors, '.Thus, the 
remaining numbers have no proper factors. We call each of these 
numbers, other than 1, a prime number. 

* A prime niomber is a positive integer greater^ 
^han 1 which has no proper factors; 

Is it possible to find all the prime numbers in thfe set of 
positive integers by the method we have Jtist used (called the 
Sieve of Eratosthenes )? Is it possible to find all the prime 
numbers less than some giv^Vi positive integer by this method? 
What is the next prime nvmi^er after 97? 
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Factorization . Let us now return to the Sie've of 
Eratosthenes-and see what, else we -can learn f,rom Tt. Consider, for 
example, the number 63. It Is crossed out^ and hence, 63 Is not 
a prime. We see from the diagram that 63 {"^ks crossed out 'when yre 
were working with 3. This, means, tl^t 3 ^is the smallest prime 
factor of 63. - , . \. 

Since 3 is the smallest" prime factor of 63, let us divide 
it out. We obtain 21, .and once again we ban look in our chart? .to 
see if 21 is a prime. We' find that it is not, and 4;hat in fact 
3 is a factor of 2l. Divide 21 by 3, and you Qbtaln 7; if 
you look for ?' on the chart you find that it not crossed out, 
so that 7 is a prime and can be factored no fvirtheV. We have, 
ojjtalned- 63 as 3 times 3 times' 7; ^ and the simlflcance of ^ 
this is that these factors of 63 are all prlmfes . .In. other words, 
we have succeeded in writing 63 as a product of prime factors: 
6a = 3 X 3^ 7. , ■• ' 

Let ns try the same procedure again with 6o. What prime were 
you considering vJ^ien 3;jou crossed out 60? if* you divide 6o by 
this prime. What do you obtain? Continue the process. What 
factorization of 6o as a product o:^ primes do you obtain? 



Prbb lems 

Using Jhe Sieve o^ Eratosthenes, write each at the following 
numbers as a pi»oduct of prime' fac^;ors: ' * 

^ ; 84, 16, 37, 48, ^50, 18,"^ 96, 99, 78, '47, -12. - 
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A positive integer, you seo., can be thought of as "made up" 



of a nUmber of prime factors. Thus, ^3 
and. one 7;, 6o is 'made up of two 2»s, 



is made up of two 3'! 
one 3,. and one 5. 



We shall have many use^s for this "prime factorization", as it is 
^called, of a positive integer. But now we face a problem; How do 
we %o th§ same 'thing for a number which is hot on our diagram? If 
you are asked for the prime factorization of 144, you might per- 

- haps consider extending the diagram from 100 to 144/ But 
suppose you are asked for ,1764.? \ 

Let us now ^ee if I764 is divisible by any inijeger.' We 
firs' t try 2. (It is convenient to start with the smallest prime' 
factor.) 1764 = 2 X 882. So now let us try 882, as i'f 'we had 
the sieve before us. 882 = 2 x 4^41. Now let us work on 441. 
Since 2 is not a factolc* of 441, we must test next whether or- 
not ^441 is a multiple of 3. If you 'check 441 for divisibility 
by =3, you find that 3 divides (4+4+1), and hence, 3 i£ 
a fa61for of 441. We now obtain 441 as 3 x 147. There is no - 
sense trying the factpr 2 on yi47, since if 2 were a factor 
of 147, it vo^ld also have been a factor of 441 (why?). But 3 
<»^ides 147, and we obtain^ 147 = 3 x 49. ,49,^ in turn, is 

X 7, and 7 .is a prime number, so that the Job is finished. 
.To sijpnari^e: We have found that 1764 =^2x2x3x3x7x7, 
aJid this is the prime factorization^ which^ we ^e looking for. 

All this wilting is rather -clumsy; a more compact way to write 

' it is : 

2 
2 
3 



7 
7 
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Problems 



Find the prime factorization of each of the following nurabej^s: 



1. . 


98 ■• 


2. • 


432, 


3; ■ 


25^ • 


4. 


625 - 


5. 


180 " ' 


6. 


1024 



7. 

a. 
"9." 

11. 



.378 
729 
825'- 
576 

1698 



You may have noticed that we have been speaking of "the" 
prime factorization of a' positive integer, as^ if we were sure that 
there was only one such factorization. Can you give a^ convincing 
reasons 'Why this should be the case? Theyract that every positive 
integer has exactly one prime factorization is^ften called the 
Fundamental Theorem of Arithmetic . • • 



: • • 

Adding and Subtracting Fractions • One of the many uses 
of prime' factorization, of integers is 'in addition and subtraction " 
of fractions . It is easy to add or subtract two fractions if their 
denominators are the, same. We have already -found it possijjle to 
use the property of 1 to change one fraction to an equal fraction 
having a different denominator. In this 'way we can change fractions 
to be added or subtracted into fractions having the same denominator 
To make addition' of fractions as easy as possibly it ^ desir^ 
able that this common denominator shall be the least common multiple 
of the denc^ninators. We define the least coiffinon multiple of two or 
more given integers as th§ smallest Integer which is divisible by 
all ^tl^given- Integers . ~ - " 
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" -21-5 • . • . 

Consi^fr the problem of sin¥)lifying 
' '1 3 4 ^,1 

We csin readily see that one conunon mxxltiple of the denominators is 
their product ' 4 x 10 x 45 x 6, or ^10,800. This seems .very 
large^ Perhaps what we h&ve learned about prime factorization can 
help us to find the smallest integer which has 4 and 10 and *45 
and 6 as factors . 

Consider the prime factor^ of each denominator: -'-^ 

4 = 2x2, 
• l0.= 2x5,'' 

* 45 = 3 X.3 X 5,^ 
6=2x3. 

Since 4 must be a factor of the common denominator, this denom- 
inator must, in its own prime factorization, contain at least two 
2»s* In order that 10 be a factor of the denominator,*- the 
latter' s prime factorization must contain a 2 and a 5; we 
already have a* 2 by the previous requirement that 4 be a factor, 
but we must also include a 5 now. To siommarize what we have so 
far: in order that both 4 and 10 be factors of the denominator, 
the prime factorization 'of the denominator must *c on tain at least 
two 2*9 and one 5* ' y 

Next, we must have 45 as a factor. This means we have^ to 
supply two factors of 3 as well as the, two 2's and the 5 we 
already have; we don't need to mipply another 5 beca\ise we 
already have one. Finally, to accommodate the factor 6, we 
need bpi^h a 2 and a 3 in the factorization, but we already 
have^^each of these. - ^ ' ^ 

Conclusion: The denominator will have the prime factorization 

2x2x3x3x5. We need each of these factors, and any more 

- 

would be unnecessary. What^ unnecessa'ry factors did the denominator 
10,800 contain?. 
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Now that we have JToiind the least common denominator, we can 
complete, the problem of changing ^ach of thq^ fractions in our 
problem so that it has this denominator. An easy way to do this 
is to use the f^ctoted form of the least common denominator and 
the facto red« form of 4. k contains ^two 2's and nothing^ more, 
while the -comnpn -denominator contains^ two 2»s, two 3 ' s and 
one 5. Thus, to change k into the' desired denominator, we have 
to multiply l^y two 3»s and one 5 to supply the missing factors, 

1 _ 1' _ 1 y 3x3x5 _ ' 45 

2x2^2x2^ 3x3x5 " 2x2x3x3x5* 
Similarly, * ' . 

X - 3 _ e 3 2x3x3 _ 5^^ t 

10 " '2 X 5 2 x 5 2-x 3 X 3 " 2x2x3x3x5' 

We can now do the same with and ^. 'If you, have completed 

the arithmetic correctly, you will have ' • 

13 ^' 1 ^ 45 - 5^ 16 + 30 
7"'IO"'55'^^-2^x2x3'x3x-5 



= 5 ^ 1 _ 1 

^ ' 2x2x3x3x5 ~ 2 X 2 »x 3 X 3 " 

What are the advantages of this way of doing the problem? One 
advantage is the avoidance of big numbers; the denominator is lefl} 
'in 'factored, form until the very end, and you see that we never had 
to handle any number larger than 5^. Another advantage of having 
the denominator in factored form is that we need only test the 
resulting numerator tot divisibility by the factors of the 
denominator in order to change the fraction to "loweBt terms". 
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' Problems 



1.- Find the.-foi^ji»ing sums, 
(a) 



35 

■ (c) 



2 



5 



3 



3k _^ 2k k' ' 
(g) I + ^^11+'^ 



/o\ 3x ■ 5x 



Are the folloy/ing sentences' true? 



(a) 



8 , 13 
T5 < ^ 



14 ^ 6 
^63 < 27 



3, * 



5. 



a and b, exactly 
a = b, or a < b^ 



We recall that for any pair of numbers 
one o*f the following must hold: a > b. 
Put in the symbol for the correct relation for the following 
pairs of numbers . . ' 



(a) 



6 

2 

7' 



5 
25 

5 
7 



(c) 
(d) 



6 

1^' 



9 



( 



11 



Jfohn and his brother Bob each received an allowance of .Sl^OO- 
per week. One week their father said, ''I will ^ay; each of 
.you jJl^OO as usual or I will pay you in cents >'an5r number 
less than 100 »pl\AS its largest prime proper factt)r. If you 
are not too lazy, you have much to gain." What number -should 
they choose? * . , . 

Suppose John's and Bob»s father forgot to say proper factor. 
How much could the boys 'gain by their father's carelessness? 
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6. A man is hired to sell suits at the AB Clothing Store. ~ He 
is given the choice of being paid ^200 plus t>f his 

sales*'6r a strai^t of sales/' If he thinks he can sell 
;|600j worth of suits per month, which is the better choice? 
Suppose he could' sell ^700 worth of suits, which is the 
better choice? ^1000? What should his sales be so that the 
of f,ers are equal? , 



Some Facts About Factors. Suppose that you .were looking 
for two integers with the property that their sum is 22 and their 
product i^^ .72. Oi>e way to find them would be to %ry all possible 
ways of factoring 72, and keep looking until you found a pair 
that met the condition. We are now going to see, however, that 
factors of niambers .have properties which allow us j;o rule out many 

possibilities without actually trying them^ The prime factorization 

s 

of 72 is 2x2x2x3x3. The two factors of 72 which we are 
seeking must use %p' the three 2's and two 3's in the prime 
factorization of 72. Suppose three 2's were , all in one factor, 
and no 2»s in\the other; ^that is, el,ther (2 x 2 x 2) (3 x 3) * or 
(2 X 2 X 2 X 3) (3) or'' (2x$x2x3x 3]b(l), then one factor 
would be even, while the other facjpr would be odd, because it 
QOntalned no 2's. But the strni of an even and an odd number is 
.odd, and V 22 is not od<^ that is, 

(2 2 X 2) + (3 X 3) = 17 or 
(2 X 2"x 2 X 3) + 3 27 or 
(2 X 2 X 2 X 3 X 3) + 1 73. 
So this split of 72'- won^t work; we will have to split the three 
2»s between th^ two factors, and ihxjis, put two '2's in one 
factor, and one 2 in the other. 

I " * 

u 

I 
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N?xt, let us look at the 3»s. Do we split the two or 
do they both go^ into one of, the two factors? We know 22 does 
XK>t have 3 as^a factor; but if we were to ^spiit the two 3's in" 
72' between the two factors of 72, th^n each would have 3 as a 
factor, andt then the sum would have 3 as a factor. The sum could 
cej^tainiy npt be 22. , " . " . 

We have thus, found that the two factors of 72 must be "put 
together" as follows: one factor contains two 2's while, the 
other factor contains one 2; one factor conti^iins both 3's, while 
the other contains no 3',s. There are only two possibilities; the 
two 3»s go eitherSpi^th the one 2 or with the two 2's, that is, 
either (2 x 2 x 3 x 3)(2) or (2^x 3 x 3)(2 x 2). But two 2's 
with two 3's makes 36, which is clearly too big, so that the 
"two 3»s go with^the one 2 (making 18) and the* other two 2Vs 
(making k) form the other .factor. * since (2x3 ^3) + (2x2) = 
22 and (2 x 3 x 3)(2 x 2) = 72, we"^ have our answfer. 

The kind of reasoning which we have Just done aepends on two 
ideas, namely: if 2 is a factor of 6ne^o?*^two numbers, and 2 
is a factor of their sum, then 2 is a factor of the other number; 
and if 3 is.*^ factor of one of twtf' numb'ers and 3 is not a 
factor of their sum, then' 3 is' ^ot a factor of the other ^number. 

Let us first prove a similar theorSm- 

Theorem. For positive integers b and c, if 2 

is a factor o£ both b and c, then 2 is a ^ . ^ 

factor of (b + c) . 

Proof . 2q = b, q an integer, because 2 is a factor of b; 

2p^ ='c, p an integer, because -2 is a factor of c. 
Therefore, . < ^ ^ 

2q + 2p =^b + c, (Why?)' 
2(q + p) = b + c, distributive property. 
Since, q + P is an Integer, 

2 is a factor of^(b + c). 
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For example, this theorem guarantees that since 2 is a factor of 
both 6\ and l6, it follows that 2 is a factor of (6 + l6) . 
Since 7^ is a factor of both 21 and 35, do you think it^ follows 
that 7 is a factor of (21 + 35)? , If we replace 2 in the theorem 
by any positive integer a, we can prove the general result, 

Theorep . For positive integers a, b and p, if 
a is [a factor of bo;^ b and c, then a is a 
factor of (b + c) . 

The proof of this theorem is left to the student as an exercise. 



Another useful theorem is 

Theorem. For positi 
a is a factor of b, and a .is not a factor of 



Theorem. For positive integers a, b and c. If 



(b + c), then a is riot a factor of c. ^ 

Proof. Asstune a is a factor of c; then a is a factor 
of both b and c and, hence, is a factor of (b + c), (Why?) 
^ut this contradicts the given fact that a is not a factor of 
(b + c). , Hence, a is 'not a factor of c. • 

Sinc^ 3 is a fact^ of 15, and 3 is not a factor of 
(15 + 8),' we are certainN^at 3 is not a factor of 8. 
'A third theorem useful\p dealing with factors is 

Theorem. . For positive ,integers a, b and c, if 
a is a factor of b, and a is a factor of 
' ^ (b'+ c), then a is a factor of c. ^ . 

Problems 



The prime factorization of 150' is 2x3x5x5. Find two 

numbers whose product is 150 and (a) wjiose stun is even; 

(b) whose stun Is divisible by 5; (c) whose stun is not. 
divisible by 5. , 



2. Write" the prime factorization of 18. Find two numbers whose 

itun is 

225 



product Is 18 and whose stun Is 9; 11. 
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Write the prime factorization of the first number in each of 
the following and use it to find two numbers whose product 
and whose sum- are as indicated below^ 

(a) Product is 288 and sum is 34 

(b) " " 972 " " " 247 
'(c) * " " 216 " " " 217 

(d) " " 330 " " " 37 

(e) ^ " " 500 " " •"62 
4 

(f) " " 270 " ." " 39 

The perimeter of a rectangular field is 68 feei; and the 
area is 225 sqviare feet. If the length and width are - 
integers, find them. 



is a factor 



Show that if y is a positive Integer, then y 
of (3y + y2). ' . 

♦ 

For what positive integer x is 3 a factor of 6 + ifx? 

• . I 

^ Refer to the theorems of this section and answer the following 

(a) 3 is a /actor of 39 and 39 is a factor of 195. 
Does it follow that 3 is a factor of 195? 

3 ^s a factor of 39^ suid 5 is a factor of 20. 
Does it follow that 3 + 5 is ar factor of 39 20? 

3/ is a facftor of 39 and 5 is a factor of 20. 
I Does it follow that 3^5 is. a factor of 39 •20? \ 



(b) 
(c) 
(d) 
(e) 
if) 



3 is' a factor of 39 and 3. is a factor of 27. 
"Does it follow that 3^ is a factor of 39 •27? • 

3 is a, factor of 39 and 3 is a factor of 27. 
Does it follow that 3 is a factor of 39 + 2|? 

3 is a factor of 39. Does it follow that 3^ is a 
factor of 39^? 
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(g) 3 is a .factor of I5 . Does * it 'follow that^ 3 is a 
^ factor of 15? ' ' " ^ . ^ ^ 

(h) 3 is a factor of 39 and 5 -is a^^ factor of 135. 
Does it' follow that 3 is a factor of 135? ^ 

8. Prove •the theorems: ^ 

(a) For positive integers a, b, c, if a- is a factor of b, 
and b is a factor of c, then a *is a factor of c. 

, (b) For positive integers a, b, c, d, if a is a factor ^ 
of b, and' c ^is a factor of d, then ac -is a factor 
of bd. ' ^ . 

(c) For positive integers a, b, c, ^ If a is 4 factor of, b, 
and a is a faqt^pr of c, then a^ ^ is a factor of l>c. 

(d) For positive integers a and b, if a is a factor of y' 
b, then a^ is a factor of "b^T^ ^ 

,9.' Which theorem in Problem 8 Justifies the following; ^ 



is a factor of (39) (26). 



is a factor of ■ (l5>(24)ab if ab is a. positive 
integer.. 



(a) 


25 is 


(b) 


6 is 


(c) 


(13/2 






(d) 


49 is 


(e) 


0 is 


if) 


20ab 



Introduction to Exponents . We hkve seen that we can 
vrrite 'a positive integer factored into its prime faclfors, so that,'- 
, for exajpplii^' ' • ' ^ ^ . 

■288 = 2x2x2 x 2 x2x3x3. 
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This notation is somewhat inconvenient because it is so lengthy; 
it would, not be necessary to write the "2" five tim^_ JLf_there 
were some way, more compact than 2x2x^x2x2, of writing 
V^e' 2's multiplied together". * ^ ' _ . \ ,1. ^ 

' - As a first step in this direction, you already know thkt ' 
3 X 3 can be written as 3 . This is ~ pronounced * "3 squared" j 
th§ "3" indicates that we are going to' multiply. 3'B together, 
and the. "2" that we are going to multiply two of them.,' How would 

wfe write 2x2x2x2x2 similarly? The niomber 288 can thus- 

/ 5 2' 

bg. written in factored form moref compactly as 2^ x 3 

In an expression of the form a^, we need, some way of des- 
cribing the numbers involved. The "a", which indicates which 
number we are going to use as a factor several times, is callfed 
the base; the "n",' which indicates/ how many of the factors "a" 



we are going to us.e, is called exponent . ' Thus, " a^ means ^ a ^ 
number consisting of n equal factors a; a^ is. called a power , 
or more precisely, the nth power of a. We can write 

, . a^ = axa^...xa. * ' 

■ ^ — • ■ • 

n factors " ^ 

a^ is read "a squared" or "a square". - 
a is read' "a cubed" or "a cube". 
• a^ is read "a to ^he nth power", or just "a to the nth". 



Problems 

1. Find the prime factorization of each of the following nxamb^rs, 
using exponents wherever appropriate. 64, 8o, 128, 

f 49, 32, 27, 56,- 243, 512, 625, 768, 

2. In describing the niomber a , what kind of niimber. must n be? 
Must a be? ' * 



' ' b ' 
3.* The expression a can be thought, of as defining a binary- 



opera ti6n which, for any two positive integers a and b 



produces, the number a^. What doea it mean to as)c' if this" ' 
operation is commutative? Is it? What would it mean to ask 
whether or noj; thiS' operation is, associative? 



Let us extend our notions about exponents. *Since we know that 
the set of real numbers is closed under multiplication, it must be 

3 2 r- 7 

true that a /a names a real' number.. Is there a simpler name? 

Since a^ means that a is a factor three times and a^ m^ns 

that a is a facto r twice, it follows that ^ a^-a^. has a as a' 

factor Vive times, '^hat is, 

5 factors ^%.. 

3 2 ^ ^ — \ 5 \ 

a 'a = a*a-a • a - a = y*-' 

^ • 3 ^factors 

Write simpler names for each of the following: a^-a^j b^-b^; 

3^-3^; (x^)(x^); a^.^a^-a^- c^.c^/ a^-b^ 2^.3^ Suppose, we 

consider jbhe number a"^-a^, where m and n a^^^p<^Sitive integers. 

m + n factors / . * 

a"^*a^ =^a xaxax...xa. xaxa x4i x, ... x a^= a"^ ^ 
^ — V— ^ ^ V — — ^ 




m factors n factors 



Does it seem reasonable, therefore, to s^ that a -a anc 
^m + n names for the same number? ^ 

Have you noticed that we have l?een talking about a^,* a^, 

a^, aJ etc-., that'll, forms of the type a^, wher^ n ^ 1 
positive, integer; but we have not mentioned a*^? . Certainly, 1 
' is a positive integer and we 'shall define a^ = a. 
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Write simpler names for the following. 
Example . (9x^)(3x^j = (3^x^)(3x^) 



= 33x6. 



(a) m3-m^ « (f) (l6a^)(32a^) 

(b) (x3)(x9) ^ (g) (x2a)(ita)_ ^ 

(c) (2x)(2x3) .(h) 3^-3^ / 

(d) (2x)(23x3), . (i) 3^.23 

(e) (27a)(3V)" {}) 2^ -^'-^^ -3^ / 

(Hint: Replace 27 by iy\ f3k2tU3m^t> 

its prime^factorization.)^^'' i-^^ t^Jm t; , 

In Problems 2-12 tell which sentences are true and which are 

< 

false and show why in each' case. 



2. 


23 + 33 = 53 


8. 


.23 


H^23 




2^ 




3- 


23.33 = 63 


\ 9. 


33 


+ 33 




3^ 




4. 


23 + 33 = 63 


10. 


33 


+ 33 




33 


= 3^ ■ 


5. • 


V'33 = 6^ 


11. 


43 


+ 43^ 




43 


= 4^ 




23.33 = 69 


;i2. 


43 


+ 43 




43 


+ 43 = 4^^ 


7. 


23 +'23 = 2^' 














13. 


Write othfer names for: 















y(a) 23('22 + 2) (c) (a^ +-2a3)(a - a.^) 

,,^) 2x3~(2x'^ - 4x3) . • y * 
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■^^her Properties of Exponents . Now let us examine the 

a-5' ■ ■ ' 

fraction -j, a 0. Is there a, simpler, name for this fraction? 

3. 

the meaning, of and a^ it-is evid^t that 



Prom 



5 

^ ^ axaxa^xaxa . 
^ a X a X a 

= ^ ^ -x axaxa 
= a2. 



5 2 6 Y 2 3 

Write Simpler names for: ' -^j ^; ^; %; Hi,; where- none"" 

X b c 3 a m 

of the variables has 1?he value 0, Gan you gener|Llize the results?' 

Suppose we consider ^ again, but reason in this way: 

a5 = a3.a2, because a!!^.a^ = .a'" + ^. 
Then * ^ 

= (^•a3)a^' (Why?)-. 
A -0 a ' 



That is, if m >-fi. 



='l-a^ ' (Why?) 

= (Why?) 



a a 

= (i-.a")a'" - » 

a 



5 l-a"".- ^ 
= a"" - " 
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"We specify that m > n because we, want m - n to be a positive 
Integer • ' ^ . 



'If" ra = n, 
/ 

If m < n. 



a _ a 

^n " m 
a a 



a^ -a 



= a"(i- 



^n - m' 
a a 

/^m 1 \ 1 

a a 



n - m 



.n - m 



To .sximmarize: When (a / 0) 

If m > n then ~ 

. * a 



If m = n then 



If m < n then 



n 



n 



^3 r 

- m example, = 6^ 



= 1. 



For^ example. 



65 
65 



= 1, 



n - m - example, -g-= -jf. 

1 6-^ o 



Problems 



1. 



Simplify: 

pie 

plO 
(b) ^ 



(c) 



22.3^ 
23.35 



N^Ih Problems 2-5 simplify each expression. (We assume that no 
variable 'will have th$ value 0.) 



2. 



3. 



(a) 
ii>) 
(a) 



2x" 
aVc " 




(b) (aVc)(^Vc^) 
(a) 

^(5 I X) . 

(ar'^SsiV .V 
48x°y^ 



(0) ^ 



— T 

5b ^ 

42a 



4a 

(c) a^b^c 4. aVp^ 



(c) 



28^ 



In Problems 6-10 tell which sentences are true and which are 
false 'and show why. 
2 

9. 



3 



7. = 2 

3^ 3 ' 

8. -Tf = (^) 



10. 



= 2- 



11 . Why raiifft- we be careful to 
avoid 0. as the value of 
the- variables in Problems 
2-5? 
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Having three properties of exponents for handling division 

is never as satis factor;fas Just one which will do the same Job. 

It happens that it isi. possible to reduce all three to Just one, * 
^ ♦ — • 

liajnely: 

m - n 



= a 



^ 



if we drop the condition m > n. Let us work some problems in two 
ways, first,' using whichever^ property of the last sec'tion is 
appropriate and second, using 



n 



= a 



m - n 



\ 



It is convenient to tabulate the results A 

i 



Complete the table 
J 



Compare — ^ = 



=.7 - 3 - ,4 
a = a 



with 



7 



= a 



Compare — ^ = 1 



with 



= a 



Compare *^ = 
a-^ 

' a^ 
Compare — = 

, a* 



Compare — ^ 
a^ 



1 
a 



1 

5"^ 



1 

.7 



with 



with 



with 



a"" 3 

— jr - a 

a . 

a^ ^ ^2 



- 5 

- 4 

- 3 



= a 



= a 



= a' 



We have extended notions of niufib.ers in many instances before; 
can you now extend your notion of ^exponents? Examine the above- 
table carefully to answer the following questions: 

■ .a-i = ? ^ • \ 

" ' a-2 = ? 
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-Do zero^akd negative exponents make any sense in our definition of 
a"=a.a:a.... to n factors? Of course, it is senseless to 

ZTJ ' • ^-'^ ^-^--^ous comparisons 

suggest a way to write Just one pWrty of exponents for division 
If we define, for 





aO 








= 1. 


and 








a-" 


1 






= ^ 


then 0 








a^ 


= a™.i- 




• a" 


. a" 












= a™.a-" 




a™ 












a" 


=Ka™ - 








Example ll 




• 




t 


= 7*3 - 5 



1 



Is this the same result you gel^ using the former definition?- 

. NOW that, we have a meaning for a negative exponent and for a 
zero exponent, the -properties 



a^" = a-^^ " and "4= " P 

a 



hold 'for an2 integers m and n, whether positive, z^vo, or 
negative. » , 
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Exatmple 2. 



2.^-3 -2 -3 



X y X' y 



Example 3^. 



= ^-2-V3-(-2) 

1 1 

1 



10"^ 10"^ 



10" X 10 „ iq 
10-1 



-l-(-5) 

10^ 



10 



, Problems 
1* Simplify each of the following, first by the single property 

* m 

a ^m - n 

a" • ■ 

and also in a form \islng only positive exponents. ^(Ass\ime 
none of the variables takes on th^ value 0.) 

Example . — = a = ^ 
a^ a 
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3^ t^s lo|^ X 10^ 

10^ X 10^ 



m % • (f) 



if 



(b7 % (S) ^'^ 



3VT a'b 



. 10^ 3t^ 

/ X , 10^ X 10^ 
(e) 3 

Simplify to a form with only positive exponents. (Assxime 
none of the variables takes on ther value 0.) 

(aj 1°" V°"' ■ (?) 4^ 

,,x 10*^ X 10^ ' /X 3^ X 2"-^ 

(tl) 175 . (gj -.J 75 

10 2^ X 3 

(c), .007 X 10^ X 10-^ (h) 10^ X 10-^ X loQ 

lO'^ X 10""^ 

(A\ 12a^b ^-3 -2 4 

3a'b'^ ' -'^ 5 ll . 



2 -2 



2 X y 



The distance from the earth to the suni in miles is approxi 
mately 93,000,000. 

(a) ' How many millions of miles is this? \, , 

(b) How many "ten millions" of miles? 

(q) Is 9.3 X lo'^ another name for 93,000,000? 
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4. In the following, what integral value -(or values) "of n makes 
the sentence true?. 



(aj 


3 3 


10^ 


(e) 


lo" 


X 


lo" = 


lo8 


(b) 


lo"-'- X lo"-'- 


= lo" 


(f) 


lo" 


X 


lo" = 


10-6 


(c) 


10 ^ X 10 ^ 


= lo" 


(g) 


lo" 


X 


lo" = 


10^8 


(d) 


lo''' X lo''' = 


lo" 


(h) 


lo" 


X 


lo" = 


10-^ 



5* If n is a positive integer aiid / 0, ptove that 



a-" 



vniat is the meaning of (ab)^? We know ab names a number, 
and we also know that a number cubed means that the number is a 
factor three times. Therefore, ^tr)^ mxist mean (^b) (ab) (ab) . 
By the commutative and associative properties of jnultiplication 
for real nvmibers we know that 

Pl (ab)(ab)(ab) = (aaa)(bbb) = aV. 
.Thus, , ^ • , 

(ab)3 a^b^. . 

3 ' f 

Write 'another name for (^) , ^xising similar reasoning. Write 

p '5 

another name for (a'^b^)^ xising similar reasoning. In general, 
we have ' 

■(ab)" = a"b". ^ ' 
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" , ■ ■ Problems 

^ In Problems 1-8 simplify (assuming no variable has the value 
0) and write answers with positive exponents only. 

1. (a) (3a3)2 (c) (Sa^)^ • 
(b) ■ ■ ' .■ (d) 3a"^32). 

2. (a)' ^ ' , («)'-?^ , 

ISxy*^ 15(xy)'' ^ 

(b) ' ' ; 

(a) (c) ^ ' 



3. 



8. 
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4. (^Y(^) 
(2y)^(2y2) 

6. 



(b) x^^.x^ 
90(ab)^ ' 



^2a , . 3 

'7. (a) V ) 

X 



8lab"^ 

loQto 2 o 9 
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Is each of the following true? Give reasons for each answer. 



(.a) '(§) =^ 
2 2^ 

(b) ^ = ^ 



(e) 



.3 is a factor of 
,3 . 



(3^ + 3^). 



(c) 



2a2 



5a^ f 5 a^ 
(d) ^ - 

7b^ 7 b'^ . 



(f) ,3 is a factor of 
(6^+9^). 

(g) (2x + 4y^) is an even 
number, if x and y 
are positive integers. 



10. (1) Take a htunber, (2) double it, (3) then square the 
resulting nvimber. Now ^ tart again: (l) take the original' 
number, (2) square it, (3) then double the resulting 
number.," 

(a) Is the final resiat the same in both processes? 

(b) Using a variable, sl)ow*whether or not the two proce'dures 
' lead to the same result. 

11, Simplify the ^ following, that is, change to a form involving 
one indicated division. 



Example. 



3x 6xy 



4 _ 5 3-2y^ .-^.3x2: - i.^- 
6xy 9y 3x'^-3-2y'' 6xy 3xy .9y 2x 

30y^ +- 33xy - 8x^ 



•2xV 
^ 307^^ + 33xy Sx'^ 
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12. 



•• 13, 



(Notice that 32.2.xV ig the least common multiple of Sx^, 
6xy, and 97^, because 32.2.xV is the smallest set of' 
factors which contains 3x^, 3 -2x7, " and 3 -37^.) 

(b) 

2 



11 ^ 13 
35a^ 25ab 



7^ 



Prove: If a' is odd and if a is an integer, then a is 
odd. (Hint: Assume a is even and obtain a contradiction.) 
2 



Prove: If a' is even and 'if a is an integer, 
even. (Hint: Assume a is odd.) 

Let a be 2, b be -2, c be 3, d be -3.' Then 
determine the value of: 



(a) -2a2b2c2 



(b)' (-2abc)' 



15. Multiply: 




is 



(c) 



(d) (; V 



Examele. (a^ ..3)r(a2 - 2a + 1) = a,^ia^- 2a + 1) -3(^2 - 2a '+ i)' 



2a^ + a^ /■3a^ + 6a - 3 



= a 



= a^; - 2a^ -2a^ ;H 6a - 3 



(a) (x^ + i)(x3 + + 1) ■ .(c) (a + b)2 \ 

(b) (2x - 3y)2 
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POLYNOMtAL AND RATIONAL EXPRESSIONS . 

* Polynomials and Factoring . We have found that there are 
many; advantages to having a niomeral In factored form. Conslcjer, 
for example, the number 288. The common nkme for' this number Is 
actually an abbreviation of "2(100) + 8(10) + 8". This Is the * 
form on which most of the arithmetic Involving the number Is based. 
We also have the factored form "2-^*3 ". If you want to tell 
whether or not 288 Is a perfect square, which form would you use? 
What If you wanted to find the simplest form for V 288? In algebra, 
the;, factored form for a positive Integer Is frequently the most 
convenient, ^ - 

Since the prime factored form for Integers has turned out to 
be so useful. It Is natural to aslc whether we can similarly write 
arlgebralc expressions in "factored foiagj^, that is, as 'indlcatefl 
products of simpler phrases. You have already ^done problems, of • 
this kind. What, properties of the real nxambers enable^ las to^^ write, 
for any real number x. 



3x^ + X = x(3x + 1)? 



2 ' ' 

We could also write 3x . + x ±x} the factored fojjm 



3x^^^ X = (x^ + l) >m " ^ ^ ' . , 

-^^^x"^ +1 ^ - . ■ 

Why is this latter form'ncrt ag^ interesting as %he fi^t? 'One' 
reason is that^the factor "^^g is more complic'aj^^ecj^ thaft^'^e - 

^ 0 X'f'l ^ •p'*^tf*^*o 

given expression; it involves division, while "3x invo^yes 
only addition and inultiplication. We are reminded of our_stud^^ 0f > 
positive Integers; it was useftil to factor pos^itlve integers jp^^?^^ » 
the positive Integers, but not over the rationals or reai^t^j- 

What type of expression should correspond here to'^. a p&sitive 
integer? In other words, for what types of expressions will^the ^ 
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problem of factoring be interesting? Certainly, phrases such as 
'2 - 

3x + X, X and ,3x + 1 must be included, while phrases suah as 
2 

^ should be excluded. 
+ 1 , ^ ' , 

Let us look more closely at, the form of the phrase 

'3x^ + X. 

it involves the integer 3, the variable x, and indicated oper- 
ations of addition and multiplication. On the other hand, the 
phrase * 

3x^ + X 

— — 
. x"^ + 1 

involves the integers 3 a^d 1, the variable- x, and indicated 
operations of additionV multiplication and division. As we have 
seen,^^ the essential di^^rerence between these phrases is that the 
secohd involves division while the first does not. 

Thus, we are led to a general definition of phrases such as 

"3x^ + x". * 

A phrase formed from integers and variables, with ^ 
no indicated operations other than addition, sub- 
, traction, iirultiplication or taking cpposites, is 
called*' a polynomial over the integers . 

If there is just one variable involved, say x, we have a 
polynomial in x. Thus, "3x^ + x"*, "3x + l"," "x" are poly- 
nomials in X over the integers . ' . - ^ 

Later we will/€3c^end our *study to polynomials over the real 
nxambers, but for the time being "polynomial" will mean "polynomial 
over the integers". ^ ^ 
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"* ' • Problems 



Which are polynomials over, the integers? ^ 

1. U) 3t'+ 1 • (e) (x - 2)ex^+ 3) 

* ' (c) 3a^b (g) rq - V?" 

(d) 2 ■ • (h) Ixl + 1 

Simplify by performing the indicated multiplications and 
collecting terms. Is the result always a polyn9mial over 
the integers? ' , 

2. (a) 2x(.x - 2) (e) (u + ^)(u - " 

(b) *cy(x-2y) ' , (f) (x + 2)(x + 2) 

^ . (c) (t - 2)(t + 3) * (g) (3t - 8)(6t + 11) 

, i (d) T^xy2)(|x2y)z ^ (h) 2(y - l) + y(y - l) 

3. Will indicated sums and products of polynomials over the 
integers always be polynomials over the integers? • 

4* Can an indicated quotient of two polynomials ever be a 

polynomial? Can such a quotient ever be simplifieid to he 
a polynomial?' Give an example.. " ' 



Let us return to the piroblem of factoring expressions irtiich 
led us in the first, place to consider polynomials. Just as the 
problem of factoring mimbers was most interesting when it^was 
restricted to positive, integers, so the .problem of factoring 
expressions is most Interesting vrtien it is restricted to poly- 
nomials . . 
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' ^ Recall the expression "3x^ + x" which we considered at the 
beginning of this section. This i6 a poljrnomial over the integers, 
and we saw that l^e distributive property could be used to write 
it in the factored form 

3x^ + X = x(3x + 1) . 
Since "x" an^ "3x + l" are also poljrnomials over the integers, 
we say that we have factored a polynomial oyer the integers. 

This suggests the reason for our dislike of the factorization 
3x2 + X = (^2 ^-i)3x^ -f x^ 

x^ + 1 

We want the factors of "3x2 ^ game kind of phrases 

as "3x2 + x", ndmely, polynomials . Thus, 

The problem of factoring is to write a given 
pol3rnomial as an indicated product of polynomials. 

Just as in the case of positive integers, we also wish to 
carry the factoring process for polynomials as far as possible, 
nameljr, until the. factors obtained cajinot be factored iifto. 
"simpler" pol3rnomials . ' < 

Factoring .can be thought of as the ±nvei»se process what w^ 
have called ^'sinfiplif ication" . For example, given the polynomial' 

x(3x + 5y)(2y - x), 

we "simplify" it by performing the indicated multiplications and 
collecting terms, thus, obtaining the polynomial 

-3x^ + x2y . I0xy2. ^- 

On the other hand, in order to factor the polynomial ^ 

. ^ -3^'' + x> - lOxy^, ^ 

we must somehow reverse *the simplification steps so as to obtain * 

x(3x + 5y)(2y - x) . 
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By examining 'carefully the process *c/f simplifying indicated pro- 
ducts, we shall work out in this chapter techniques for handling 
problems of this kind. 

Notice that the polynomial obtained in the above simplification 
is a stim of terms, each of which is also a polynoird^l. A polyno- 
mial* which involves at most the taking of oppos^TJS^ and indicated 

products^ is called a monomial > Hence, each of the terms -3x , 
2 2 

X y, -lOxy is a monomial, and we have written the given poly- 
nomial as a sum of monomials. Any poljrnomial can be written in 
this way as a sum of monomials . 

When a polynomial in one variable is written as a ^um of 
monomials, we say its" degree is, the highest power of the variable 
in any monomial. Thus,^ for example, 

> ' 3x^ -.2x-+ ^ 

'is a' polynomial of degree two. We also say that^ "3 is the 
coefficient of x^, "-2" Is the coefficient of x, and, /'4" is 
the constant . A polynomial of degree two is^ called a quadratic 
polynomial , v . ^ - 

In factoring polynomials in one variable, our ob-jective is to 
^obtain polynomial factors of lowest possible degree. 



Problems 

». ^ -: 

-1. Wljich of the following polynomials are in factored form? 

(a) (x « 3)(x - 2) (d) (x - 3)(x - 2)(x - >) + (r - 1 

(b) '^(x : 3^ +^(x - 2) ' (e) (x + y + z)(x - y - z) 

(c) (x -^3^)x - 2. (f) 3z(z +'1') - 2z *r 
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2. Use the distributive property. If possible, to factor a*^ 
completely as you can, each of the following polynoiftials*. 



; -(a) 


a? + 2ab 


(h) 








(b) 


3t - 6 


(i) 


3ab ■+ 4bc - 4ac 


: (0) 


ab + ac ^ 


(J) 


abx - aby 




3x(xz - yz) 


(k) 


i6r^a)x - i6r%)j " 


(e) 


ax - ay 


(1) 


(u^ + ■v^)x - (u^ + v?)y 


(f) 


c 

6p - 12q + 30 

✓ 


(m) 


x(4x - y) - y(4x - y) 




2(z + 1) - 6zw 


(n) 


Sea^b^c^ 


What 


Is the degree of each of ^ 




following polynomials? 



(a) 3x + 2, 5 - X, (3x + 2)(5 - x) 

(b) x^ - 4, 2x + 1, (x^ - 4)(2x + 1) ^ ' 

(c) 2x3- +x, x2(2x^ - + x) 

(d) 1, 7x5 _ 6x + 2, l-(7x5 - 6x + 

(e) x^ - 3x - 7/ (x^ - 3x - 7)2 

(f) What can you say about the degree of the product of two 
polynomials If you know the degrees of the polynomials? 



Factoring bj; ttie Distributive Property . In many of our 
applications of the distributive property In previous chapters, we 
changed Indicated products Into Indicated suras and "indicated suras 
Into Indicate^ products'. The latter Is actually^factorlng and it 
gives us an important technique for factoring 'certain polynomials. 
We -saw some simple 'instances of this in the preceding section. 
Ilore complicated examples will be considered here. 
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Example 1. 4,t - 6t^.^ This is a polynomial in t. Using 
the distriijutlve property we write 

' kt\ - 6t^ = 2t^{2 -3t2). 

Example 2.^ 6a^b^ - Sa^b^. This is a polynomial yin ti^6 
variables "and b. The distributive property enables us to 
write it in various -forms, of which some ^re 

(i) 3(2aV -'aV) ' ' \ 

' ^ (ii) ab(6a^b - 3ab^) , 1 

(iii) ^ 3a^(2ab^ - b^> 

(iv) 3a^b^(2a - i)) . 

In each case we have factored the polynomial toto polynomials. 
Which factored form is simplest? In Pofm3^(i), (ii), (iii) the. 
distributive property can be used to do more factoring. In the 
case of (iv), the' factoring is 'complete, * 

Example^ 3. 5(z r 2) + (z^ - 2z). This i& a polynomial in 
one variable z oyer the integers. We first wril^ 

' -^(z - 2) + (z^ , 2z\ = 5(z - 2) + z(z - 2) / \ 

Then by comparing with, tfte form of Udi/ distributive property we ^ 
have ^ ' ^ I ^ / 

. ;ac + be '^^a+1)) c • ' 

j\ /If i ■ 1 1 ^- - 

5(z"^) + z\^2y^ (5+ z)(z^2). 

Notice how we ident:^ c )^ith the single nlunber (z - 2). The 
distributive property has been used twice, first to obtain ' 
z. - 2^ =»z(z • 2) ^d then to wr4.te -5(z ^-2) + z(z - 2) as the 
Indicated product (5 + z)(z - 2). 

We found many uses for the factored form of ah Integer, ^ 
Similarly, we will flnd'many applications for the factored form of 
a poljjnomlal . . • , / 
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Example 4. •Solve 5(2 2) + (z^ - 22), = 0. 
The result of Example 3 tells us that, for any re^^uinber z,' 
5(2 - 2) + (2^ - 2z) = (5 + ^>(2 - 2). 
Thus, an equivaj-ent equation is 

+ z)(z - 2) =-0. 

0 

The truth set of this equation is (-5, 2). (Why?) Notice hdw 
factorization -of polynomials helped us solve the ''equation. 



^Wroblems « ^ - ' ^ 

Factor eich of the following- expressions as Jar' as you can 
\ising .the distributive property. Whicih eases illustrate- 
factoring pplyriomials over ,the integers? 

1, 3x(2xz - yz) ' • ^ 2. - 3st^ 

.3. I44x - 2l6s + l80y: What have you learned to do vrLth integers 
that will enable you to find the largest commQn- factor here? 

'4. |u^ - I'iv^V 3.v^ ,9, a(x - l) + 3'(x - 1)" " • 

5. -x^y^/f ,2x^^ +*xy^ .■ 10. (x-+' 3)^ - 2(x + 3) ; 

6. -g^^ + -^^^ - '-^^^ . 11- (u + v)x;-^(u + v)y 

7- ' Sr/3 +'s^v{F ' *12. (a - b)a + (*a - b)b 

'8. 3ab + ^bc - 5ac \ . 



ERJC 



V 



^3. (x + y)(ii - v) + (x 4 y)v 

14. (r - ^)(a + 2) + (s-- V)(a + 2) 

15. . 3x(x + y) i 5y(x +.y) + (x + y) 

' .1 . 
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The distributive property has enabled iis to. factor polynomials 
such as + bx tod ax + ab into 



and 



x"^ + bx = x(x +^b) 

ft*. 

'ax*"+ ab = at(x + b). 



respectively. Suppose now that we consider. the polynomial 

2 

X + bx + ax + ab. 

You see that we can factor the sum of the first two terms, namely, 
X + bx, and the sum of the last two terms, ax + ab, .Thus, 

x^ +.bx + ax + ab = <x^ + bx) + (ax + ab) 
= x(x ^ h) + a(x -b b) , 

We have now succeedea in writing our given sum of four terms as a 
sum of two terms whidh have a common jTactor, (x + b). Applying 
the distributive property for the third time, we obtaifr 

rt + st = (r + s) ,t 



-A • /I ■ 1 r 'i ■ 

4x + b) + alx + b) 4 (x + a)(^T\), 



> • 

X + bx .+ ax + ab = (x + a) (x + b) , 

Factoring such as we have done here, by grouping ' terms , ' depends 
on the arrangement of the terms* For example, consider the arrange- 
ment x^ + ab '+ bx + ax. This c^n be written as 

2 " p ■ ' 

' X +.ab + bx + ax f= (x- + ab) + (b'+ a)x, ' . ^ 

In this form, however, there is no common factor in the two ' . 
terms, so it does not lead to a factorization of the given poly- 
nomial, ' (Why?) 
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Example ^. Factor +Hx + 3x + 121 ^ 

, + 4x + 3x + ll = (x2'+ i^x) /(3x + 12) 
' • • = x(x + i^) + 3(x + h).^ 

be = (a + b) c 

i LA 



ac 



/•I /i A I ^ 

xi^) f 3lx^) = (if 3)-(xf 



• + i^x + 3x + 12 = (x + 3)(x + 4), 

Agal., notice how (x 4) is treated asV-single number when the 
distributive property is applied the last time. ^ 
' Example 6. Factor xz - 8z + x - 8. 

xz- 8z + X - 8 = (xz - 8z) + (x - 8) 

= (x - 8)z + (x - 8)-l 
= (x - 8)(z +^1) 

Let C try another grouping of ^ersnBi 

xz - 8z + X - 8 = xz + X - 8z - 8 
„ . = (xz + x) - (8z + 8) 

= x(z +1) - ^(z + 1) 
. . • =(x.-8)(z+l) 

Example 7. Factor 2^t + 6 3s - i^t. 
^ ^st + 6-- 38 - hi = (28t + 6) - (3S.+ 4t) 

^ . . • ' ■ . = 2(8t + 3) - (33 +-ht)\, . 

grouping leads us nowhere'. Perhaps" another grouping will ?e^ 
Tettef Notice that 28t and -38 .have a common factor s and 
aiH L ren. W te.^ 6 and -.t " als6 hay, . common factor 
2. Therefore, we tr^f " ■ ' 



28t + 6 - 38 - 4t = 28t -.38 - 4t + 6 * 

= s(2t - 3) - 2(2t - 3) 



2)(2t - 3). 



"A 



■ '^>M-^^^ / . .... 

We 'Should not conclude' that all polynomials of this kind can 
be factored by the'method of Examples 5> 6, 7. Some polynomials 
which look like these simply canriot be factored regardless of the 
grouping. For' example,^ try to factor 2s t + 6 - 3s - 2t.5 



Problems 



Factor each of tlje following polynomials. Consider polynomials 
over the -integers l^henever possible. 



1. 


ax\+ 2a + 3x + 6 




6. 


3a + 


2. 


\ix + vx + uy + vy 




7. 


- 


3. • 


p 

2ab + a + 2b + a 




8. 


t2 - 


4. 


•3rs - 'Ss 5r - 5 








5. 


5x^+ 3xy - 3y - 5 








10. 


2a| - ^ab >/T - Sab + 


3b^yT 






11. 


2a - 2b + ua - ub + Tm. - vb. 


(Try three 




each. ) 








12. ^ 


X + "4x.+ 3. (Note thaV 4x = 


= 3^ 


t ^0 


13 


- b^. (Note that 


o2 v2 
a - b 


= a 


^ - ab 



pq + mp + mq 



Difference of Sqiiares . Consider, .for any tw? real numbers 
a and b, the product ' ' ^^S^r^ 

(a + b)(a - b) = (a. + b)a - Ca 

2 2 . ''^ >* 

= a + ba - ab. - vb ■ 

^ ■ - 

= a^ - b^. ^ ' '^^ \ 

This shows that the product of the s\im and difference of any two 
real 'numbers is eq\aal to the difference of their squares . 
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^ Example 1^. Find the product of the sum and difference of 
20. and 2. ^ ^ 

{20 + 2)(20 - 2) = (20)^ - (2)^ 
=400-4 ' , 
= 396. 

Example 2. Find the pr<jduct of the sum -and difference of 
' 2x and 3y^ 

(23C + 3y)(2x - 3y) = (2x)^ - (3y)^ 

= 4x^ - 9y^. 

Let us turn the above problem around. If we are given the 
2 2 

polynomial a - b , then we .know that 

^ ' a^ - b^ = (a + b)(a - b) . 

In other words, a difference of squares can be factored into a 
product of a sum and a difference. Knowing this, we can always 
factor a polynomial if we can first write it as a difference of 
square 
write 



squares.^ Thus, in Example 2, if we are given 4x - 9y , we 



- 9y^ = (2x)2 - (3y)2 
* ' * - ^ = + 3y)(2x - 3y)'r^^ 

Example 3> Factor 8y^ ^^18. ^ 
UsiUjf^he distributive property, we have 

' , 8y^ - 18 = 2(4y2 -9). 

In this form we recognize one ^ctor to be the difference of 
squares: 



- (2y)^ - (3)2 



Hence, 



(2y +^)(2y - 3). 



8y2 - 18 = 2(2y + 3)(2y - 3) . 
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Example 4. Factor aa^*- 3ab a^ - b^. 
* By grouping, we write 

,3a2. - 3ab + a^ - b^ = (Sa^ - 3ab) + (a^ - b^) 

= 3a(a - b) + (a + b)'(a - b) 

^ (3a + (a + b)^(a - b) 

= (3a + a + b)(a - b) 

= (4a + b)(a - b) 

. ^ 2 . ' 

" Example ^. Solve the equation 9x -4=0, 

Since 9x^ - 4 = (3x + 2)(3x - 2) for any real number ^ x, 

the given equation is equivalent to 

. (3x + 2)(3x - 2) = 0.' 

Moreover, for a real number x, (3x'+ 2)(3x - 2) = 0 jLf and only 
if either 3x + 2 = 0 or 3x - 2 = 0, Therefore the sentence 
"9x -4 = 0" is equivalent to the sentence "3x = 2 or 3x = -2 
and the truth set of the equation gx^ - 4 = 0 is {•!, - • 



Problems 

~^ — 

l7 Perforin the^^lndlcatM operations. 

(a) (a-.2)(a+2) (e) ; (a^ + b^) (a^ - b?) 

(U) (2x - y)(2x + y) ^ (f) -(x a)(x - a) 

(c) (ifin + l)(mn,- 1) ■ . Mg) (2x-y)(x + 2y) 



(ifin + ] 
/sxy - 



(d) ^3xy - 2z)(3:qr + 2z) (h) (r^ - sHy + s^) 
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Factor the following polynomials over the integers if. possible. 



4. 



(a). 1 - n2 




(h] 


x2 - 4 


(b) 25x2 - 9 


■ 


(i] 


x2 - 3 


(c) 16x2 -'*4y2 




(J) 


x'^ + 4 


(d) 25a2 - b2c2 




(k) 


3x2-3 


(e) 20s2 - 5' 




(1) 


(a -1)2-1 


• (f) 16x2 - 4x 




(m] 


(m + n)2 _ (m - n)2 


(g) 49x'* - 1 




(n) 


, (x2 - 3f2) - (i - y) 


Solve the equations . 








(a) . x2 - 9 = 0 




(e) 


4t2 - t = 0 


(b) , 9r2 = 1 




(f) 


x2 + 4 = 0 


(c) 7,5s2 -3 = 0 

(d) 2x2 = 8 




(g) 
(h) 


y— 16 = 0 
- (s + 2)*^ - 9 = 0 



Factor 20' 



1-. . Solution 
2' 



20 



1 =20" - 
= (20 - 
= 19-21, 



1)(20 + 1) 



(Why?) 
(Why?) 



Can you see how to reverse these steps? Suppose ydu are asked 
to find (19) (21") mentally? Is It easier to find 2o2 - i? 



Find 


mentally: 


r 

■ \ 


(a) 


(22) (18) 


(e) (I0lj(99) 


(b) 


(37) (43) 


^f) (40m)(50n) 


(c) 


(26r)(34) 


, (g) (36(m + n))(44(m - n)) 


(d) 


(23x)(l7y) 


(h) <6)(6)(4)(11)^ 


(a) 


Can 899 be 


a prime nimiber? (Hint:, 899 = 3o2 — 1.) 


(b) 


Can 1591 be a prime number? . ' 


(c) 


Can you tell 


anything about the factors of 391?' ' 


(d) 


Can -you tell anything about the factors' of 4oi?' 
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6. What is- (2 -^/3)(2 +v^)?'* Once again-, since we°have ther sum 
and difference of the same two numbers, this becomes 

(2) - (73) =4-3=1. We can- apply this to-^rationalize 



the denominator in 



2 -^^3 

By the multiplication property of., .1, 

1 J ' 1 2 +-/3 
2 -^/3 2 -73" 2 +/3' 

■ =2_t^.2+/3. 

What does this say about the reciprocaJr of 2 - v3 ? 
Of 2 +L/3'> . ' ' 



Rationalize the denominator: 
(a) , ^ ■ (c) 



-6 



5 +>/2' . 2 +^/4 

3 -^5 ^/^-^/5 

V 

7. Factor 'each of the following: 
\ ^ (aj a-^ + b^ = a^ - ab^ + ab^ + b^ 

^ = a(a^ - b^) + (a + b)b^ ' 

= a(a + b)(a - b) ,+ (a + b)b^ 
. = (a + b)t(a(a -» + b^)* 
=. (a + b)(a^ - ab + b^) 

(b) t^ + 1 

(c) + 8 

(d) 27x^ +1 
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8. Factor each. of the following: 

(a) ' a^ - = a^'- ab^ + ab^ - b^ 

= a(a2 - b^) + (a - b)b2 



a(a - b)(a + b) + (a - b)b^ J 



= (a - + b) + b^-^ 

'= (a - b)(a^ + ab + b^) 



(b) f' - 1 

(c) - 8 
(5i) - Sx^ - ] 



We know that the set of non-rational numbers contains the set 
of rational numbers. We' must determine whether or not niimbers like 

"2 +73" ^and "2 -^3" (any numbers In the form of "a + byri") 
are closed under the operations of arid "x". Are the 

commutative, associative and distributive properties satisfied? 

By now some of you may have the clue to what it Is we are 
doing. Referring l^aok to the section on "Fields and Modulo • ^ , 
Systems" in Part you will see that by' this time, five of the ' 
eight properties of a field have been satisfied. A little more 
verification of the remaining properties should convince you that 
the niunbers in the form of a + b^/TT do, in fact, form a fieldlJ 
(The identity elements for + and • x are respectively 0, and - 
1. Can you write these in the form of a + b-/n?) 

We can now speak more convincingly about the process of. 
"rationalizing the denominator". Since we are working with a field 
the Operation of dividing one of these numbers by another can be 
reduced to multiplying the first by '^le multiplicative inverse of 
th6 other. For example, 

5 +/3' 5 +v3 



o 

^ 0 / 
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Now since — is not in the form of a + hjn, our task 

,is to write it in that form so* that the multjplicatipn'can be pei^- 

formed. We seek another form o^ ^ — ^ where no radicals Appear 

5 + /3 - ^ 

in the denominator. This is accomplished by using the multipli- 

ction property of 1 as follows:' ' ' ' • 

5 +/3"" 5 +^/3 5 r-J^ ■ C' 

^ Why do we choose 5 - •/z'i , 

This result 

°^ " "52"*^* n\Mber in the form of 

' / 
a + byn. It is now possible to multiply (2 - •^^/3) 

and obtain a valid result. The whole process, however, is shortened 

as follows: 2_^l^-. ^ 10 - 7 ^3"+ 3 

5 +/T'5- -/3" 25 - 3^ 

13 7^/3^ 
^2 



Perfect Squares . For -any real numbers a and b, 
consider the product 

(a + b)^ i^(a + b)(a + b) • 

« (a + b)a + (a + b)b 

2 . p 
= a + ba + ab + b 

; = a^ +'2Cab) + b^ . ' 

The jpolynomial "a^ -f 2(ab) + b^", since it can be written as the 
product of two identical factors, is Called a perfect square . In 
the Scune way we can obtain 

(a - b)^ = a^ - 2(ab) + b^, 

2 ' P ^ 

so that "a - 2(ab) + b " is also a perfect square. . ^ 
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The problep is to Identify a polynomial which is a perfect 
square a^wrlte it in Its "squared" form. We have already met 
perfect-squares of the type 25a\?c6 (note that 25a Vc^ 
Ibl^'''''^'^' are interested here m the two types considered 

consider example (2x * 3y)<^ in comparison with the 
general case (a'+ b)^. , - ° s 



(a + b) 



+ 2(ab) 



+ ■ b' 



+ 3$r)2 = (^)^+ 2(^.3^) + (3i)2 
= + i2xy + 9y2. 



If we are given fe^ ^ i^xy ^ Sy^ at t^^ outset, the problem Is • 
to write It in the fonn. (2x)2 , 2(3x.3y)-. (3y)2,. f..m which the 
factored for™ (2x ^ 3y)2 Is obtained Immediately by iaking a 
as 2x and b as 3y in the general form. " 

■ Example 1. Factor + Sx + 9. 

2*0* 

X +^x + 9 = x^ .K,2(3x) + 3^ 

= (x + 3)2 

as thrif " ''""'^ ^"^'"■^•^ °^ ^ Poi;momial-such. 

as this Is ,a perfect square? 

-^^Ple 2. Factor 9s ^ + i2st +' kt^ . 

■ . 9s2 + i2st + 4t2 = (3s)2^ 2(3s.2t) + (2t)2. 

= (3s + 2t)2. 
• acample 3.= Factor ka.^ , 4ab + b^. 

4a2 - 4ab + b^ = (2a)2 . 2(2a.b) + b^, 
= (2a - b)2. 



0 o O 



• 9 O 



Problems 

!• Pill in the ^missing terb' "S^*' tti\t the result is a perfect 
square"! ' \ . 



t^' - 6t + ( ) (e) ) + 6xy + 

(b) + 8x t.( ) . (f)>-u2 _ ^ 25 ' 



yf^a^ + 12a + { ) (s),4s''+( ).+ 9 

(d) 43^ + 4st + ( ) (h) ^ ^Q^'^ ( 

2. Which of the foirowing are peyfe^t squares? 



(a) + 2xy + y2 (e) 4-2715 + ^ 
.(b) y2 + 2ax + 9a2 (f) -x^ - | + ^ 

j(c) 7^.+ 2(7)(5^ + 5^ (g) (x 1)2 I 6(x - 1) + 9 

(d) 7 + 277^5^+5 -(h) (2a + 1)2 ^0(2a + 1) + §5 

3. Factor each of the followlhg poljmomials over the integers, 
if possible. 

^' (a) a2 - 4a + 4 (f) 7x2 + i4x'+ 7 

(b) 4x2 _ 4x + 1 y2 + y'+ 1 



(c) x2 - 4n. / (h) 4z2 - 20z + 25 

(d) x2+-Jt ' (i)' 9s2 + 6st + 4t2 

(e) "4^2-+ 12t +'9 ^ (J) 9(a - 1^^ - 1 

k. Write the result of performing the flmltiplications : " '•• " 

(a) (x+3)2= ' (e) "((x - 1) + a)((x - 1) - a) 

(b) ' (k +72)2 = - (72+73)2 = 
: „ (c) (a T^f = ■ ^ . (g) ' (ipo + 1)2 = 

(d) (x - y)2 = " - . , — • 
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Some polynpmia^s can be factored by combining the methods of 
perfect squares and differences of squares. 

Example 4; Factor x + 6x + 5, 

^ know thit + 6x + 9 is a perfect square. This auggestfi 
that we should write 

x +6x + 5 = x +6x + 9- 9 + 5 (to form a perfect square) 

= (x^ + 6x + 9) - 

= (x t 3)^ - 2^ (to form the difference of squares 

= (x -K^ + 2)(x + 3 - 2)^ 

• = (x + 5)(x + 1) . I 

The method used above, of adding and subtracting a nunib.er so as to 
obtain a perfect square, is called c ompleting ytie s quare , 

Example Solve the equation x - '8x + l8 = (>• 

Completing the square, we obtaih>- 

- 8x + 16 - 16 + 18 = -0 

.(x - 4)^ + 2 = 0 * 

We know of no method for factoring this polynomial. Does this 

guarantee that it camnot be factored? In this case, we can find ^ 

^ the truth set without writing the poljrnomial in factot^ed fwai, 

o ' p^ 

Sin'ce (x - ky is non-rnegative for alg^ x, (x - 4)"^ + 2 

is never less than The3?efore the truth set of the given 

equation is empty,- - 



/ 

\ 
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P3?obleras 



1. Raptor the following polynomials over the integers using the 
method of completing the square • ^ ' 

(a) y? + 4x + 3 (c) - 2x - 8 

(b) ' - 6x + 8 . . 

2. What integer values of ^ p, if anyi wili make the following 
polynomials perfect squares? 

(a) u^ - 2u + p (c) p^t^ + 2pt + 1 

(b) x^ + px + l6 
. 3'. * Solve: 

(a) y2 - lOy 25 = 0 (c) 9a^ + l?a + .4 = 0 ^ 

(b) ^ - .20t + 25 = 0 . -(d) a^ ='4a -^4 



Quadratic . Polynomials . ^ We have already pointed ouf that 
factoring can be regarded as a process^ inverse to simplification. 
Thus, it seems plaxisible that, if someone were to give \is a poly- ^ 
* nomlal which was obtained a's a result ^of simplifying a product, we 

should be aj)le to reverse the process and discover the original 
^ fa,ctored form. This can be difficult in general but does work in 
some special^cases, as we have already seen In the preceding 
sections,. In^this section, we use this approach to factor quadratic 
polynomials, that iSj polynomials in one variable of degree two. 
Let vu§ 'examine the product * • 

(x + m)(x + n) = (x + m)x + (x + m)n 



2 

=x+mx+xn+mn 



X + (m + n)x + mn 



ERIC 



258 



• If we. are. given a q^rati^ polynomial such'^ Wm + n)x 
«here m ,and n are specific integers,' then it i. J . 
the process: ' ^^^"^ easy to reverse 

x2 + (a + n)x 4- mn ='(x2 + ^x) + (nx + mn) 

'= fx +. in)x'+ (x + m)n ' 
•• • . * . = (x +.m)(x +.n). 

Intact, this is Just another example of factoring by the dis- 
tributive property. However, suppose th.t.m and n a e p'laced 
by some common names, say 6 and 4. Then replaced 

. ^ f^ + 6)(x 4- 4) = x2 4- lox 4- 24. . 

Now we c^,see how trouble arises thp v=.t,-.oxi 

6 and 4. ■ ^"-^^ Rediscover" the lumbers 

Let us look at this example more closely. 

.(x-»-6)(x + 4) =x2,.'(6,.4)x4-_(6.4) 
. . ^ = + lOx + 24. 

p.... z .%:rz.in ::.rrr ^^^^ 

1-24 

' 2-12 , - 

3.8' 

• 4.6 - ^ . ^, 

and pick the 4>air of factors Whose sum is lo 

^Although this method of procedure i^ 0=.=^ ^- ■ 

factors Is «,man V Proceaure is easy when the number of 



^2 03 



.259- 



Example 1. Factor the quadratic polynomial x . + 22x + 72. 



•We mxist find two integers whose product is 72 and whose sum 
is 22. We have 72 = 2 3 ; so the various factors of 72 appear 
as products of powers of ^ 2 and 3*. ; Since 22 is even, both 
integers whose sum is" 22 must have a factor 2 and, since 22 
is not divisible by ^ 2 one of -the integers must, involve all of the. 
3^s. This reduces the possibilities to - 



or 

Since 4 + l8 = 22, 



2^-3^ + 2 = 36 + 2 



2^ + 2-3^ =4+18. 



it follows that 



x^ + 22x + 72 = x^ + (4 + l8)x + 4-l8 



, =h(x + 4)(x + 18) 



Example 2. ' Factor x + 5x + 36. 

^ r 2 2 

The prime factorization of 36 is 2 -3 . If we examine all 

possible pairs of factors of, 36, we find that the sum can pever 

be as small fife 5- 



Product 

1.36 

2- l8 

3- 12 
4*9 
6-6 



^gum 

37 
20 

'13 
12 



It appears that the smallest sum occurs when the^^o factors are 
equal. Since 5 < 12, we conclude .thaf x^ + 5x 36 cannot be 
factored because the coefficient of x is too /mail.. 

^ is 

x^^ 

factorable? 



By similar reasoning det^'rmine whether x 
Is x^ + I3x + 49 factorable?' ►Is 



factorable , 



ibx + 36 
+ l4x + 49 
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Next try to factor x + 40x +36. In this case 40 is too 
large for x + %0x + 36 to be factorable. (Notice the preceding 
table of products and sums.) 

By similar reasoning determine whether x - 38x + 36 is 
factorable. Is x^' + 51x + ,^9 factorable? Is ^- 50x + 49 
factorable. 



Problems" 



Factor the quadratic polynomials, if possible, using the above 
^method. 



1. 


(a) 


+ 


8a •+• 15 






a2 


8a + 15 • 


2. 


(a) 




12t + 20 




-(b) 


t2 + 


21t + 20 


3. 


(a) 




6a - 55 




(b) 


x2 - 


5x + 6 




,(c) ^ 


2 

u 


lOu + 24 




(a) 




72^ - 8 




(b) 


- 


llb^ + 28 


5. 


(a) 


5a + 


a^ - 14 


* 


(b) 


10a + 39 + a^ 




Solve the 


equations 




(a) 


a2 - 


9.a - 36 = 




(b)' 




5x - 6 




(c) 




13y + 36, = 



(c 
(d 

(c 
(d 

(d 
(e 

(? 
(d 

(c 
(d 

(d 
(e 
(f 



a + 2a - 15 • 
~"a^ - 2a - 15 

+ 9t + 20 . 
+ lot + 20 

y2 - 17y - 1^' 
- 2z + l8 ' ■ 

. a^ - 13a^ + 36 

■ - 81 

108 + a^ - 21a 
a*^ + 25a - 600 

o 

X + 6x = 0 

(x - 2)(x + 1) = 4 

■ 6x^ + 6x - 72 = 0 
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7. ' Translate the following into open sentences and find their 

truth sets: ^ . 

(a) The square of a Qvunber is J greater than 6 times the 
number. What is the niimber? 

(b) The length of a rectangle is 5 inches "more than its \ 
width. Its area is 84 square 'inches , Find its width. 

(c) The square of a number is 9 less^ thari^ 10' times the 
number. What is .the number? 

8. A rect'angular bin is 2 feet deep and its perimeter is 24 
feet. If the volume of the bin is 70 cu.' ft., what are the 
length and the width of the bin? 

9. Prove that if p and ci oare iritegers and if + px + q ' 

2 * < 

is factorable, then x - px + q is also factorable. ' ^ 



In the quadratic^polynomials of Examples* 1, '2, 3, the co- 
efficient of the second power of the variable was equal to 1.*. 
In order to see how to hsuidle other quadratic polynomials let us 
again consider a product. 

(ax + b)(cx + d) = (ax + b)cx + ax + b)d ' ^ ^ 

= (ac)x'^ + (ad + bc)x + (bd) 

^ ''^ , " ' 

In order to simplify our discussion, let us call a and b the 
coefficients of t^e factor (ax + b), c sind d^ the coefficients 
of (cx + d), and ac, (ad +-bc)-, bd the-coeff icfents of the 
quadratic polynomial (ac)x^ (ad + bc)x + (bd) . 

Notice how the coefficients of the q\iadi»atic polynomial arise 
The coefflJfcientv of x^ is the^rodyct ^of tfte first .coefficients 
of the factors, the constant is the product of the constants^^ 
the factoa?Sr and. the coefficient of x is the product of the 
"outside" coefficients plus the product of the '^inside" coeffi- 
'cients. For example: 
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(2x + 5)(3x + ^) = 2-3x'^ + (2-2 + 5-3)x + 5-2. .. 



2-2 + 5^ 

Pof^ simplicity in speaking of the^e coefficients, we call 2-3 the 
product of the first coefficients, '5*2 the product of the last , 
2-2' the product of the. outside and 5-3 the product of the inside 
coefficients. i 

^ Thus, the problem of factoring such a quadratic polynomial as"" 
"6x + I9x + 10" is a problem of finding two factors -of 6, ,and 
two factors of 10 isuch that the ""sura of the products of the out- 
side and inside factors" is 19. In simple cases, this 'can ife. done 
by checking -all possible factorizations of the coefficients.' Since 
the factors o'f 6 are 1-6 . or 2-3 ■ and the Actors ft* 10 are 
1*10 or 2.5 or 5-2 or 10-1, we try each possibility. 



(Ix. + l)(6x .+ 10 



1-10 +^-6 = 16. 



(2) (Ix + 2H6x + 5) 
( l-5 + 2-6 = 17^ 

(3) (ix + 5H6x + 2) 
( ^2 •+ 5-6 = 32^ 

(4) (Ix + 10H6x + 1) * 

+ 10-6 = 61 j . 
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(7) 
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(2x + lH3x + 10) 
( ^'10 + 1-3 = 23 ) 
(2x + 2H3x •+ 5) 
Q-5 + 2-3"= 16^ ) 
(2x + 5M3x +• 2) 
\2-2 t 5-3 = 19 ) 



Of course, .with a little practice we would have gone directly to 
the desired factors (2x + 5). arid (3x + 2) by eliminating the 
other cases mentally. We would thinljr . 6 = 2*3 and 10 = 2*5. 
Since the middle coefficient ' 19 is odd, we cannot have an even 
mctor in eacA of the .outside and Inside products. This rule's out 
|ossibilities (1), (3) and (6). Certainly, the factorization 
10 =1*10 In the other possibilities will give too large a middle 
coefficient; This leaves us with possibilities (2) and (7.). 
Hence, we try these ty/o and find that C7) is the desired pair of 
factors . ^ , 

Example 3 . - Factor 3x - 2x - 21. 

We lo'ok for coefficients such J;hat 

.3 ''-21 ' , 



(^( > + ( ))((• > + n) = 3x2"- 2x 



21 



-2 
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There is one factorizat;ion of 3: 3'1, and two factorizations of 
21: or 3'7. ^Ince 2 is not divisible by 3, we nrust 

keep all the 3's in either the outside or inside product. Of 
the remaining possibilities, which one yields -2 as the sum of 
the outside and inside products? Hence, . 

3x^ - 2x - 21 « (x - 3)(3x + 7) 
Example k. Factor^ 25x'^ - 45x - 36. 

We have '25 = 5^ and 36 = 2^3^. We must find a pair of 
integers whos^ product is 25> "and ^ pair of integers whose 
product .is -36, such that the svun, of the outside and insid^ / 
products is -45. Since 5 divides^ 45, there must be a 5 in 
each of the outside and inside products. Therefore we must have 
the first coefficients 5 and 5. Since 3 divides 45, there 
must also be a 3 in eac?i\df the outside and inside products. 
On the other hand, -45 is bddj so the 2's' nnist all occur in 
one term. We have, thus, reduced the cases to last coefficients: 
12, -3; or -12, 3; or 3, -12; o?- -3, '12. The case lirtiich 
gives the^ desired factors te^ last coefficients -12, •3.. 
Therefore ^ ^ ' 



•36 



25x^ - 45x 
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, Problems ^ 

Factor, if possible, the polynomials over the integers. 
2?. (a) ax"^ + 5x + 3. (c) 2xr +,Sx + 3 ' 

(b) 2x^ + 7x +-3 

2. 3a^ + ^a - 7 ^ 6/ 9a^ + 3a 

.3* ;^^y^ + 23y - 6 7. lOx^ - 69x - 45 

< 4. 3x^ .1 17x - 6 . 8.6- 23a - 4a^ 

5. + 12x 4 ^ '9. 25x^ - 70xy + 49y^ 

10. >^actor: - ^ ' • • 

(a) 6x^ - i44x - 150 , (e) 6x^ + 25x + 150 

.X^) 6x^ - llx - 150' (f) 6x^ + 65x + 150 

(c) ' 6x^ +^6ox + 150 (g) 6x^ - 87x + 150 

(d) 6x^' - 6lx + 150 . (h) 6x^ + 65x - 150 

2 ' ' ' 

11. Can ,2x + ax + b be factored if a is even ^d b is odd? 

.Why? - ^ 

12. Can 3x^ + 5x + b be factored if 3 ,is a factor of b?' 
If 30, choose a value of b such that 3x + 5x + b can 

be factored. ^ 

\ » 

Translate the|' following into open sentjences and find their * 
truth sets. r 

13. The sum of two' nvunbers is 15 and the stun of their squares ^ 
is 137. Find the n^bers. ' ' 

14. The product of two ^consecutive odd numbers is 15 mo;?e than 
• 4 times the smaller niamber. What are the nimibers? 

15#v^ Find the dimensions of a rectangle whosp perimeter is 28' 
feet and whose area is 24 square^ feet. 
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Polynomials Over , the Rational Numbers or the Real Numbers . 
.Most of the preceding work In factoring was concerned with factor- 
ing polynomials over the inte'gers , The name Itself suggests that 
we had ^n mind the possibility of other kinds of polynomials « 

A phrase formed from rational numbers and variables, 
with no indicated operations other than s^ddltlon, 
subtraction, multiplication and taking opposltes, 
is called a polynomial over the rational numbers * 

You give a definition for polynomial over the real numbers / 

We, thus, have three types of polynomials: polynomials over 

the integers, over the rational nmbers, and over the real nmbers. 

p 

Consider the expression 3x - 4x + 1. This is a polynomial bver 
,tKe integers. Since every integer is also a rational nmber, . 
3x - 4x + 1 may also be thought of as a polynomial over the 
rational numbers. Is it possible to regard this as a polynomial 

Q p p 

over the real numbers? The expression u - ^lu + u - 1 is a 

polynomial over the rational numbers, is it possible to think of 
it as a polynomial over the inl^feers? Over the real niin^bers? 

The problem of factoring can now be stated more 'generally: - 

Uhe problem is to write a given polynomial, which 
we consider to be of a certain type, as an in- 
dicated product pf polynomials, of the same type. 
' . " P 

Consider the expression "x - 2". This is a poljniomial over 

the integers and, as such, can ^e factored only in the trivial form 

x^ - 2 (-1)(2 - x^). 

p 

This Is not especially interesting since the factor 2 - x is not 

2 2 / 

of lower degree than x - 2. In this sense, x 2 ±b "prime" - 

as a, polynomial over the integers . .However, x^^ 2 can also be 

considered as a polynomial over the real niiJilSers, and we have 

x^ 2 = X^ - (72)^ 

. ^ . ' = (x +>/2)(x -72), 
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• -/i" are polynomials Over the real, numbers 
(but not ever the rational numbers or Integers). Thus,' x - 2, 
considered as a polyn^^al over the real numbers, admits a non- 
trivial factoring. This example shovfs that it makes a difference 
'in factoring which kind of polynomial is being considered. 
Con&ider the expression" 

.2 



"let + 



^1 



27s V"". 



This is a polynomial in two variables oVer the rational^ numbers . 
The> distributive property enables us to write it in the form 



=4 



(|)(st + 5st - 18s ^t^) 



The factor may be thought of as a polynomial over the rational 

niambers, while "st + 5st - iSs'^t^" is a polynomial over the 
integers.* This reduction can always be made: . ^ 

A po^nbmial over the rational numbers can be 

written as a product of a rational number and > 

a polynomial over the integers. " 

By this reduction, the problem of factorings polynomials over 
the j^^dfisct- numbers is reduced to the problem of factoring poly- 
nomials over the integers . ^ 



The Algebra of Ratidnal Expressions . When we began o\ir 
discussio/ior factoring we made a special point of the similarity 
between factoring polynomials and factoring* integers . This 
similarity can be developed fvirther. The 'integers are closed 
under addition, subtraction and multiplication, but not division. 
^ The polynomials are closed under (indicated) addition, subtraction 
and multiplication, but not division. If we extend the system of 
integers so as also to obtain closure under division (except 
division by zei*o)^e obtain ^he system of rational numbers. What 
is the similar extension for polynomials?^ ' v , 
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A r^atlonal expression is a phrase which involves 
real numbers and variables with at most the , ' 
operations of addition, subtraction, multiplication, 
division and taking opposites. 

Is eyeyy polynomial a rational expression? Aro^ the rational ex- 
^pressions closed under the indicated operatioris of addition, sub- 
traction, multiplication and division? Why is y2x - 1 not a 
rational expression? 

As examples of rational expressions, we list 

(1) ^ (2) (3) ij-^ 

. - 4y2 - 9 ^5 ^ 

^^^f^ (5) 3a - 2b (6) z z + 2 

Among these rational expressions, (l), (3) and (6) are in one 
variably. Notice that (2) and (3) ar^ indicated quotients of 
polynomials, whereas (6) is an Indicated product and (1), (4) 
and (5) are indicated sums of rational expressions. Just as ^very 
"rational number can be represented as the qijotient of two 'integers, 
every rational expression can be written as the quotient of two 
polynomials . 

Since rational expressions are phrases, they represent numbers. 
Therefore, In an expression, sucji as 

the value of 0 is automatically excluded from the domain of the 
variable t and the value 1 is excluded from the domain of s. 
Such a restriction is always vinderstood for.^any phrase which in- 
volves a variable in a denominator. y*''^ ? , 

- . We are 'now ready to study some of the "algebra" of rational 
'expressions. This amounts to studying the pr<5cedures for simpli- 
fying (indica^ted) suras and products of i;»ational expressidns to 
quotients of polynomials. As was the case for the rational numbers,* 
we might expect some of the work we have Hone with » fractions to 
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apply here* ' In fact, remember that for each value of Its variables 
a rational expression is a real number . Therefore, the same 
properties hold for opeipations oA "^rational expressions as hold for 
operations on real n;«nbers* 

For real nymhevs a, ^,,6"^, d we have the properties:^ 

■ / ■ ^ ' 

/T \ a c /ac p / 

^ y (where neither b nor d 

If we symbolize rational expres^sions with the capital lettei^ 
A, B, C, D, we can write corresponyling properties: ^ ^ 

' / X A C AC . ^ . 

^ Z.^*T5 (where neither B nor D 

/ * X B T V • can be written as the zero 

(11) 5=1 ' 

expression. ) 

(ill) B + 5 = — B— • 

What are the restrictions on the domains of the variables 

Involved in B and D? If A, B are rational expressions and^ 

^ A 
B can be written as the zero expression, then is ^ a rational 

expression? • 

We use the above properties applied to rational expression^ 
to simplify the rational expressions. In other words, we waiit to 
write an expression as a single indicated quotient of two poly- 
nomials >rtiich 40 not have common factors. ^ - 

ax - bx a^ + 2ab + b^ 
Example 1. Simplify 5 • 5 5 — ^ 

x"^ a"^ - b"^ 

We use Property (i) with .A = ax - bx, B = x , 

C = a-^ + 2ab + b^ and D =^ a^ - b^j Each of these polynomials 
can be factored: ' , " • • ^ j 

A> =« (a - b)x r C = (a + b)(a + b) 

• B = x«x D = (a + b)(a - b) . 
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-5^ 



ax - bx . a" + 2ab + b _ (a - b)x(a + b)(a + b)' \.\ 
x'^ a'^^ - b*^ ^ x'^Ca + b)(a - b) 

' ^ / ''(a + b)rx(a + b)(a b)) ' 



xCx(a + b)(a - b)) 



a + b 



by (-ii). 



The restrictions are- 



X j4 0, a. t>, a. j4 -b. 



Example 2. 

1 -x2 

1 + X x' 



X 



'3x + 2 



(1 - x)(l + x) X - 2 

i-+ X (x - l)(x - 2) 



(1.- x)((l + x)(x - 2)^ 
(x - 1)(^(1 + x)(x - 2) 



1 - X 



-x - 1 



(Why?) 
(Why?) 



What is the restriction on the domain, of x? 
Example 3_. . '. 

I x^ +\x| - 2 



x*^ - 4x +. 4 
' ^ X 



X + X - -2 X 
~5 



4x + 4 X + 2 ' 

[i - l![x -'siix + ij 

- 1 (x + 2)'(x - 2) 

• (x. + i)(x - 2) 



X - 
X 



X - 1 
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, Problems 

M 

Simplify the following, noting restrictions on the values of 

the variables: . . , 

3y - 3 1, ab + ab^ 1 - b 

~% ■ • - 4. — ^ ; — 

- 1 ^ ,a - ab'^ I + b • 



- x^ c 

-.-i^-y » . . x^ - 3x 

/ * 3x + 3 

' / ^ x^ + 2x + 1 

3/ - ^^--'12 ' • 6. - 1 



/ 



x'^^ - 5x - 6 



x"^ 



Simplification of Sums of Rational Expressions -In ord^r 
to xise the propei^ty; * ' o • 

^a" , c a + c , 

i^en adding rational numbers, it is necessary first to- vrrite them 
in a form so that they have a common denominator. In the casg of 
j?ational numbers, the least (common) ' denominator which would work 
was the least common multiple (l'.C.M.) of the two given denoffilnators 
We have a similar problem in adding rational expressions, and the 
method is Jiislf like that for rational numbers, with jfactoring' of 
poljjnomials playing .exactly the/same rol# as that off factorins of 

f Example 1. — ^tt- *+ '"^n 
- I ■ '36a2b 24b? . ° • 

The' factored 'forms of the denominators are" 

\ 36a% = '$^3^a^ «~ ' 

; ' , ■ . 24b?' = 2?3b2 . ' ^ 
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Choosing each factor the greatest nujnber of times it occurs in 
either denominator, >fe find the L.C.M. to be <f^.3^a%^. Then 



7 ^ _5 ^ 7 . _^ 5 3a ^ 



£^3''a'^b^ 
_ V • 72a'^b^ 

The L.C.M. is 3-5(a - 3) . 

If a / 3,- then ' . ' ■" 

a 2a -l3 a . 

. 1^ - $3.-/15 = 3(a - 3)J 



14b ^ _^ 15a^ 
^^^^ iW^ 




y-Sfa ,- 3). 

5a - (6a - 9)" 
' .S-5(a - 3) 

5a. - 6a + 9 
3-5(a - 3y 



2a - 3 3 
■ 5(a -.3) -l? 

• - 9- 
3-5la - 3) 



a ^• 



^ 15(a - §) 
Example 3. (i - _L^) (ji + __L^) 



X + 1 



X + 1 ^ X + 1 " ix + 1 



X + 1 



and 



1 + 



• X 



1 



h 1 



X + 1 



1 V X-- -1 -- ■ V _ 



X - 1 + 1 



X - 1 X - 1* 



•nierefqre. If x / 1 and x / -1, then 



^2 

•^"TT - (x + l)(x - 1) 
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3. 
k. 

5. 

. 6. 

13. 



3 2 

-5 

1.1.1 
a 

1 



i-- 2 
2a 



m - 1 



+ 1 



m 
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Problems 
7. 
8. 

- ■ 9. 
10. 

11. 

12. 



m - n 



X + y 

3 



X + 2x 3x 
.if 



5 •_ 

7^ 



a^ - 4a 

^ -r 



- + 

5 a"^ + a 



Hint: Multiply by 
k 



1 + 1 

a +5 
1 3" 

a D 



Consider the set of all rational expressions^^ Do yciu thinly 
this set is closed under each of the four operations of 
arithmetic? o 



• •' it — 

Division of Polynomials . Whe^'you were given .a rational 
nvunber such as ijc\ arithmetic you recognized It immediately as 

^ an "improper" fraction and ha^t^hed to write 'It in the "proper" 
form 7^°. . This form really ffieans ,7\+^ 
. does have the cidvantage of telling' immediate j 



I between the integers 7 and 8. The rntunber 
I part of Since ■ I 



M, since ^ < ih 
that ^ lies 
Is the Integral 



r, ^°10 7'23 + 10 



171 



an equivalent way of looking at this Is to write 

171 = 7'23' + 10. 



9 7« 
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Thus; the integer I71 is represented as an integral multiple of 
23 plus an Integer which is smaller than 23. This ^ really what 
we always do^when carrying out the process of div^ing one integer 
by another. How do you check' ybur "answer" in division? 

• We shall now study the similar prcJiSlem for rational expressions 
in one variable/ Consider the example: 

2x^ - 6x^ + 5x 1 ^ 2x(x^ --^3x) + 5x 1 ; 



— ^ 

x"" - 3x = x"^ - 3x« 



3x , • 

Does this resemble the above example for rational .numbers? Notice' 
that we ^irst wrote the numerator in the form 

2x^' - + + 1 = 2x(x^ -^x) + (5x + 1), ' 

that is, is a polynomial multiple of x 3x plus a polynoinial 
of lower degree than x^ - 3x. Let us lay^side, for the moment, , 
the question of how we did this (later you will learn a Systematic 
way of doing it) and st/te in general terms Just whit the problem 
is, , ■ 



Let N and D be two 'polynomials in one n 
, ^variable. Then to'" divide N 'by D means to 
• ^obtain polynomials Q and R, with ft of / 
, lower degree 'than Dp such that 

TKis problem is equivalent to finding polyijomialsy Q and R 

'such that » • . / I 

- . , ' • / 'I 

N = QD + R. 

As in arithmetic, N is the dividend ^ /D ' the divisor , ft 
he quotient , and R the remainder . Jtfhat are N,' D, Q, R in the 
;^xaniple considered above? It was easy*to obtain^ Q 'and R i^ • ' 'i 
this example since the first two terms of- N, 2x^ -.6;c^, cpntain . / 
D as a factor, * ■ 
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Our objective is to give a general step-by-step process for 
finding polynomials Q and R, being given two polynomials N 
and D. Notice that, since 



N = R, 

it ^follows that 

R = N - QD.. 



ro/i 



This means that if we cetn find/^ Q,^fchen R is obtainec^ simply by 
subtracting QD from N. ^ ♦ * 

o 

Let lis consider another example: 

X - 3 

o 

^ere/ N = 2x'^ + x - 5 and D = x - 3. Let us try first to f iijd ' 
a polynomial multiple of D which when siSbtracted from n'"^ gives 
a polyriomial of lower degree than N (but not neces^sarily of 
low6r degree than D) . All we need to do is multiply x^ - 3 by 
a monomial so that the resulting polynomial th^ same term of 
hi^est degree as N. The highest degree term* of N is 
Thus,, ^if we multiply' * (x - 3) by 2x, the resuTt has M;h€ .same . 
term of highest degree. ' 

2x(x' - 3) = 2x^ - 6x 

and • - 

. « ^ (2x^ + X - 5) - 2x(x ~ 3) = 7x - 5. 

That is, ' 

(1) ^ 2x^ + X - 5 =j2x(x - 3) + (7x - 5) 



degii^ 



However, the 'polynomial 7x'- 5 is not of loyer degifee than x 
Hence, let. us apply the ^ame procedure to 7x - 5. We multiply 
. (x - 3) 'by 7 in order: to have the same highest degree terift as 

5) y 7(x j-^ =16 
^2) ■ . 7x - 5 =^T(x L a)" +•" 16 - 



*9 



Combining the' refiiixlts, (4)' and^ (5), Twe have 
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2x^ + X - 5 = 2x^ - 3) + 7(x - 3) + 16 
• / = (2x + 7)(x - 3) + 15. , 

Since 16 has lower degree than " (x -/3), the desired polynomials 
are Q = 2x + 7 and R == l6. (Vfhat Is the 'degree "of Vol) 
Therefore, ' ' , 



2x + X -^^ 5 



16 



In this division process for poljmomials we subtract succesive- 
ly (polynomial) multiples of the diVisor, obtaining at each step a 
poljrnomial of lower degree. We are finished when the result has* 
lower degree than^ the divisor. This process has probably recalled 
to you the familiar long division process for numjSers in arithmetic 
— remember that long division amounts to successive subtractions 
'*of multiples of the divisor from the dividend. For e'Xample, 



13 + 2 



Subtract 



Thus, 



and 




2953 = ^00 • 13 + 20 13 + 7 • 13 + 2, 
. • = 13(200^+ 20 + 7) + 2 . 

2 (200 + 20 + 7) W ^ 



= 227 + 



1 



We can ,ufle a similar form for arranging ,otir work in djviiing 
polynomials. Pirs^, however, we must see how to arrange 13.^^^ PS[c¥ion 
"vertically" as is done in arithmetic. For example, the -sentence 



(-5x^ +^2x^ - X + 1 ) - (3x,^,- + X + 2) = -Sx^ + 2x"f + x' 



may be written "vertically" in the for 



- -2x - 1 



^81 
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- X ■+ 1 



Subtract 



3x' 



- x"^ + X + 2 



.8x^ 2x^ 4- x^ - 2x 



Notice that the terms of the same degree are placed one abovte the 
other smd if a tern (such as, the second degree t^rm in the first 
polynomial) is missing, then a space is left for it* The differ- 
ence is then foijnd by subtracting terms of like degree..- 



Problems 



1. Subtract, using the "vertical" form. 



(a) - 5a*^ + 2a + 1 
a^' -f 7a^ -f 9a^ - 11 



Sx"" - 7x + 2 
* 6 



3x2 



'2. Use the "vertical form in the following: J 

(a) Subtract 3a^ - 6a^+ 9 from 3a^ + 7a - 11. ^ 
. ' (b) Prom 12x^ - llx^ + 3 ' subtract 12x^ + 6x" + 9. 



We can now set up a "vertical" form for dividing polynomials < 
•♦Let ,us use the same example as before. 



Subtract 



Thios 




ei, Sx"" +|x - 5 = (2x -h 7)(x - 3y + l6. 



'Sx^^ + X - 



16 




1. 

3. 
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Problems 



Perform the Indicated divisions, ustn^e fom shorn in 
Exaimple 1. ' ^ 

2x^ - 4x + 3 
. X - 2 

- 2x^ + ^ 



2. - - ^ 



X - 6 



Hint: Write the dividend 2x^ - 2x2 



4 



k - l'^ 



to allow for the missing first degree, tern. 



5/ 3x3 _ 2 ^ ^ ^ 

35m: 



Example 1 on page number 277 can be i^itt 

Dividend 

I 



en more compactly 

a, 



Divisor 



^►x - 3 ■ 2x'' + 



X - 5 |2x +7< Quotient 



2x^ - 6x 



7x - 5 ■ 
7x - 21 

, 16 <r 



Ch6ck: 
Therefore 
Examp 



• Remainder 



(2x + 7){x-^-)- + 16 = .2x2 + X - 5.' 
+ ^ : = 2x4.'7 4.-i6 ■ 



Je 2. T)l\ 
X - 



Ivlde 




3x2 _ 


J 
38x 


x3 V 


3x2 . 


38x - 


10 


"x^ - 


5x2' 






- 1 


8x2 _ 


38x - 


10 




8x2 - 


40xc 








2x - 


10 






2x - 


10 
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Checkt (x^ + 8xV 2)(x - 5) + 0"'= + 3x^ - 38x - \0 
Therefore, ^ 3xg - 'SSx - 10 . ^ ^2 ^ 8:S,->-' 2 



Problems 



1. Divide - 3x^ +,7x - 1 x - 3, 

2. .Divide ^x^ - 2x +,15 by 'X - 5. 

3. Divide 5x^ - llx + 7 by x +-2. 

h. 



Perform the indicated division. 

4x^ 4x - 15 
ST^T^ ^ 



c 6x^ - x^ ^ 5x + 4 
5- 3x - 2 



6, 



x^-1 



7. Hdw will .^e. division process tell you when the polynomial 
D is a factor of N? Show that x + 3 is a factor of 

^ / 2x**^ + 2x^ - 7x^ + l4x - 3. 

' - J* 

* ^♦In the above examples and problems / we have emphasized the 
case in which 'the divisor is a polynomial of degree one. However 
the process works equallyl well with ariy two poljyTiomidls . i 

^ o 4x^ - x^U 1 ^ ' L ' ' 

Example _3 . — jp; — — ^ 

X I 2x +1 

1 i' ' " ' I 

^ There is nothing to do here , since, .N is already of lowe^ 
degree \than. D; so Q = 0 and R. In other words, the 

rational expression is already "proper".. ; 



r 



280 



/ • 



Ex ample Jt. 



^ 5x7 -Z^r +2x.'^ +12x +1 = 5x(xf + 2) -3(x^+ 2) +2x^+ 2X+7 



Thus , , 




-2 



aftd 



5x^ r ax"^ + 2x'^ + 12x + 1 = (5x --'3)(x^ + 2) + 2x^ .+ 2x + 7^ 



^ - 3x^ + 2x^ + Igx + 1 
x"* + 2 



' " X^ + 2r 



Written in the more^'compact forra^ this becomes! 

. x^ + 21 -Sx^ -*3x^ + 2x^ + 12x ^-ISSJ - 

' ■ it , ^ L - 

, • T / ^ 

- '3x^ + 2x^ + 2x + 1' . 



-'3x^ 



■ - 6, 



2 

2x 2x + 7 



Check: <5x - '^^W + 2) + (2x^ + 2x + 7) = 5x^ -3x^ + 2x^ +I2x-+1. 



Therefore , 

/ - 1 



2' tl • ' ' - 2 

x"^ +-2 
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Problems 

Pe;»form t^ie indicated divisions. / 
( 5 ^ ( c ; ^ K ; : 

x'^ •- -ax"^ + 7x - -1 
5 — ■ 

x"^ - 2x - 1 



Obtain the second factor in each of the following: 

(a) 9x^ - 25x^ + 3x + 5 = (3x + 5)( ) 

(b) x9 + 1 = (x3 + 1)( ) 

Cc) ' 2x^ - 5x^ - X + 1 = (x^ - X - 1) ( ) 

(d) kx^ + 2x5 - 20x^ + x^^- lOx + 25 = (2x^ + x - 5)(, 



' Siimmary . We introduced the concept of a polynomial and 
saw that the problem of factoring expt'essions is "^lgnifi~^nt~only 
when restricted to factoring, polynomials . Although'most of our 
work was with polynomials over the integers, we also considered 
' polynomials over the rational numbers and over the real numbers . 
Each of these sets of polynomials' is ,61osed \mder addition and ' 
multiplication . 

In factoring a poljrnomial of a given type. We insist on factors 
which are polynomials of the same type. A polvnomial which is not'*- 
f'actorable as P a polynomial over the integei^3 may or may not be 
\ factorable whisn regarded as a polynomial over 'the real numbers. 
•Pactorijig^a polynomial over the rational numb^jrs can be reduced 



!rs car 



to factoring a polynomial . over the integer^. 

We found that factoring jbs a usef\il tool for .solving equation^ 
The various methods of factoring polynomials are based on^Iie 

following forms: ^ J . 
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♦ 

Distributive Property ; 

ab + ac a(b + c) ♦ 

Difference of Squares : 

* ' - b^ = (a + b)(a'- b) . 

Perfect Squares ; ^ ^ V 

+ 2(ab) + b^'^^ (a + b)^ 
' - 2(ab).+ = (a - b)^ 



Completing the Square ; 
.2 



x'^ +.PX = (x + |)' 



e: 



Quadratic Polynomials in one varlaliA€ 
^ X + (m +^n)x + (mn) ^ (x + m)(x + n),. 

(ac)x^ + (ad + bc)x + (bd)./ (ax + b)(cx + d) . " 

We considered the concept of a rational expression and ob|!^d?ve(l 
that rational expressions have the same !?elatloAshlp to polyiiomials 
a*s rational numbers have to. integers . ' Problems of simplifying 
>.^j»atlonal expres'slons are similar to the similar problems for ration- 
al nuinbers. We saw that rational expreac'slons have the usual proper-^ 
ties of fractions and that factoring of polynomials plkys the same 
role in the work with rational expressions as factoring of integers 
plays in the work with rational numbei*s • - 

Every rational e::presslon catn fbe written as an- indicated 
quotient' of two polynjbmlals which ao not*have common facto^rs^ 

We developed a systematJj^ method for division of polynomials ' 
in one variable. This is based on the following impotctant property 
of polsmomials:' 
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For any two jfo^^omials N and D with D * ^ \^ 
different from ^ro, there exist polynomials 
Q and* R, With R o^ lower degree than D, 
such tHat . c . 



= QD + R. 



y 



The division process gives \§ a yraf of calculating* Q and R whei 
N and D are ^glven. 
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TRUTH SETS OP^ OPEN SENTENCES ' 

-^^^ Equivalent Open Sentences . Througho\ifb this course we 
have b^en solvin'g open sentences, that Is, finding their truth \^ 
sets. ^At^flMt, we guessed values ojT^he variable which made the , 
sentence true> always checking to^verify the truth of \ the sentence. 
Later, we learned th^t certain operation?, when' applied to the > 
members of a sentence, yielded other sentences with exactly the 
same truth set as the original sentence.^ \/e say that: 

Two sentences are equivalent if they have the"' 
same truth set. 

Our procedure for solving, a sentencis then consisted of > per- 
formihg permissible operations on the sentence to yield an equiva- 
lent sentence whose 'ijruth set is obvious. 

'what are such permissible operations? Let us recall a problem'^ 
from our previous work. 

* Example ' 1 . Solve 3x + 7 = x + 15.^ 

This^ sentence is equivalent to 

"^x -fc 7) + (-X - 7) '= (x + 15) +-(-x - 7), • 

that, ISy.' to • ' ..." 

2x = 8-. " 

.This, senten'ce is equivalent to - 

4 

that is, to 

X = 4. ' ' y 

Hence, "3x +7, = + I5" and "x = 4" .are equivalent s.entences', 
and. the/ desired truth set is (4) 



o o o 

^ ( > * < 
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Let Xis examine this example closely. When we say 'that 
"3x + 7 = X + 15" is equivalent to "2x = 8"', we mean that every 
solution of tlie first sentence is a, solution of the second a3r\d 
every solution 'of the second sentence is a solution of 'the firSt. 
How can we be sure 'of this? • We fcnow thai;, (-x - 7) is a real 
'number for every value of x. Thus, when we add (-x - 7)*.' to both 
members of the first sentence we. obtain another sentence 'which is 
true for the same vf lues if x and possibly more . To' show equiva- 
lence of these sentences we must also verify that every solution of 
this second senteftce is a solution of the first. This we could do 
by adding (x + 7) to the members of the second sentence to obtain 
the first sentence, thus, showing that every solution of the second 
sentence is a s^ution of the first. 

^ The point is that we did not need. to perform this second step 
of "reversing" the operation. We knew it was possible, bfecavise we' 
know that the opposite of (-x -'7) is also' a real number, for , 
every value -of x. 

' «>Jto the same way we know that "2x"= 8" is equivalent to 
"x = 4", becaxise the* operation of multiplying the members of 
"'2x = 8" by ^ has an inverse operation, that of multiplying. by 
2* In fact,^ every non-zero real number has a reciprocal which is • " 
a real number. 

Thus, two operations >rtiich yield, equivalent sentences are: 
• - (1) adding a real nimiber to both members, 

(2) >^raultiplying both members by a non-zero real number. ^ 

All the sentences we solved/ thus far, have been of a type 
Trtiose members are polynomials.. Recall tihat a polynomial' **involves 
no in^iicated division with variables in 'the denominator. As a 
result we have not needed to* face the problem of finding simpler 
sentences by multiplying members of 'a sentence by expressions 
involving variables. 

Let \is now consider other types of sentences, including those 
whose members are rational expressions. 
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Example 2. Solve 



X + 1 ♦ 



1 



. By multiplying both members by 2(x2 + j.) we can obtain a" 
sentence free of fractions. Will this . operation yield an equiva- 
lent sentence? Yes, because for every value of x, 2{x^ + 1) is 
a nbn-zero /lumber. Thus, the sentence ig equivalent to 



. 2(x2 + i; ^ 
X + 1 ' ' ^ 



1) -•i ".2(x2 + 1), 



that is, to 



2x2= x^ 



(Why?) 



J This sentence is equivalent to •* 

■ ■-'r-l = 0, '/ 

that 'i§ , to 

. , ^ (x - l)(x + 1) = o! 

'ti'inally, this sentence is equivalent to /* 

^ X - 1 = p • or x + 1 = 0, (Why?) 
.and we find the desired tjruth set to be*''^{l, -i}. 
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Problems 

For each of .the 'f^iowlng pWirs of sentences, determlrie whether 
or not the sentences are eqiiivalent. ' You can prove they are 
equivalent by beginning with either sentence -and applying 
operations that yield equivalent sentences, unt,il you arrive 
at the bth6r sente'nce of 'the '.pair, - if you think they are not 
equivalent, try to prove it by finding a' number that is in 
the- truth set of one, but not in the truth set" of the othrr. 



(a) ''2s 4 12 



<b) 5s = 3s .+ 12 
(c) 5y - 4 ='3y + 8 
id)- , 7s - 5s = 12 . 



■''2s\= 12 
y = 6 
' 3 '6' 



• t 



2-9 i 
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(e^ ax'^ + ir = 10 ' • ■• 

(f) 3x + 9 - 2x = 7x - 12, 

(g) = X - 1 



- 1 



= 3 



x^ = 4 

7 - V 
^ = x 

2 

1 = X - x'^ 

y - 1 = 3(|yl.+-2) 



X 



(Hint: Is ( |y| +2) a non-zero real number for every 
value of/y?) ' j 







1 = 


2X 




1)-^ = 0 


(J) 


x2 - 


1 = 


X - 1 




1 = -1 


" (k) 


x2 + 
x^. 


5 _ 
5 


0 ' 


. x2. 


5 = 0 


J (1). 


x2 + 
x2. 


4 = 

5 , 


1 


, x^. 


5 = 1 


(m) 


+ 


1,;= 


0 


■ ; • k 


JLl = 0 



Change each of the following to a. simpler Equivalent equation 
(a) y + 23 = 35 



(e) x(x^ + 1) = 2x^ t 2 ^. / 



(b). -gx = 19 
(C) 6 - t =. 7 



(Hint: Is 



, 1 



a non-v 



zero r6al number for* every 
^ value of. .X?) 



(fy. y(|y^ + 1) = |y| + 1 . 

Solve (that is, .find the truth set of) / if possible: - 

(g) 4x .+■ I = X + 6 . • 



(a)' lit +-21 = 32 



(c) Jx -,-17 = 33 ' (h) x^-+ + 1 = x^ 

o 



(d) 6 

(e) s 



s =v s + 6 
6 = 6.-3 



hop 432 

(i) y +y +y +y+i = y -y +y -y+i' 
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4. Often we can simplify one or both members of a sentence. 
What kinds of algebraic sim{)lif ication will guarantee J^hat 
the simplified form is equivaleynt to the original? Consider 
combining terms: ^ • . 

(a) ,Are 3x-2-4x + 6 = 0 and -x + 4 = 0 equivalent? 
Consider factoring: ' ' , , 



(b) 
(c) 



Are 



Are 



5x + 6 = 0 and (x - 3)(x - 2) = 0 equivalent? 
■^r = 4 and X + 2 = 4 eqxxivalent? 



5. In each of the following pairs of sentences, tell why they 



are e^ivalent or why they are nc^t eqxiivalent, 



/ 



>(a) 


2a + 5 - a. = 17 ; 


a + 5 = 17 


(b) 




- 6x = 0 J . 


3x(x - 2) .= 0 . 


(c) 


3x2 


= 6x • 


3x = 6 ' 


(d) 


Sx"^ 


= 6x ; \ " / 


3x!2 - 6x = 0 


.(e) 




+3-272=5+7+25 


472 + 3 = 7 + 7 


(f) 


b + 


3 = 0;. - 


0 = b 3 


(.g) 


2 = 


+ 2) + 2(h + 3). = 27; 


2 = 7+2 


(h) 


2{h 


4h + 10 = 27 * ^ 



We have been careful to add <)nly real numbera or multiply, on]py 
by n^h-zero real nimibers, because we are sure that such operations 
yield equivalent sentences . Is it possible that other operations 
may. also yield .equivalent sentences? us look at another example 

Example 3, Solve x(x - 3) = 2(x - 3). 

Without any formal operations we can guess that 2 and 3 ' 
are solutions of this equation. Are ^there others? In an attempt; 
'to find a 'simpler , equivalent sentence,' 'we 'might -be tempted to^ 
multiply"Doth members by ^f^^^ Then we obtain the new i^entence 
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c 

x(x - 3) • = 2(x - 3) ♦ ; ^ 

which in simpler form is' * ' 

It is certainly true that 2 i| the only solutior\ of this sentence ♦ 
^his means thaf the operation of 'multiplying by ^ g yielded a 
new sentenpe with a smaller truth set, Th\as, such an operation will 
not necessarily give sin equivalent sentence ♦ You hav^ probably 

1 u * . 

.detected the difficulty: for x = 3, ^. ^ g not a number , ajid 
-/the operation of multiplying by x is sensible only for values 

of X other than 3. ^ 

Example 3 stiggests that we mi^t never add or multiply both 
members of a sentence by an expression which for som^ valu^ of the 
variable is not a number.. 

* • • Example, Solve ' ^Z\ = 2 - 

We first observe that the domain of x canno* include 'the ° 
nimiber 1. 4 (Why?) Thios^, we are really ' solviQig the sentence 

. ' '.• ^^ = 2 and x;^:i. , . ' 

It is'^natural. to^multiply 'both members of "the equation by (be -1): 
Is * C!x - l) /a real member fjSt every v^lue of- x^ iif its domain? 
^Is (x - 1) .non-zero? (Remember that x / 1.) Therefore, w^ '<^^ 
oJ)tain an' equijf^lent sentence 'by multiplying by (x - l): 

1^ "..(X' J 1) ^ 2U- 1) 3^ . (X - i) and X / 1, 

.X - ..2 = 2x -'2 I- 1 and x/ 1^ o ^ 

o • , 1 = X . and X / 1 . " * - ^ 

^ y ' • ' * * ^ ' ^ / 

This latter/sentenae has an empty truth set. Hence, the original, ^ 
sentence has. no, solutions . % - 

The pfoblent 'in Example 4 points out that Ve must^be careful to- 
keep*^a°r3ecord' of the ^ domain of the^^ax^iable^ Thi:^^ we'-may multiply 
by/an expression which for all values in the domain of the varfable 
is ajion-zero- number. , ^ * ' 
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' . Problems ' ' ' " ^ 

1. *Por\each of the following phrases decide whether it is 
\(*i) , a *real number for every value of the variable, 
(ii), a non-zero real number for every- value of the variable. 

(a) 1x2 -i^x 4- 3 / {g) 

'\/ . J.- ■ , x'^ + 1 / • 

'firt- ■ ■ • : <(h> -5 — - 

X + 1 



j^) l+T-wi • . . , (i) + 1 

(d) -v/t .+ :^ ^ * (j) -3^ ^ ... 

■(e) My +.11' • ' ■ i • ■ 

• . > - ^- ~ ^ ^ 1 

2. Solve: ' ^ , 

^ \ , ^ + 1 .<«e ^ + . 



(c) i + 3 = I • \ . (f) x(x2 + 1) =--ac2 + ,2 



X - X 

i?ind the dimensions of a rectangle wjiose perimeter is 30 
inches and whose area is 5^ square inches. 



4, ' t'ind three Success ive integers such that the sum^^o-f their 
squares is , 6l. . - " 

' J- ' '■ " 

* 5. The sum or two numbers is 8 and thts siim of their reciprocals 
is -J, What are the nianjbers? 

6, In a certain School the ratio of boys to girls was -5. If 

r ' ' ^ ^ , \ 6 

th^re were 2600^ students in the schpol, how many girls wfere 
there? • '\' ' ' 



7. 



Show that the equations ' • 4x -jy 
equiyalent. ^ ' ^• 



= 6 and y = ^ ' - 9 are 



The sides of lengths x 
and 2x -^5 orTthe firat 
triaCng'le ^^hp*rtl^have the . 
same ratio^^'as the aides 
,-df lengths 4 and 6 
respectively, of the second 
triangj^. How long are the 
two sides of the first ' 
triangle? " . - ' 




^' Equivalent Inequalities . We have already ^oived- certain 
inequalities by obtaining siifepler equivalent 'inequalities , Recall 
that we- often* used the properties: " , ^ 

" , ' 'For real numbers a, b,/< 
only if a + C' < b -f C, 



a < b . if and 



and 



fori" c *t)ositive, 

4 

for c negative. 



a < b 
a < b 



if; and only if 
if and oniy if 



ac < be, 
a»c > be • 



It t\xm^ out that the operations we may perform on an inequal 
.... / 
ity to yieid an equivalent inequality a^-e somewhat like those, for 

equations. The only difference is that when we multiply both mem- 
bers of an inequality by a non-zerx) real number, we must be sure 
that it is positive or that it is negative. « For example, x + 1 

" " • . 1 • 

is always positive for every value of x; ^ is always 

' • ; . \ x"" -f. 2 ' 

negative for every value of xy but - is negative f^r some 

values, positive for other values, a'nd\ 0 for others, ^ence, we 

sl^ll not use -'1 as a multipXier..\ 
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To summatjjZe, some operations which yield equivalent .inequal- 
. ities are: ^ ^ 

(_l) ^ adding a real niamber'to both members, ^ ^ 

(2) miultiplying both members by a positive nioraber, in 
which case the order of the resulting products is 
unchanged, - * ' 

(3) multiplying both members by a negative number, in 
which case the order of the resulting products is . 
i?eversed. ' ' 

. Example 1. Solve ^ < -fy + ^» ' - v . 

We may first multiply both members by the positive real number 
• 30 to obtain a. sentence free of fractions: ^ 

2kj - 180 < 20y,+ 25. • • . V 

Now we add the real number -20y + I80 to both members: 

^y .< 205. ' \ . ' 

Finally^ we multiply ty the positive real ftumber 

What is the truth set of the original inequap.ity? Explfliln vrtiy all 
. these sentences a3?e equivalent. 

Example 2. Solve > -I, 

* x^ + 1 . 

Since -(x + l) is negative re&l number for every value 

of X,. we may multiply both, members by ^-(x^ + l) to obtain the 



equivalent sentence 



1 < x^ + 1> 



^By adding -1 to both members, we have "the eqiilvalent sentence 

. 0 < x^. 

The tmith^set'of this final sentence is the s'et of all nop^^^zero 

real nvmibers. This is also the truth set oT the original Inequality. 
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Problems • / 

Scflve^tTie following inequalities l:>y changing to simpler 
equivalent ineq\iallties • 

(a) X + 12 < 39 ^ (e) +.5 ^ 4 " , 

(b) /2"+ 2x > 3^/2". . Cf) < -2 i 

x'=^ + 4 i 

(c) 8y-3.>3y+-7 ■■ -(g) - > -1 I 

x^ + 2 \ • ' . 

(d) I < 4 + I - 2 

Solve the following sentences • j 
(^)' 1 < 4x + 1 < 2 " ^ . I 

(This is equivalent to "l <^^x + 1 and 4x + 1 < ^"0 
,(b) 4t - 4 < 0 and 1^3t < 0 ' v I 

(c) -1 < 2t < 1, 

(d) 6t + 3 <: 0 or 6t - 3 > 0 

(e) |x - 1| < 2 ^ , I 
.(f) '|2tr < 1 i • " , 

Ot^aph the truth sets of the sentences in Problem^ 2(a), (c) 
and (3) , • • - y 

Solve^ 3y - X + 7 < 0 for y; that is, obtain an equiva|Lent 

•sentence with y alone on the left side. What is the tmth' 

.set for y >dien x := 1? Now solve 3y - x + 7 < 0 for / x. 

• * I - 

What is the truth set for x if y « -^2? 

* *> * 

Write an open* sentence expressing that a certain negative 

number is less thaJi its reciprocal. Solve the sentence. 
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Rquatlons Involfvlng Factored Expressions , 
solved quadrartic' 'equations of the- form 

(x -/IjMx +^2) = 0, 

you needed this important property of numbers.. 

For real numbers a and b, ab = 0 
•if and only if \a = 0 or b = 0. 



When Jrou 



Restate this property for the particular a and b in the above 
equation. Interpret: thQ "if and only If'* in your own words.. ^ li is 
this propQrty, and the fact that x - 3 and x + 2^ are real 
numbers for ^very real number x, 'that guatrantee the equivalence 
of the sentence "(x - 3)(x + 2) = O" and the sentence 
"x - 3 = 0 or X + 2 = 0". Thus, the truth set is (3,-2). 

How would you extend this property to equations stich as 
abed = 0? , S^tate a general property for any numbe'^ of /actors . 
Whalj is the' truth s^t \>f • ^ • 



(x + 1)('\- 3\{2S + 3)(3x ^ 2) = 0? 



Problems 



2- 



Find the truth ^ets of: 

(a) (a + 2)(a - 5) = 0 

(b) (x + 3)(x + l)(x - 2)(x) = 0 

(c) ' (3y - l)(2y +,l)(4y - 3) = 0 
Solve: 

(a) - X - 2 = 0 '"^ 

(b) 0 = x^ - 121 ■ 

(c) (x^ - l){x^ + 5x„+ 6) = ® 

(d) Ax^ - 5)(x2^-.2i^) =0 



9 O P 
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(e) x3 = 253c , ■ • . ; " . ^ 

(f) ^ 2x^ - 5x = 3 . ' ' 

(g) ..x^ + X = .... , ' . 

3. Find the 1;rutti, set of the sentence , ' " v 

(x - 3)(x - l)(x + 1) = 0 and, |x - 2| < 2. 

♦ ' We have b^en careful to avoid adding or multiplying by an 
expression wKich for some value of the variable is riot a real 
number^ Letx us look at another example which illustrates this 
danger, ^ ' . ' ' - 

Consider this example: Solve (x - 3)(x' - l) = ^(x ^1). 

'Our first impulse is to .multiply both sides by ^ — • But 
' , x^ - 1 

f or- aome values Qf x, -^i — ^ is .not a real number. Which'values 

^ x"^ - 1 ^ ^ - 

Instead, since 4(x - l) is_ a real number for every x, let lis 
add -h{x - 1) to both members, -giving 

(xr -'3)(x2 - 1) - '^(x^' - 1) = 0 --^y 

(x - 3 -,4)(x2 - 1) = 0 ' *(Why?) 

(x ^ 7)Cx - l)(x + 1) = 0 

Each of these senterjices is equivalent tfo , every other. What is tife 
.•resulting ' truth set? If ,we had multiplied each side (unthinkingly) 

by — K= , - what >rould be the trutH set of the resulting sentence? 

x"^ 1 * * ^ ^ . ^ 

This ex&mple warns ijis that "ac = ^c" and "a = b" are hot 

equivalent. Instead, we folloW a sequence of equivalent sentences: 

' ac = be \ • ' 

ac - be = 0 

\ ' (a .'b)c = 0 \ ^ 

^ . . a-b=xOorc = 0 
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This, tells us that the sentence 

^ ac = be 

is equivalent to^ the sentence 

a - b =: 0 or c = 0, 
when iiy b, ' and c are real numbers. 



1. 





1 


Problems 


Solve , 






.(a) 


- '5) ^ tx ■ 




(b) (3 + 


x)(x2 + 1) = 


5(3 + x) 


-,(c) (x - 


2)(3x + 1) = 


(x - 2) (x 


Cd) 3(x2 


- 4) = (4x + 


3)(x2' - 4) 


(e) 5x - 


15 = x^ - 3x 





2. Mxiltlply both members of the equation "x^ = 3" by (x - l); 
Are * the new and the original truth sets the' same? Is x - 1 
zero f(^r some value of x? ^ 

3. Mxiltiply both members of the equation "t^ = 1" by (t + l). 
Compare the liew and the origineal trutl:; sets. -*Discus8 any 
differences the two multiplications made in the 4;ruth sets iri 
Problems 2 and 3. o 



^^actional Equations , The'^;xj)ression i is not a real 
number when x is 0. Therefore, when we'^iy to solve the equat:J.on 



5=2 



we are limited to numbers othef^^^han 0. In other words, we must 
solve the sentence* ^----^ ^ \ ^ _ 
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Knowing that x cannot be 0, • we may then multiply by the non- 
zero, niimber x to obtain 

^ • X = 2x and x / 0,. * ■ ^ ** 
• , ' 1 = 2x and x / 0.' ^ . . • 

Hence, "~ = 2 and x / O" and "r = 2x. and x / O" are equiva- 
lent sentences. The latter has the truth set i^]. Thus,, ^ is 
the solution. 

Another way to handle this same problent ±t\ /ki^^udd -2*' to 
both members of = 2", giving " 

X • 

, 1 - 2x = 0 (Why?) 

What are the requirements on a and c for the number — 

to be 0? They are, first, that c / 0" '(Why?), and*seco;id, that 

a = 0 (Why?). Thus, the sentence = o" is equivalent to the 

C" , * • 

sentence "a = 0 ^nd c / O"^ 

*^ Then " "^ " = 0" is equivalent to what sentence? Your 
answer should b^ ^"1 -^^r"^'^^ and x / O", which is the same 
sentence we had\befoi%. Can you find the truth set of a = O" 

in the same way. 

The same two agp'roaches c£in be used on more complicated 
fractional equations. Thus, we can solve the equation 

^ - i = 1 ' * 

X 1 - X ♦ * 

either by multiplying both members '.liy a suitable polynomial (What 

is it?) , or by writing it first as* ~ - I Z x ^ ^ ^^^^ * 

simplifying to a^slrigle fraction. In either case we must j?ecognize 

two "illegal values" for ~x, 0 and Ir The solution is ^ubject 

to X not taking on those values.' Using, the second taethod, we 

get " ^-^ x(l^>^xt which 'is equivalent tp^ "i 2x = 0 and, 

X j4 0' and X / 1". The splutJLon of this 'sentence is idjich is, 

therefore7^^'*he solution of the original sentence. 
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Rs a final example, solve , . ' ^ * 

X ^ ' 2 . 
X - 2 X - 2* 

Since/ X j4 2, then upon multiplying 'both memben^y x- - 2 we 
•obtain ' . " . ^ 

1 x . 2 



^*^(x - 2) = 3^-^ .(x - 2) and X / 2/ 
X = 2 and x / 2, 

Hence*, the sentence "3^-^' = Is equivalent to the sentence 

_ "x = 2 and x ^ 2"i What is the truth set. of this sentence? ' 

# 

* * « 

Problems 
Solve the .following' equations , 

1. - |--|.,io.' 

2. I"- f = 10 * 



6. 






7. . 


-2 ' X 


1 


X - 2 ' X - 2 - 


8., 




= 0 


9.- 


- y h i + 7 _ 


0 


10. ' 


•1 - y . 1 + 7 _ 
1 + y 1 -. y 


0 



\. 3 - g ^ 1 
1 1 ^ . 

11. '(a) Printing press^ A can do a certaih job in 3 hours and 
. press B can/do the same Job In. 2 houf»s.. If both 
presses work on the Job at the same- time, in how many > 
iiours can they complete it? >''y ^ 

(b) If presses A and C work on the Job together and 
^ ^ »^ complete it in 2 hours, howx'lohg wouW it take press - 
C to do the Job alone? 

^*(c) Presses A and B begin the Job, but at the end of the 
first hour^ press B ^breaks ^down. If A finishes the- 
Job alone, how long does A wp^c after B atops? 
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0 

2 2 

,Sauarln£. If a = "b, then of course a = b . VJhy? 
io you think it is true, conversely, that if a = b then a = b? 
You may see at once that this is hot so/ Give ah example; Hence, 
n^^ « ^2tt 11^ ^ -till • tiot equivalent-sentences. 

On the other hand, we can alter a^ = b^ through a chain of 
equivalent sentences as follows: 

a = b 

« 

- = 0 ' 

' (a - b')(a + b) = 0 

a-t) = 0 or a + t) = 0 

a = b or a = -b 

.Tell. why each of these sentences is equivalent to the next one. 
Thus, "a^ = b^" and "a = b or a = -b" are equivalent sentences 
If we square both" members ;of the sentence "x = 3", we obt^-ln 
"x^ = 9*" , •whi,ch Is equivalent 'to 'V = 3 or x = -3" . ^ Thus , 
squaring the members' of a sentence sometimes enlarges the tru*th get. 

Problems c 



Tell what squaring both members does to the. truth sets of the 
following equations . ' . 

1. X = 2 3. X + 2 = 0' ' . " 

2. x-a=l ' . x.;L=2 ^ 



In the -above problems It Is obvious what the original truth set 
is, and we haven't had to use the new truth set to obtain the .old. 
However, sometimes we square both ^members of an equation as a 
simplifying process in sitiaa'tions where we don't already know the 
truth set. We do know, as in» the above problems, that any solution 
of the original equation is a solution of the equation .obtained by 
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squaring. But we also know that the new .truth set niay be'la'fger 
than the old. Therefore, each solution of the new equatloh m&t be 
^checked in the original equation In order to eliminate ai^y possible 
extra solutions that may have' crept in during the squaring. 
' Example 1 . Solve Vx + 3 = 1. " ' 
If ^/x + 3 = 1 IB true for some x, ' then 
(Vx + 3) = (l) is true for the same x; 

X + 3 = 1, » . " 

- • . ^' X = -2. . ' ' 

If X = -2,« then Vx + 3 = + 3 = Jt =^ 1. 

Hence, '-2 is the solution. • ' . *' ^ 

, Example 2. Solve yx'+,x=2. 

Our objective is to sq{iare both members and obtain an equation 
Let us try it. " 



^ree of radicals 



(v^ + x)^ = 2^, 

, . ' (yx)^ +'2(7x)(x). + x2-= 2^" 

^ X + gxTx" +: x^ = k. 

Apparently, we have arrl^d at a more conpUcated sentence which 
still contains. a radical. Ins.tead, let us write the sentence in 
the equivalent form 

4 

Defore squaring its members. Then we obtain . 

(/x)^ - (2 - xf 

0 = 4 - 5x + 
. 0 = (x- 4)(x - 1) ' 
X =x 4 or X = 1. 
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In other words',' if there are solutions of the sentence they must be 
in the set {1, 4). Checking each of these possibilities, we find 
that 4 does not make the original sentence true, while ~1 does. 

* ' i m mm 

The solution is therefore, 1*. - " 
Example '3> Solve |x| - x 1. 

Again we can obtain a simpler sentence by squaring. Here we • 
^use a fact about absolute values which you sho\ild prove in Problem - 
9: |x|^ = x^ for every real number x. Then we have th'e sequence 
of- sentences • . - 

|x| = X + 1 ^ * . . 

'(1x1)^== (X 4-1)2 
^ X^ =: x^ + 2x + 1 ' 

2x + 1 =« 0 

1 . 
x«-^ 

Checking back, we find that - i does make the original equation \ 
« 

true and is, therefore, its solution. 

f - 
■ / ^ 

* , . Problems 

Solve the following equations by squaring. 

1. 'Vaf-i + x ^ 5- aVx + 13'= X + 9 * \ ^ 

2. Vax+l^x + ln 6. |2x| = X + 1 

3. - yrTT-l.= x . .. 7. 2x = |x| + 1 
Ha y^x - x + 3 = 0- B. |x-2|=3 

*^ " i 

' 9. Prove: Foif every i»eal mmiber x, 

. .2 ' ,2 ' 
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10. The distance between x and 3 on the number line Is 2 
than X. Solve for x. 

11- The time t in seconds it takes a body to fall from rest 
distance of s feet is given by the formula 



Find s if t = 6.25 seconds and g =" 32. 



more 



Gra£hs of O^en Sentences With Two Variables . If v^e assign 
^ the values O and -2 to the variables of the open sentence ^ 

, 3y - 2x + 6 = 0, • 

^ is it then a true sentence? To which variable did you assign O'' 
To Which -a? were there two different ways to make these assign- 
ments? . • ^ ' ^ 

To avoid the kind of confusion you met in the preceding 
paragraph, let us agree that whenever we write an open sentence 
With two variables, we must indicarte which of the variables. is to 
be considered first .^..-^Jhen^the variables are x and y, as in 
the above example, x will always b^e considered first. 

With this agreement we are ready 'to examine the co^ection 
between an open sentence with two ordered variables and~ an ordered- 
pair of real numbers. * Among the set of all ordered- pairs of real^- 
numbers, each pair has a first number which we associate with the - 
first variable and a second number which we associate with the 
second variable. In this way, an open sentence with -two ordered 
variables acts as a sorter—it sorts the set of afl ordered pairs 
of real numbers into two subsets: * 

(•1) the set of ordered ^airs which make the sentence true, 
9nd (2) the set of o'rdered pairs which make the sentenpe false.' 
As before,, we call this first set the truth set of the sentence.' « 
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Now we' can answer the question ^in the first paragraph if we 
specify the ordered pair {O, -2). Does the ordered pair (0, -2) 
belong to the set o'f ordered »T)alr& for which 

• " .3y - 2x + 6 0 

'is a triie sentence? Does the ordered pair (-2, O) ^belong to the 
truth set? . . ^ 

An ordered pait' belonging to the -truth eet of a sentence with 
two variables is called a solution of the sentence, and this ordered 
pair is said t^o satisfy the sentence. If r is taken as the first 
variable, what are some solutions of - . 



Does the ordered pair 
C-3,, -2) a solution? 
If u 




s =,r + 1? 

-3) satisfy this sentence? Is 



is taken as tbe first variable, what ar^e^ome ordered 
pairs in i;he truth set of " 




s sentence? Does (2, -1) ^satisfy 



Is (--1, 2) a solution of 
this sentence? 

Throughout this- chapte^J^^f/ shall use only and /y as 
variables, in orde;r to f oc\is.\ttention on properties of sentences 
with two ordered variables. Bu^^^nany 'times in the f;uture you will 
see other Variables used, and thehvVou must always decide^ which 
variable is used first. ' ' ^ , . 

One o^her point needs to be s'tressed. The /sentence ' "y = 4" 
can be considered as a sentence in one variable y, or it can be 
considered as a sentence with' two ordered variables x and y^ 
When we say that "y = 4" is a. sentence wi;th two variables, we 
mean that "y = 4" is an abbreviation foj 

-(0)x,+ (l)y = 4/ 
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c 

What 'are some solutions of this sentence? What Is true of every 
ordered pair satisfying this sentence? If "x'= -2" is a sentence 
' with two variables, then "x = -2" 'is an abbreviation for 

+ (0)y = -2. , ^ ' ^" 

What is trtie of every ordered pair satisfying this' sfentence? 

* Remember thJ^ every -pblnt of the plane has an associated pair ' 
of numbers called its coordinates. ' Now we see that, an open sentence 
with two. ordered variables not only sorts the set of ordered pairs 
of numbers into two subsets— it also sorts the points of the plane 
ihXo two subsets : ' , 

(1) The set of all points whose coordinates satisfy the 
; sentence, and 
^^ (2) .. ^ 1 other points . ■ "* 
As before, we call this first 9«t' of points the gpaph of t.he 
sentence*. " " . . 

We shall r)3e interested' to learn >rt:at sort of figure on the 
plane this graph will be for "any given sentence. Let us try, as 
an example,- the sentence 

■ 2x 1 3y - ^= 0. 

We can guess several solutions,j such as, (3, O) and (p, -2). 
Try to guests some more solutions , Notice that it would be easier ' 
to^ determine solutions if we write an equivalent equation having . y 
by itself on the left side: 

2x - 3y - 6 = 0, ' 

1 -3y = -2x +6, /. \. ./ 

' 3y = 2x - 6, > • . 

' ■ . ,y = |k -'2. • '' 
We call this last equivalent" sentence the y- form of the original 
sentence. Now We see that Y= - 2" can be translated into an ^ 
English sentence in terms of ^bsclssas and ordlnates'of poli^ts on 
l;ts graph: "The ordinate is 2. less than | of the abscissa." 
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- ■ * ^ * Figure 1 . ' ' , . _ 

■ In Figure 1> the points (-6, -6), (3, O). and (9, ^) seem * 
to, lie on a straight line. ' This brings up the question: If we 
draw the line through these points, will we find op it all the ^ 
points such, that each has "ordinate 2 less than -j. of the 
abscissa"? Furthermore, we must ask: Is every point on thi^:.line-' 
' a point whose "ordinate is 2 less than ^ of the abscissa"?-;"^ 
Suppose we try a point which appears to be on the line, such 
as point A in Figure 1. The coordinates of this point are .(6, 2). 
Do' these coordinates satisfy the equation 2x - ^J-T ^ = -^^ *^ 

has cobxdinates 



^ K 



It turns ouj; that every point on this lii\e 
irtiich satisfy the equation ' & - 3y - 6 = 0. 

When we say that a specified line is the graph of a particular 
^'open sentence,, we mean that both our questions above are answered 
affirmatively: J , ^ ^ 

(1) if two ordered niambers satisfy the sentence, they are tl>e 
coordinates of a point on the line; 

(2) 'if a point is. on .the line^ its coordinatej3_s.atiafy the 

open sentence. ^ j 



3 1 ■) 
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Thus, the line drawn in Figure 1 is the graph of the sentence 

2x - 3y - 6 = 0, ^ . • • 

We can do the. same with such open sentences as • • , , 

3y + 5x - 11 =^0, 2x + 5 = 0, -8y + -1 =p 9, etc., and in' each 
case conclude "that the graph is a line*. ^ ' 

This suggests th^t the following general statement is true.' ^ 

"* If an open sentence^ is of 'the form . . ' ' 

* . ' Ax' + Bjr + C = 0, 

where A, B, C are real numbers with A ' and 
B not both zero, then jits graph is a lin^ ; t 
every- line in the plan^i? the gi*aph of an 
open sentence of this form." 

¥e*know thdlt every open sehtence has a' graph, and we suspect 

' that every "graph is associated wi'th an' open' sentence. Of course*, 

some 'open sentences may, have graphs with tio points ( empty graphs) 

and others with graphs whi^Jh cover regions of the plane. Later we 

shall study. such sentences. 
* * »' * 

^ Problems 

1. , Where are all the points 'in the plane whose ordinates are -3? - 

2. With reference to a set of coordinate axes, find, the points, 

such •that: ^ ^ t* 
• ; V 

(a) each has the abscissa eq\ial^ to the opposite of- the 

ordinate,- 'using all possible paitp of real numbers -vrtiich 

* ' ' ' 

C have meaning within the ^cope of 3jour graph. With refer-. 

ence %o the same axes, locate 

O • • • " ' ' 

- (b) the points such that each has ordinate twice the abscissa; 

(c) the points such that each has ordinate that is the opposite 
, of- twice, ttig, abscissa. ' . - 

What general statements can you make concerning these graphs? 
"Write open sentences for each of the graphs dr^wn. 
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With reference, to one set of coordinate axes, draw the graphs 
"of the following, and label each cfeie* 

(a) y 7= X + 5 t " ' ' Tciy y - 2x - 5 

(b) y = X - 3 (e) y - -jx + 2 

(c) y = 2x + 5 ' " ' (f) y ^x - 2 

How does the graph of (a) differ from the graph of (b)? 
How ^ioes the graph of (c) differ from the graph of (d)? 
How does the graph of (e) differ from the graph of (f)? 
What is 'true of the graphs of (a^ and (b), and also of the 
graphs of (c) and (d), ,that is not true of the graphs of 
^(e) and (f)? ^ ' ^ 



With respect to a set of coordinate axes locate points for 
which the abscissas a3?e • * „ 

, ^ , ^ -2,' -1, 0, "1, 2, 3 . ^ ^ 

respectively, and for which each brdinate is equal to 3 times the 
abscissa* Do these poihCsvlie' on a lin?? 

Now locate points' haying these sstme abscissas, but for which 

eaclv,ordinate is greater than 3 times the abscissa. Do these 

new>points lie on a line? Does each one lie above the corresponding 
pdinVof the first set? . ' 

The points in the first set satisfy the sentence* 

y = 3x • ' - 

'While those in the second set satisfy the sentence 

y > 3x. 

.The sentence "y.= 3x" is the equation of a line, and the graph 
of ."y > 3x" is the set of all points-above this line, as shown 
by the shaded poi^ion of Figure \. Th\is:, the graph of a sentence 
such as "y >-'3x" * is the set of all points ^of the plane for which 
the sentence is true. If the verb is "is greater thafi^or eqxial to", 
thjtt^ is "^",— we -make- the- boundary line solid, as in Figure 2, 



while the verb "is greater than" la indicated by.u^ing a dashed, 
line for the boundary between the shaded and the \mshaded regions 
^as in Pigure^.3. 'In these two illustrations, th^ line i^^the ^aph 
"of the sentence y = 3x^ This graph, -which is a line^ separates 
the plane into two half -planes . The graph of y < ^^j|.&-the half 
plane such that every ordinate is less than thi^e times ^jbhe 
abscissa; it is the s^et of points below the line y =;3xt> The 
. graph of y < 3x* is the lower half -plane including the line 
y = 3x. , . ^ ' 




■ Figure 2. ,y 2 3x 
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^ Pig\ire 3. y > 3x ' ' 

♦ 

Problems, 

/ ■ ^ . * 

1. With ref eronhce* to a set of coordinate axes indixjate the set of 

'A 

points associated with the ordered paiw of numbe^ such that 
- each has an ordinate two greater than the abscissa. What open 
Sentence can you write for this set? Now draw the graph of 
the following open sentences . - . ^ " 

(a) y > X + 2; ' ' (b) y > x + 2. 

Is it possible to draw both of these graphs with reference to 
the same coordinate. axes? ' « 

V « 

2. Given y = |x| . In this, sentence, is* y eyer negative? Write 
the solutions for which the abscissas are: -3, -1,3 0, '1-^, 

^2, ^. Draw the graph of^ the open sentence y = |x| within 
, , the Confines of .yoior coordijxate paper. - . ^ 
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In Problem 3 ^ . 

(i) Write the sentence in the,^ y-f oni]f;tJZrr 
^ (ii) 'PTrid'^at least three ordered pairs of nvirabers which 

^satisfy the- eqiiation. (Why do we need no more than two 
points to gj?aph the line? Another point is desirable 
as a check.) 

(iii) • Draw the' graph to its full ^extent on yoiir paper. 

With reference to one set of axes, draw the graphs of the 
following. - 

(a) ^ 3x ^ 2y = 0 (d) ' 3x - 2y = -6 

(b) 3x - 2y = 6 ' (e) 3x - 2y= ^12 

(c) 3x - 2y = 12 

What is time of the graphs of all these open sentences? 

Draw^the graphs of each of the fcaiowing with reference^^^^a 
different set of axes. " 

Xa) 2x - 7y = 14 , (c) 2x ^ 7y < 14 

(b) 2x - 7y,> 14 . (d) 2x 7y > 14 

With reference to one set of axes draw the graphs of each of 
the following. 

(a) 5x - 2y = 10 . (c) 5x + y = 10 

(b) 2x + 5y = 10 ^ (d) 3x - 4y = 6 M 

Which point seems to lie on three of 'these lines? Do its f 
coordinates satisfy the open sentences associated with these 
three lines? - - 

Draw the graphs of the open sentences. (Find at least ten 
ordered pairs satisfying each equation.) 

(a) y = x^ y = x^ + 1 

(b) y_=,^2 ' ' (d) y = i 

Are the ^aphs of-the&e open sentences lines? How do these 
open sentence^ differ from those considered In previous problems 
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' in this chapter? Can we say that the graph of eveiy open 
sentence Is a straight line? 

♦ e 

i 

Graph the following open sentences .with reference to the same 
coordinate Sjces: 

(a) y-|x (b) y=|x + 4 " (c) y - |x - 3 

For the first of these no table of values should be necessary. 

2 * 

We need simply note that the ordinate must be of the abscissa. 
In order to get points which are easy to locate we could choose 
mult!tt)les of 3 for values of x. To draw the graph of the seconfl 
open sentence, we should note that to each ordinate in the graph of 
the first we add k. How could we find the oi^iinates .of points for 
the third open sentence? (Figure 4.) 

What are the coordinates of the points at which lines (a), • 
(b), and (c) intersect the vertical axis? Do you see any relation 
between these Rpdnts and equations (a), (b), and (c)? We call 0, 
4,. and -3 the Intercept numbe.rs of their respective equations. 
Points (0, 0), (0, k) and (O, -3) are the y -intercepts of the 
respective lines.. Explain how the graphs of "y = + 4" and 
"y = |k - 3" could be obtained by moving the graph of "y = |x": 
Notice that the coefficient of x again determines the direction 
of the lines, whereas the y-in,tercept nmbers determine their 
positions. 
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Figure 4 

Write two open sentences such that the absolute value of the 
y-intercept niimber is 6 and the coefficient of x is |.. 
Draw the graphs of these open sentences. 

the figures which ^u drew in the first part of this 
^section, all^f the lines had the s^e y-interbept, but many 
different directions. We say that: * 

The slope of a line is the coefficient of x in 
• the corresponding sentence written in the y-foijm. 
It is the number which determines the direction of 

the llne\'^'^- . ^ • - 

The slope may be ^either positive, negative or 0. For what positions 
of the line is the slope negative? 0? What is the slope of*the line- 
X = 2? Can the equation x = 2 be written in y-form? Remember that 
only non-vertical lines have slopes. 

In Figure 5 we have^a line which is the graph of "y =^ "l^c - 
What is the slope of this line? The line passes through points ^ 
^2;*2) and 7). Verify this. The ordinatBs of 'these points 

are 2 ^ and 7, respectively, and the differenpe of these ordinates 
is 7-2, or 5. The abscissas of the'points are 2 and 4, 
respectively Th6 difference of these abscissas is 4 - 2, or 2/ 
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If we divide the difference in ordinates by the difference in ^ . 
abscissas, we- obtain the number 

• ' . . 7 - 2 _ 5 r '^ 

- ' • i 

But 'this is the slope of the linel We think of the difference, in 

ordinates as. the vertical change and the difference in abscissas 

as the horizontal change from (2, 2) to {k, 7). Thus, 
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/ ' Figure 5 • 

vertical change _ 7-2 ^5 ; . 

horizontal change 4-2 * 2* 

Note the order observed in finding these differences: If the first 
number in the numerator is the ordinate 7 of the point (4, 7), 
the, first number in the denominator must be the abscissa 4 of the 

»same point. Vftiat value would we find for the slope if we used'afs 
the first number in numerator and denominator the ordinate and 
iabscissa, respectively, of the point (2, 2)? How/would this value 
compare with the value Just found5: * " * • 

We can now prove that the ratio of the vertical change to' the 
horizontal change from one point to another on a line will always 

• be the slope of the iine, ^ / 
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Theorem . Given two poilits P and Q on a non- 
^ vertical line, the ratio of the vertical change 

r . to the horizontal- change from P 'to Q is the 
slope of the line. 

♦Proof: Consider the non-vertical line whose equation is 

Ax + By + C=0, B^0» 

(Why must we make the restriction B ^ 0?) Let us write this in 
y-form: 

^ a;_ . C 

y ^ « + - , 

Thus, by^ definition the s^pe of this line is - |. Next, consider 
two points P and Q on the line with coojxiinates (c, d) and 
(a, b), respectively. Since these points are on the line, their 
coordinates satisfy* its equation, giving the true sentences 

. Aa + Bb +'c - 0 
Ac + Bd + 0. 

If we sub;tract the membei^s of these two equations, we have the true 
sentence 

A(a - c) + B(b-- d) = 0. * ; . 
This may be written as 

b - d A 



(Ttfhy?) 



But-- b ^ d is the vertical change and a - c is the hori'Zontal 
change from P - to Q. This proves the, theorem. 

What is the slope of the line cont^nlng ,(6, 5) and " 
(-2,-3)? Containing (2, 7) and .-.(7, 3)? 
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Problems ^ 

Find the slope of the line through each of tl:;e following pair^ 



of points. 




(a) 


(-7, 


and (6, 2) 


(b) 


(-7, aj) 


and' t o , 3 J 


(c) 


(8, 6) 


and (-4, -1)^^ 


(d) 


(3, -12) 


and (-8, lO) 


(e)' 


(4, 11) 


and (-1/-2) 


(f) 


(6, 5) 


and (6, o) 


(g) 


(0, 0) 


aijd (-6, -2) 


(h) 


(0, 0) 


a^id (-7, ^) 
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Figure 6, 

In Figure 6 we. note that the s\ope of the line is g^" |7^| 

or 7j^.' We could check th^i's by co\anting the squares, finding that 
from (-7,-3) to (6, S) there are 5 units in the vertical 
change and 13 units inTthe horizontal change. It would-be possible 
to write the open sent^ce of this line with a bit more 'information, 
that is,^ if we knew what the y- intercept ntomber is. 
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In the case of the line in Figure 7 we note that it contains 
the points (-6, 6) and (O, -2). Prom this 'fact we can determine' 

tire slope to be ( g^" ^"q^ ^ " f ^ " "J* - know, then, that , . 
y f - -gij; is the equation of a line with the same slope as the one 

we have ih Figure 7, but which. contain? the origin. We see* jdoat 
the y-^tercept number of the. line in Figure 7 is -2; hence, its 
equation is "y = - -jX - 2". What, is the egiiation forli line 
parallel to the line in Figure 7, but which* contains the point ' 
(0, 6)? 
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Problfems 



1. What iS' the ^qixation of a lir^e which contains the point 
(0, 6) ' and is parallel to the line whose equation is 

y = -jx - 2? - ' , 

2. What is the equation of a line parallel to y = - 2 and 
containing the point (O, -12)? 

' - * . k 

3. What is the slope of all lines parallel to y « - -gcjc? 
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k. 
5- 

6. 
7. 



What. is the slope of all lines parallel to 7 = - -j- 



•x? 



^ and whose 
6 



What is thb equation of a line whose slope is 
y-intercept number is ^^s*^---^ 

What is the open sentence of a line which passes through 
(4, 11) and (2, 4) and has y-intercept (O, -3)? 

What is the equation of the line which contains^^ (5* 6) and 
(^5^ -4) and has y-intercept number 0? 



■ Now let us see how the slope and the y-intercept can help us 

2 

to draw lines. Suppose a line has slope - and y-intercept 
nmber 6. Let us draw .the line as well as write its open sentence. 
To draw the' graph, we start at the y-intercept (O, 6). Then we 
jose the slope to locate other points on the line. 
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Figure 8, 
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The fact that the slope is' - -I tells us that between two 
certain points on^the line, the vertical change is ~2 ^ while, t^ie 
horizontal change is 3; between two points the vertical change is 
4 while the horizontal change is- ~6; etc. A list of some .of the 
possibilities is ' ' . 

Vertical change • Horizontal change . 

-2 / ^ • . . 

2 _3 ■ . 

4 -6 

-10 . \ 15 

In every case the ratio is - |.. if we take the point which we * 
know is on the line, (o, 6), as one of the two points, we c^n find 
another point *3 units to the right and 2 units down; another 
point, is 3 units to the left and ^2 units up. We can r^epeat this 
process as often as we wish,, and quickly get several^ points throvigh 
which we may draw the line. Write the open sentence for the line. 
How would we h^ve 'chosen .the points with respect to (O, 6) if the 
slope had been ^l? What is the' open sentence of this line? 

jWhat is the form of an equation of a line which has no slope? ^ 
What is the slope of the line ":5<: = 2"? .What is an eguation of the 
line through (-3, 4) which has n,o slope? 
• ' ' >• 

Problems 

li. With reference to a set of coordinate axes, select t^ie ^point 
j . (-6, r3K and through this point: . 

(a) draw^he 'line whose slope is |. What is an equation of 
this line? 

(b) Draw the line through (~6, -3) which has no. slope. 
* "What is an equation of this line? 
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Draw the following lines: . v ' 

(a) through the point (j^, 1)' with slope - \. 

(b) through the ^ point (3, 4) with slope 0. 

(c) through the point (-3, -4) with no slopQ, ^' . 
(What type of line has no slope?) 

Consider the line containing the points (1> ~l) and (3, 3). 
Is the point (-3, -9) on tHis line? («int: Determine the 
slppe of the line containing (1, -l) and (3, 3);' th^ 
determine the slope of the line containing (1, -l) and 
(-3, -9)0 • • * ^ 

(a) What do the lines w)iose open sentences are "y = - 3", 
My ^ Ix + 4", "y = - 7" have in common? 

(b) What do the lines whose open^&«Ti^ences are- "y = - 3", 
tiy ^ 3x ^ 2", "y = ^ « 3" have in common? 

(c) What do the lines whose open sentences are ' "x + 2y = 7">* 
* + y = 3"', and "2x + 4y ="12" have in common? 

Show that your answer is carre'^t by drawing the graphs ^ 
of these 'three lines . ^ 
Write each of the following equations in the y-form. Using 
' the slope and the y-interc.ept, graph each of the linefe. 

(a) 2x,- y ■= 7 (c) 4x + 3y = 12 • 
"(b) 3x 4y = 12. (d) 3x - £y = 1& 

Are you certain that the'graphs of these open sentencfes are 
lines? Why? ^ • . 

Write an equation of each of the following lines. 

' (a) The slope is -| and the y-intercept-^number is 0. 

(b) The slope is -2 and the y- intercept Viuraber is ^. ' ^ 
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<c) The slope is -7 ^ and the intercept number is' -S* 

(d) The slopfe is m and the, y-intercept .niimber i^ b. 

Can the equation of every straight IJjie be p\xt in this 
•form? What about«^;he equations of the coordinate axes? 

Write the equation of the' line whose y- Intercept number is 7 
and which contains the, point (6, 8). What is the slope of 
the line? Can you ^ite the slope as g " ^? 

What is the slope of the line which contains .(-3, 2) and 
(3, -4)? If .(x, y) is a point on this same line, verify 
that the slppe is also ^ ^ * Also verify that ^ 2L^-Lz|l'^ 

is the klope. If -1 and -/S^t^) ' different? names for 

the slope, ^show that the equation of the lin^ is 

"y - 2 = (-1) (x + 3)". Show that it ©an also be written \ 

"y> 4 = (-l)(x ^ 3)". ^ 

Wri>t^ the equations of the lines through^the following^ pairs 
of points. (Try to use the method of Problem 8 for parts 
(c) and (d) ,) . 

(a) (5,8) and (0,-4) (c) (-3,3) and (-5,3) 

-(b) (5, -2) and (O, 6) t^) (4, 2)- dnd (-3, l) 

Any polynomial of first degree, in one variable x 'of the form 
"kx + n", whei*e k anS n are real numbers, is said to be 
linear in x. It Is called linear , since the graph of the 
open sentence "y = lac + n" * is a straight line. The graph of 
"y = kx + n"^ is also called the graph" " of the polynomial 
"kx + n". Draw the graph of each^of the following linear 
polynomials : 

(a) 2x - 5 ' (c) |x - 1 
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(b) -2x + ^ _ (d) - |x + 2 
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11. Consider a circle of diameter d, ' 

(a) Write an expression in d for* the circumference of the 
_ - L circle,^ Is. this, ejgpression linear in d? 'What happens 
^ to- the circumference. if the diameter is doubled? Halved? 

If c is the circumference, what can you say about the 
ratio ^? How does the value of ^ change when the 
value of (^^s changed? 

« 

(1*4^ Write an expression in d for the area of*' the circle. 
Is this expression linear in d? \s it linear in d ? 
If A is the area of the circje, what can you say about - 
the ratio 4? What about the ratio "-^? Does the value 

A - d^ 

of the ratio ^ change when the value of d is changed? 

Does the value of ^ change when d is, changed? ' 
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. SYSTEMS OP EQUATIONS AND INEQUALITIES 

Systems of Equations . We began' a study of compound 
sentences in Pai't lT~Tmafe-connectivtes are used in co^ound sentences?- 
Let,us first consider »a-<^oojp.ound sentence of two clauses in two 
•variables, whose connective "is "or",- for example, ' 

X + 2y - 5 = 0 or 2x + y 1,= 0. 
Wheh is a compound sentence with the connective ""or" true? The 
truth set of this sentence includes all the ordered pairs of numbers , 
which satisfy "x + 2y - 5 = O", as well ^s all the ordered pairs , 
which satisfy "2x + y - l = o", and the graph of its truth set'l^s ^ 
the pair o'f lines drawn in Figure 1. 
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Figure 1. 

Name three ordered pairs of numbers which belong to. the truth set 
of J. ■ • • . 

x + 2y-5 = 0'.* 
Name four ordered pairs which belong to the truth set of 
* 2x + y - 1 = 0. - ~— 
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Jfhich.of theae ordered pairs of numbers are elements of the truth 
set of the compound open sentence 

.''^x+2y-5=0 or 2x + y- l = 0? 

If we remember that the sentences "ab =,0" and "a = 0 or 

b = O" are equivalent wh'en ^ and b are real numbers, another 

way of writiiT^ this compound sentence would be 

(x + 2y ~ 5)(2x + y ^' i) = 0. 

Now consider a compound sentence with the connective "and" 
instead, of "or". Which ordered pairs are elements of the truth 
set of thh compound open sentence "x + 2y - 5 = 0 ^nd 
/ 2x +V*- 1 =^ O"? Note that only one ordered pair (-1, 3), 
satisfies both clauses of this sentence, and therefore the graph 
of the truth set of the ^ open sentence "x 2y - 5 = 0 ^and 
"2x + y - 3. = O" is tjie intersectiop of the pair of lines in 
Figure 1. ' ^ ^ 

We shall devote most of our attention to compo\Jind open 
seritences made up of two clauses connected by and. ^ This sort of 
compound open sentence, with jbhe connective "and", is often written 

2x + y - 1 = 0 
i X + 2y - 5 = 0^ 

This is dialled a system of equations in two variables. When we 
talk about the truth se^ of a system of equations we mean the set 
of elements common to both the truth sets. As we have seen> the 
truth set of . ^ 



I 2x + y - 1 = 0 
|x + 2y - 3 = 0 



is {(-1, 3)).*^ 
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Ret\imlng to tl^e compoimd sentence, "x > 2y - 5 = 0 and 
+ y - 1 = 0", and looking at Figure 2, we see tha.t there are 
maiHr compomd open sentences w^ose truth set is -{(-1, 3)); for 
example, "2x.+ y - l' = O , and y - 3 = O", and "x + 2y - 5 = Q 
>and X + 1 = O" are two such equivalent compomd sentences, 
becaiise their graphs are pairs of lines intersecting in (-1, 3). 
State at least two more compomd' sentences whose truth set is 
{(-1, 3)). ' What is the truth set of ^ 



X + 1 = 0 and y - 3 = 0? 
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Figure 2. 

From this it appears that we could easily find the truth set 
of any compovind open sentence of the tjppe 

2x + y - 1 = 0 and x + 2y'^- 5 = 0 / ^' 

we had a method for getting the equations of the 'horizontal and 
p'^'^^^ical lines through the interaection of the graphs^cbf the two 
clauses. * » , 

There. are many line? through any point. Here is a method 
which, as'we shall see, will give us the^equation of any line • ' 
through the intersection of two. given lines, provided that the ' 
lines do inteiafect in a single point. ^ We shall again use the system 

^ |x+2y.5 = 0 

I 2x + y* - 1. = 0 

J to illusti*ate. 
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We multiply the expression on the left of the first equation 
by any nxamber, -^y 3, and thefr63$ression on the left of the 
second equation by any number, say 7, and form the sentence 

3(x + 2y - 5) + 7(2x + y -.1) = 0.- 

• ♦ 

We see that: . ' ' ' , 

(1) The cobrdinates'of the point of intersection (-1, 3) of the 
two lines satisfy this new sentence: 

3(-l + 2(3) - 5) + 7(2(-l) +3-1) =^(0) + 7(0) = 0. 

"^In general, we know that a point belongs to the graph of a 



' se^ence if its coordinates satisfy the sentence. So the 
graph of our new open sentence ^ , 

"3(x + 2y - 5) + 7(2x + y - l) = o" 

contains the point o:^ intersection of the two lines 

"x + 2y 7 5 = 0" and "2x + y - 1 = O", 

(2) -The graph of the new sentence is a line, beca\xse: 

3(x t 2y - 5) + 7(2x + y - 1) = 0 
. 3x + 6y - 15x+^x + 7y - 7 = 0 
* 17x + 13y - 22 , = q 

and we know that the graph of any equation of the form 
/Vx+By+C = 0 is a line, when either A or B is not ^ 0. 

Suppose we use this method to find the^ equation of a line 
tWough the intersection of the graphs of the. two equatiopis^ 

I 5x - y + 13 = 0 , 
|x - 2y - 12 « 0. ^ - 

If we have^no particular line in mind^ we can use any -multipliers 
we wish. Let us choose 3 and -2, and form the equation^ 

^ 3i5x - y + 13) + (-2)'(X 1 2y - 12) = 0. ^ , 



V. 
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Let us assume that the point (c, d) is the point of inter- 
section of the graphs of the two givert equations. Since this 
PQint (c, d) is on both graphs, we know that 

5c - 'd + l3, = 0 and c - 2d - 12 = 0 

is a true sentence^ Why? 

Substituting the ordered pair (c, d) A.n the. l^ft side of 
our new equation, we obtain \ ' 

3(5c . d + 13) + (.2)(c - 2d - 12)^^) + {.2)(0) = 0. 

Hence, we know that ^if the grapi^ of the fi^rst two equations inter- 
seQt in a point " (c, d) , the ne^ line also passes through (c, d), 
even though we do not know what the point, (c, d) is. 
In general, we can say: 



i If Ax + By + C = 0 and Dx + Ey + F = Q are 

^ the. equations of two lines which intersect in ' 
exactly ^one point, and if a and b are real 
numbers, then 

a(Ax + By + C) + b(Dx + Ey + P) 0 

.is the equation of a line which passes through 
the point of intersection-^ the f^st two ' 
lines . 

Now that we have a method for fin&ing the equati^s of lines * 
through the intersection of two given lines, iet us see if we can 
select our multipliers a and b^.with more care, so that we can 
set the equations of lines parallel to the axes. 

The system 

I 5x - y +'13 = 0 • 
I'x^^- 2y - 12 = 0 

gave iisisome trouble when we tried to guess its truth set fronr^he 
grapIrT^ Let us see if this new approach will help us. Form the 
sentence 

a(5x.- y + 13) + b(x - 2y 12) = 0., 
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Let us choose a as 2 and b as -1, so that the coefficients 
of y become opposi1?es: " ' 

(2)(5x - y + 13) + (-.l)(x 2y 12) = 0 * 
lOx - 2y+26-.x + 2y + 12=i0 

9x + 38 = 0 

X + ^ ='0. 

This last equation represents the line through Jjhc intersection 
of the graphs of the two given equations and parallel to the V-axis. 
Let us go back and select new multipliers that will give us the 
equation of the line through the intersection point and parallel to 
the X-axis. What multipliers shall we use? Since we' want the co- 
efficients of X to be opposites we choose a = 1 and b = --5» 

V (l)(5x - y + 13) + (-5)(x - 2y - 12) = 0 
5x-y+l3-5x+ lOy + 6o = 0 

9y + 73 = 0 

y + = 0. 

We now have the equations of two new lines, "x + = O" 'and 
««y + 8^ =r o", each, of which passes through the point of intersection 
of the graphs of the fjn?st two equations. Why? This reduces our 
original problem to finding the point of intersection of these new 
lines. Can you se^^^^what it is? We see, then that the truth set of 
the sys.tem » , ' ' 

. ' |5x'-y + 13 = 0 . ^ : 

|x-2y-12 = 0 

is .{(-^i Verify this fact by showing that these cooi^dinates 

satisfy both equations.' 

Now we -have a procedvire for solving any system of two linear 
eqiaations. We choose multipliers so as to obtain an equivalent 
system of lines which are horizontal and vertical. The choice of 
the multipliers will become easy with practice. 

' Consider another example: ' Three times the smaller of two 
numbers- is 6 greater than twice the larger,^ -and three times -the 
Istrger \q 7 greater than f o\xr times the smaller . • What are the 
numbers? , ' * • 



ERJC 



i 332 



328 

The smaller number ,x and the larger y must satisfy the 
open sentence 



This sentence 



3x = 2y + 6 tod 3y = 4x + 7. 



is equivalent to . 
3x - 2y - 6.= 0 and 4x - '3y + 7 = 0. ' 

Choose multipliers so that the coei^f icients of, x will be opposites 
4 and -3 will do the trick. 

4(3x - 2y - 6) + (-3)(4x - 3y + 7) - 0 
12x - 8y - 24 - 12x + 9y - 21 = 0 

- ; ' y - 45 = 0. 

,^ 

Now We could choos^^'niultipliers so that the coefficients of y 
^would be opposite^. Another way to find the line thrcfugh the 
intersection and parallel to the y-axis is as follows: On the 
line "y - 45^=^^V every P9int has ordinate 45. Thus, the ' 
ordinate of the point of intersection is 45.. -The solution of the • 
selitence "3x - 2y -'6 ='0" with ordinate 45 is obtained by 
solving "3x - 2(45) -6 = 0" or its equivalent, "x - 32 = O". 
Hence, the sentence "3x - 2y - 6 = 0 and "4x - 3y + 7 = o" " is 
equivalent to the sentence "y -^45 = 0 and x - 32 = O". Now it 
is easy to read off the solution of the system as (32, 45). 

^In the abdve example, what is the solution of the sentence 
"4x 3y + 7 = 0" with ordinate 45? Does it matter in which 
sentence we assign the .value 45 to y? 

Example 1.. Find the truth set of ^ 

f 4x - 3y = 6 
I 2x + 5y = 16. 

- . , Ux - 3y - 6 = 0 

[ 2x + 5y - l6 » 0 ' . ' 

l(4x - Sy - 6) - 2(2x + 5y - l6) = 0 
kx,^ - 3y - 6 - 4x - lOy + 3& = 0 
- Idy + 26 = 0 

26 = I3y~ ;* ■' 
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When y = 2', . * ' 

4x 3-2 = 6 
4x =: 12 
X = .3. 

Thereforei "x = 3 and ,y = 2" . Is equivalent. to the orlglna 
sentence. 

The truth set is {(3, 2)}. . 
Verification: Left 



First cla\ise: 



Second cla\ise: 



4-3 - 3-2 =: 12 - 6 

- 6 

2*3 + 5-2 == 6 + 10 
= 16 



Example 2. Solve 



J 



3:^ = 5y + 2 , , 

2x = 6y + 3 

3x - 5y - 2 = 0 

2» - 6y - 3 = 0. 



\ 



6(3x - 5y - 2) - 5(2x - 6y - 3) = 0 
l8x - 30y - 12 - 10x,+ 30y + 15 = 0 

8x + 3 = 0 

' 8x = -3 

L 

X = - 

2(3x - 5y - 2) .-"3(2x - 6y - 3) = 0 

6x - lOy - 4 - 6x + iBy + 9 = 0 

8y + 5 = 0 

By = -5 



8 




Right 
6 
16 



y = - 



8 



Therefore "x = - 4 7 
sentence. 



. Is equivalent to the original 
« 
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The solution Is (- ^> - ^) 



Verification: 
First clause: 

Second clavise: 



Left 

h - ' 

w - "S 



3(- i) = - ^ 



2(- |) = - I 



Right 
_ 9 ■ .■ 

_ 3 



Problems 
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Find the truth sets of the following systems of eqixations by 
the^ethod just developed, , Draw the graphs of each pair of 
equations in (a) and^(b) with reference to a different set of 



ajces. 








<> 

5x 


(a) 

< 


fSx - 2y - 14 = 0 


Ce) 






. 2x + 3y + 8 =,0 






= . X 


(b) 


[5x + 2y = k 


(f) ; 


ft 


+ y 




^3x - 2y = 12 • 








(c) ^ 


3x - 2y = 27 ' . 




7x 


- 6y 




;2x - 7y = -50 




9x 


- 8y 


id) • ^ 


X + y - 30 = ^ 
X - y + 7 = 0' 









We can ,also use the operations which yield equivalent open 
sentences to solve a system of equations. The method which 
results is. essentially the same as that, used above. For 
example, consider the system: . . 

I 3x - 2y - 5 = 0, 
X + 3y ^ 8 = 6; ' 



I — ... ^ 

and asavune that (c, d)' is a solution; of the systemL Then 
each of the following equatiopsk^is true 
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39 - 2d - 5 = 0 
c + 3d - 8 = 0 



3(3c - 2d - 5) = 3(0) 
2(c + 3d - 8) = 2(0) 

9c - 6d - 15 = 0 
2c 6d - 16 = 0 

.1J.C - 31 = 0 

31 

C = -jj 



Also, 



^ 



3c - 2d - 5 = 0-. 
-3(c + 3d - 8) = -3(0) 

3c -■ gel - 5 = 0 
■ -3c - 9d + 24 = 0 

-lid 1- 19 = 0 

■ ^-S- . . ■ 

Sooif there is a solution of the system ^ « 
. • . 1 3x - - 5 = 0- 

' ' I X + 3y - 8 = 0 

then that solution is ° ^) . We must verify 'that this is .a 
ablution. , " 

3(4^)' - a(g) - 5 = 0 • 

■ ". ' • -3(Sy,-3-=o 

Are these sentences tTMe'i 

This 'is often called the addition method of solvinB systems 
of equations. Use this method '.for ^ding the truth sets of ^ the 
following systems. • . . 
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2x 


= 3 


- 2y 


3y 


= '4 


- 2y 


2x' 


= 3 


- 2y 


3y 


= 4 


- 3x 
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(c) 
(d) 



3. Translate each of the following into open sentences with two 
variables. PinQ the truth set of each.* 

(a) Three hundred eleven tickets were sold for a basketball 
game, some for \>upils and some for adults. Pupil tickets 
sold for- 25 cents each and' adult tickets for 75 cents 
. each. The total money received was 4^08.75. How many 
pupil and how many adult tickets were sold? 

. (b) A homeroom bought thi?ee-cent and foul»-cent stamps to mail 
^ bulletins to the parents. The total cost was 1$12.67, ^ 

If they bought 352 stamps, how many of each kind were ' 
there? 

, (c) A bank teller has 15^ bills of one-dollar and five- 
dollar denominations. .He thinks his total is 4^65,^ 
Has he counted his money correctly? 

^. Find the truth sets of the following compoiond open sentences. 
Draw ,the graphs. Do they help you with (b) and (c)? 

(a) , X - 2y + 6 = 0 and 2x t 3y + 5 = 0 

(b) 2x - y - 5 = 0 and 4x - 2y - 10 = 0 

(c^ . 2x + y - 4 = 0 and 2x + y - 2 = 0 

5.' Find the eqiiatlon of the line through the IntersectiorK^ tlj^ 
lines 5x - 7y - -3 = 0 and 3x - 6y + 5 i= o and passing"^ 
through the origin. (Hint: What Is the value of C so that 
•• Ax + By + C = 0 is a line through the origin?) 
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In Problem 4 you found some compound\pen sentences whose 
truth sets were not single ordered pairs of numbers. Which ones 
were they?' Let us look more loosely at each of them. 

In the open sentence 

"2x - y - 5=0 and 4x - 2y''- 10 = O", 
we 'note that "4x - 2y - 10 = O" is equivalent to 

r 

2{2x - y - 5) = 2(0); 
so we see that the .graphs of both clauses arte identical, as shown 



State some of t^e numbers of the 
tr»ath set of the compound sentence. 
Is the truth, set a fihite set? 
What happened, when you , tried to 
solve the open sentence algebrl- . 
cally? "Why didn't the method 
work? 
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. ^ Figure ' 3 . , 

A somewhat different , condition exists i^l^he 'dompound senteiice^ 
"2x + V - 4 = 0 and 2x V y 2 = 0"\ ?irst, .^write the sentence 
the form 



y -2x + 4 and y = -2x + 2, ' 



J 



3 



.?8 
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What is the slope of the graph of 
each of these eqviations? What is 
the y-^tercept number? We see 
that the graphs are two parallel * 
lines, as in Pig^ire 4, and there 
is no intersection point. In 
such a c^se/ the ti^th set of the 
compound sentence is the null set. 
What happens if we try to solve 
the sentence algebraically? Why? 
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Figure 4. 

Let us try to summarize what we have noted here; 'The truth 
set of a compound open sentence in two variables, with connective* 
"and", may consist of one ordered pair, many ordered pairs, or no 
ordered .pairs . - Correspondingly, the graphs of the two clauses of - 
the open sentence may have one intersection, many intersections, 
or no intersections. 



Example 1.. 

Equations 



2x - 3y = 4 anci x + y = 7 
and y = -X + 7 



2 4 



The truth set is ((5, 2)) 



Graphs . 

The two lines whiph are the 
graphs of the clauses Haye one 
intersection, since the slopes of 
the lines are not the'^same. The 
graph of the truth set is ^ the 
single point {5,*2) . 
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Example 2. 
2x - 3y = 7 and 
y = fx - J affd 



4x,- 6y.= 14 



14 



The graphs of the two clauses 
of the open sentence coir^^ide, 
since the lines have tl^g/same slope 



'rm. -uu 4. i,^ \-^and^ the same y-intercept number; 

The truth set i& made up ^ 



of all the ordered pairs whose 
coordinates satisfy the first 
equation. (Note that the 
second clause is obtained if 
each mi^mber of the first clause 
of the original open sentence 
is ' multiplied by 2.), . 

Example 2- 
2x.- 3y = 7 and - 6y = 3 



The enj^re ^ine is the graph^f^ the 
truth set. 



1 



and 



k 3 



The 'truth set is 0/r 



T{ie graphs of the two clauses 
of the open sentence -are parallel 
lines, because they have the same 
slope, but different y-intercept , 
numbers . The graph of the truth 
* set contains no ppinjb s • 

Notice, in Example 3,. that the coefficients of x and y in 
'1<he equation 2x - 3y = 7 are related in a simple way to thos^ in 
-i the eqiiation 4x 6y = 3 . ' " ^ 

" " ^2 = and -3 = ^(-6). ^ 

In general, teal rtumbers , A • and ' B are "said to be proportional 
to the real numbers C and D if there^ is a real number k, other 
than 0, such that * ' . ^ 

A = kC and -B = kD. 
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Thus, the nmbers 2 and -3 are proportional to and -6, 
the number k being If two lines are parallel, what can you 

say about the coefficients of x and y in their equations? 

Another way to sly that A and B are proportional to C 
and D is to say that the ratios ^ 



are equal, or 



A B 
7 " 



Problems 



\. Solve the folTowing compovmd open sentences, 

(a) X + 5j - 17 = 0 and 2x - 3y - 8 = 0 

(b) 5x - 4^ + 2 - 0 and lOx - 8y + 4 = 0 

(c) 12x - 4y - 5 = 0 .and 6x/+ By - 5 = 0 

(d) X - 2y - 5 = 0 and 3x - 6y ^-^2 = 0 

(e) \{^. . fi)'- 1 . 0 and + - J - 0 " "1 " 

2. Consider the system, 

|2x-y-7 = 0 
I 5x +'2y -4=0 

Suppose we write these eqviatlons in the following form: 

y = 2x*- 7 and y i , Jx + 2 

(called the "y-form") and draw their graphs. 
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At What point on the graph 
of this system are the 
values of y equal? V/hat 
is the value of x"' at this, 
point? If we set the values 
of y In the Jtwo sentences 
equal to' each other, we have 
the open sentence in one ' ' 
variable, ^ 

2x"- 7 = - + 2- 

The^truth set b.f this sentence 
is i2]\ Using' this value for 
X 3^ each open sentence, w.e^ 

7 = ^(2) "7 

y = -3 - " ' ' 
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Figure 5. 

y ^ - |(2) + 2 ^ 
y = -3, ^ ^ 



Why do we get ^ "y*= -3" in both cases? Hence, if the compound 
open sentence "2x - y - 7 = 0 and 5x + .2y - 4 ?= O" has a 
solution, it must be^ (2, -3). Verify tHat (2^ -3) Is the 
. so^^ion. ; 

Suppose that we shorten our work somewhat by wrdjting 
only the fir^t equation in* its y-fo??m. 

y = 2x - 7 ' ' 

Tl:\en we replace y In the second equation by the expression 
"2x -7". ' . ■ " . 

5x + 2^2x - 7) - 4 = 0. ' 
JLet \is proceed to solve thia open sentence^ in one variable 

5x + 4x - 14 - 4 =, 0 
9x' - 18 = 0 ■ 

. X = 2. ■ 



> ' 
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-Then, 

so that' (2, -3) 



6. 



2x - 7 = 2(2) - 7 = -3 
is the F^ossible ■solution^ of the system 
y - 7 = 0 



f2x 



+ .2y - 4 = 0. _ , 

The method Just described in which we "solve one of the 
equations for y in terms of x" and then substitate this 
expression for. y* into the other equation is called "a 
substitution- method.' Solve the following systems using which- 
ever of the above methods seems more appropriate, 

2y - 5 = 0 
X - 3y -18 = 0 

X + 7y = 11 ,. 
X' - 3y = -4 



(a) 
(b) 



3x + y + l8 =% 
^2x..- 7y - 34 =i 0 



j^y = --Ix + 40 

(c) f 5x + 2y -4 = 0 
jlOx + 4y - 8 = 0„ 




(f) 



X = |y - 4 
^ y = -fx 



As we have seen, the truth set of the compovmd open sentence 

Ax + By + C = 0 and; Dx + Ey + P = 0 

may consist of one orde^<|- pair of numbers, of many ordered 
pairs, or of no ordered l^i^Lrs. 



(b) 
(c) 



If the truth set consists of one ordered pair, what can 
yoti say about the graphs" of the clauses? 

If the truth set consists of manjy ordea^ed pai^s, whats is 
true of the graphs of. the tyro clauses? Are the two 
clauses. of the compound sentence equivalent? 

If the truth set is^pf, how are the coefficients of x ' 
and y related in* wfe two clauses?- What is true of the 
graphs of the' claxises? 
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4. _ Consider the system 



4x^+ 2y - 11 = 0 
3x' - y - 2 = 



In four different ways find its truth set. 



5. 



Solve in any way, 
in each case. 




Explain why you chose a particular method 
(e) 



= 1 



X 

X +<y ^ 7 



(g) 



6y + (.2 - 4x) =3 

4x - 2(3y - 1) = 2 

5 - (x + y) = 2y 

2x - (3y +^1)' = 1 



,^ 7x - y = 28 
[ 3x + lly = 92 



In' Problems 6-13 translate into ^en sentences, find the truth 
set and ansi^^er^^he question asked. - . i 

6. Find two numbers whose s\m i^ 56 and^wh^e difference is 18. 

7. The sum of Sally's and Joe's^^ages is /30 years, five 
years the difference of theit ages wili^be ^ years. What 
are their ages now? ^ ^ . 

8. A glealer has some cashew nuts that sell at $1.20 a pound 
'and alra!dnds that sell at l$1.50 a poiind. -How many- pounds 

of each ishould he put into a mixture of^ 200 pounds to sell 
at $1.32 a pound? < . ^ 

9. In a certain two digit nximber the units' digit, is one more 

- than twice the tens' digit. If the units''^ digit- is added to 
the number, the sum is 35 more than three times the tens' ^ 
digit. Find the number. 
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10^. Two boys sit on a see-saw, oiie five feet from the fulcrum 

(the point where it balsSices), the other oh the other Si^ 
six feetjfrom the fulcrum. If the s\;im of the boys' weights 
is 209 pounds, how much does each boy weight 

11. Three pounds of apples ^and, four pounds of bananas cost il.08. 
while k pounds of apples and 3 pounds -of bananas cost 
*4l.02. -What is the price per pound of apples? Of bananas? 

12. A and B ar^ .miles apart. If they leave at the same 
time and walk in the siame direct i*on, 'A overtakes in 6o 

^hours. If they walk toward ^ch other th>sy meet in 5 . hours. 
What are their speeds? ^ ' ^ * * *^ 

13. In a- 300 mile race the driver of car A ^ gives the driver * 
^ of car B" a' start of 25 miles, and still finishes one-half- 

h6ur sooner. " In a second trial, .th^ -driver of* car A , gives' 
, ^ the driver of car^ B a start of 6o miles and loses by '12 
minutes. What were the average speeds o? cars A and B. -in 
mJ^les per hour? ... ; ' a 



\ • . V 

Systems of Ine^qualitles . We hav^ defined a system of 
epuatiofis ag, a compound open sentende in which two eqviations a^e 
•Joined by the -conn^cti-ve '"an^" . We al^o introduced' a notation for^ 
this; Carrying tjie idea^oVer to inequalities, let us consider 
systems like the following: , • - ' ' ' 

'■ <y 

(c.) What would, the ^ph^ of^ x + ^ - |, > 0 - be? You-a»ecall 





that w^ first dr^w the gra¥)h of 

r 

\ 



^ + 2y 4 « 9*? 

4 



V • .• ^> 



I 

) 



1 ■» 
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Plg\u?e 6. ' i 

using^ a dasfied line along the boundary. Why? Then we shade 
the region above the line, since the graph of "ic + 2y - 4 *> O", 
i;e, of "y > - ^ + 2", consists of all those points whose 
ordinate is greater-than "two more, than - «^ times the 
abscissa". In^a sljnilar way, we shade the region irtiere 
"jr < 2x - 3". This is the region below the line whose Equation . 
is "2x - y - 3 = O". Why is the line here al^ ^dashed?. .When - 
would we use a solid line as boundary? 

Since the truth set of a. compound open sentence with the 
connective ^id is the se^t of ^elements common to the truth sets JOf \ 
the two claiises, it Tpllows that the truth set of the system (a) 
' is 'the^ region indicated by dquble shading in Figure' 6; 

(b) What would be thd /graph of a system- in which we'have on^ 
^ equation and on^ ineqxiality, such as 'Example (b)? Whai 
is ihe^^.^PiJ.^^i' "3x - 2y - 5 = O"? ' ^ 
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Figure 7. 

Is the graph of "x + 3y - 9 < O" the region ^bove or below 
the line" 

X + 3y - 9 = 0? 

Is the line Included? Study Figure 7 carefully, and describe 
the graph of the system . ^ 

.f- " |3x,-2y-5 = 0- "- * 

[ X + 3y -. ^ < 0. / 



Profeleras' 



Draw graphs of the truth sets of the. following systems: 



2. 



3. 



f 2x + y > 8 
[ 4x - 2y 4 

I 6x + 3y < 0 
I 4x - y < 6 

f5x'+2y+l>cr^ 
I 3x - y - 6-= 0 

J 4x + 2y = -1 
1 y -■ 4 




5. 
6. 

7. 

7 



2x + y < 4 
I" 2x + y > 6 

-ex ,h y > 4 
2x + y < 6 

2x - y < 4 

4x - 2y < 8 

V. 
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Let us consider the graph of the compound open sentence 

X - y - 2> 0orx + y- 2>0. 

-First we draw the graphs of the clauses "x - y - 2 > O" and 
• "x + y - 2 0" . - y. 

0^ 




> Figure 8. 

Next, we recall that the truth set of a compomd open sentence with 
the connective or is the set of all elements in either of the truth 
sets of the clauses i Hence, the graph of the ^compound open sentence 
under consideration includes the entire shaded region in Frgure 8. 



* Problems 



i)raw the graphs of the truth, sets of the following sentences: 



1. 


2x. 


+ y + 


3 


> 


0 


or 


3x 


+ 


7 


+ 


1 < 


0 


2.' 


ax- 


+ y + 


3 


< 


0 


or 


3x 




y 


+ 


1 < 


0 


3..' 


ax 


+ y +■ 


3 


< 


0 


or 


3x 


+ 


y 


+ 


1 2 


0 


^. 


2x 


+ y + 


3 


> 


0 


and 


3x 




y 


+ 


1 < 


0 
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To cpmplete the picture, let us consider the compound open 
sentence: ^ ^ 

(x - y - 2)(x + y - 2) > 0. 

Remember' ^'that "ab > O" means that "the product of a and b is 
a positive ntunber". What can be said of a and b if ab > 0? 
Thus, we have the two possibilities:^ 

X y - 2 > 0 and x + y - 2 > 0, 

or . 

X - y - 2 < 0 and x + y - 2 < 0, 

In Figure 8, €he graph of - y - 2 >^0 4. and x + y - 2 > O" is 
the region indicated by double shading, while the graph of 
"x - y - 2 < O^^^^^jand x + y - 2 < O" is the unshaded region. So 
the graph of 

(x - y - 2)(x + y 2) > 0 

consists of all the points in these two regions of the plane. 
Which areas form the graph of the open sentence - 

(x - y - 2)'(x + y - 2)\ 0? 

(If ab < 0, what can be said of a and b?) 

To* summarize, we lisl; the following *paiTs of eqCiivaletit * 
sentences (a and b' are real numbetrs): 

ab = 0: ^0 

ab > 0: a > 0 
V. ab < 0: ^ > % b < 0, or a < 0 and b > 0. ' , 

Verify these equivalences by going TSack to the definition >of the 
produa$ of real numbers . 



or b = 0* 
and b > 0, or a < 0 and b < 0.^ 
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Problems 



Draw the graphs of the truth sets of the following open 
sentences. . . ° ^ 

(a) (2x - y - 2)(3x + y - 3) > 0 

(b) (x + 2iy - 4)(2x - y - 3) < 0 

(c) (x + 2y - 6)(2x + 4y + 4) > 0 

(d) (x - y - 3)(3x - 3y - 9) < 0 

%raw the graphs of the truth set& of the following open 
sentences . 

(a) X - 3y - 6 = 0 and 3x + y + 2 = 0 

(b) (x - 3y - 6)(3x + y + 2) = 0 

(c) X - 3y 6 > 0 and 3x +'^+ 2 > 0 

(d) X - 3y - 6 < 0 and 3x + y ^ 2 < 0 
(e-) X - 3y - 6 > 0 and 3x + y + 2 =.0 

(f) . X - 3y - 6 < 0 or 3x + y + 2 < 0 r 

(g) X - 3x r 6 =^-0, or 3x + y +'^2 > 0 

(h) (x - 3y - 6)(3x +,y + 2) > 0 . ^ 

(i) ' (x -,3y - 6)(3x + y + 2) <'o. 

Draw the graph 'of the truth set of each of these systems of 
Inequalities. /(The brace again - Indicates a compound sentence 
with connectivjB and .) 

(a) [ X > 0 . j((c) 1 -4 < X < 4 



(b) 



X > 0 
y > 0 
?x 4y £ 12 

4y < + 8 
4y + 5x < 40 , 



-3 < y < 3 



1/ 
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A football team finds itself on its own hO yard line, in 
possession of the ball, with five 'minutes left in the game. ' 
The score is 3 to 0 in favor of the opposing team. The 
quarterback knows the team should make 3 yards on each 
running play, but will use 30 seconds per play. He can makS 
20 yards on a successful pass play, which uses 15 seconds.. 
However, he usually completes only one pass out of three.,^ 
•V/hat combination of plays will assure a victory,, or what 
should.be the strategy of the quarterback? 
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Answers to Problems ; page 3: ^ . 

1. (a) Yef (d) Yes 

(b) Yes , (e) Yes 

' , (c) No 

2e ^ (a) 13 (d) ^ 

(b) 23 . , . (e) 2 

, (c) 'B' • • (f) 3 



• Answers to Problems ; page 5 : 

1. (a) False (e) False 

(b) True * (f) True 

(c) False (g) False. 

(d) True 

2. (a)- (3 X 5) - (2 X 4) = 7 

(b) (3 x*5 - 2) X 4 = 52; or ((3 x 5) - 2) x ^ = 52 ^ 

(c) {12 X 9 = 51j or ^(12 x |) - ^) x 9 = 51 

(d) (12 X -1) - X 9) = 3- . 

(e) 3^$.x - ^) X 9 = 18 • 

(f) ' (3 + 4)(6 + 1) = 49 
'(g) 3 + 4(6 + 1) = 31 



(h) (3 + 4)6 + 1 = 43 . 

(1) (3 + 4-6) + 1 = 28; or. 3 + (4-6 + l)- = 28' 



Answers to Problems ; pages 13 -14: 

-"T.. (a)' 12(3 + 4) = 12(3),:$-. 12(4) 

(b) 3(5) + 3(7) = 3(5 + 7) 
/c) 7(17) + 6(17) = 13(17) 

(d) (3 + 11)2 = 3(2), + 11(2) 
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' 2. (| + |)^+ 4 + = (| + |)(n + 7) 

= (| + |)18 
= |(18) + |fi8) 

= 9+12 
= 21 • 

3. (a) 8Ti + |) (| + \)1 = 8(3 + 2) + 7(3 ^ 2) . 

• ' ' = (8 + 7)(| + |) ■ 
= 15(| + |) ■ . 

' - ^= 15(f) + 15(|) 

= 9 + 10 - 

■ ■ = 19 

* (b) 7(1 + ^ + |) + 5(| + |) = 7((| .+ |) +1) + 5(| + |)_ 
i . . " • • = 7(| + |) + 5(| + \) 

= (7 + 5)(| + |) 
' ■ ■ =12(| + |).' 

« . =12(1) + 12(|) 



= 10 + 9 
= 19 ' 
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- - • , = 5(i+ ^) + 5(^) + ll^ + |)' 



= 5(| +3) + 7(^ + ^) + 5(^) 

= (5 + 7)(| + ^) + 5(|) 

= 12(| + ^) + 1 

= 12(|) +,12(^) + X , 

= 6 +• 4 + 1 
= (6 + i}) + 1 
= 11 



. Answers to Problems^ ; page 17: 

V 1. (a) The elements of .each set are the same: 1, 2, 3, k. 



5, 6. ' ' - * 

(b) , The s^t S = [1/ 2, 3, k, 5) 6) is the s^t oK^he' 
first six cotinting numbers. Many* other descriptions 
are pbssible. y 

(c) The same set may^hav'e many descriptions. 

'2. U = (1, 2/ 3,4)- ' , 

' T = (1, k, 9, l6) 

V = {1, k]; yes, V is a subset of U; yes, V is a 
subset of T; no, U is not a subset of T, since 2 ' 
is not an element of J* * ^ 

3* K = (1, 2, 3, k,^ 9, 16) 



K is not a subset of U; U is a subset of K; T is 
a subset of 
of subset) . 



a subset of K; U is a subset of U (by definition 
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From the set 0 one 'subset, 0, can be foimd. 

' Prom the set A = (0), two subsets, ^ [0)^ and 0, can ^ 
--be fb^nd. ■ 

Prom the set [O, 1), four subsfets can be found*: 

* ^ (0),^ [1)^ [0, 1), and j2^. ^ 

- -Prom the se^ C =:= {6, 1, 2}^ eight? subsets can be foundr 
'-'(0},' (1), [2), {0, 1), {9, 2), [1, 2); {0, 2) 
and 0. ^ ' s ' • 

Prom the set D = {0, 1, $, 3), 2^ or I6 sub^rts^an 
be found. \ y 

A set with four elements will have twice as many subsets 
as a set with three elements, and so forth. 



Answers to Problems^ ; pages I8-I9: 

1. (a) Infinite (d) Pinite . * * 

^ (b) Infinite (e) Infinite. ,^ ^ 

. (c) Pinite . • -> ' 

2* (a) K = (0); K JLs a^subset.of &j K is a subset of 
T; S, T,' and K are finite. 

' ' (b) M = {0, 2, 4, 5, 6, 7, 8, 9, 10); M is not a sub- 
set of S; T is a subset of M; M is finite. 

(c) R = {5, 1,9); R is a subset of both S and of M, 

(d) A cannot be listed^ it is the empty set. 

(e) Sets A and K are not the same. A has no 

^ elements,* while K has one element, 0. 

• '4 ' ' ' 

(f) Yes. A subset of a set can have no elements which - 
are not in the set, so the niomber of elements in a 
subset is not greater than ther n\imber of elements in 
the set. Any subset of a finite "set, thereT6re, is 
finite. . « o o « 
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Answers to Problems ; pages 23-24: a , " ' 

1. 2(t + 3) fi. -54-^ . • , * 

■ 3. Both- forms are correct.' The seco^ is found from the 

first by ?ise of the associative •pro^>ej?ty for multiplication. 

4. 4y" - ■ ■ 

• 5. • Neither form is correct: 2(a.+ b) and 2a + 2b^are 

coj'faisA forms. 

39" • 
2 



6. (a) 

(b) 15 

(c) 27 



(e) 



3 
■5 





(f) 


0 










(g) 


13 




(h) 


0 




(i) 


9 




(J) 


10 



7. (3a 4b) -2c _ (3-3 4.2)- - 2-4 

6C - = 3 • 

■ (6a - 4b) 4- 5c _ (6-3 - 4-2) + 5-4 



3 5 
10 + 20 



V / 

(c) 5 = ^ 

20 



*^ ■ ' . •' 1(21-^ 6)^- f 



T 

7 '° 
J_ 

2 , 



7- m 



o • ^ . 3 0 ^ 
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(d) ('l.5{3^+\v( 2p - 2.1(4) -f^.S + 7. 



1) - 



8.4 



11.9 - 8.4 
7 



= -5 



Answers to Problems ; ^page 26: 

1. False 

2. False 
3 • True 
4.«. False 

True 



6 . ' True 

7. False 
8^ FaJLse 
9. False- 



Answers to Problems ; page 27 : - 

1. True when x is 5' 

2. False, when x is 5 

3. True ^en x 'is 3 ' ! 
. ^ False when x is 4 ' 

4. False when x is* 4 and y is ^ 3 
True when x is '3 and^ y is 4 ^ 

5» False when a is 9 and IS' ""^is 9 
- / False when^- a is 3 and b is 9 



Answer^' ; tj^ fepptflgmo- ; page 28: 




3. 'HO numbers 



4. all nuunbers 

5. ' all nxmbers 
D. no numbers 



3 57 



/ 














3.53 


1 

▼ 


-, 

\ . 


1 

<* 


Answers 


to Problems; page 29: 




1 

t 






(a) 


3' 


(d) 


3 




• 

- ^ 


(b) 
(c) 


2 

1 and 0 


(e) 
(f) 


no value 
0 




2. 


^ 3 




3. 


1.4 

* 










i 






Answers 


to Problems > pages 30-31: 








1. 


- (a) 




(e) 


CO, 2) 




• 


(b) 


{1, 3) 


(f) 


(4) 


• 




(c) 


{1, \^ ^ 


(g) 






/ ^ 


(d) 


{1} 


(h) 


^. 




2. 


One possibility /Is x = 


X + 


1. 
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wers to Problems ; page 32: 

1. c = -^(86 - 32) . 2. pv = PV 



C' = |(54) 
G = 30 

C is 30 • ^ 
3. A = ^(B + b)h 
20 = ^{B + 4)4 
20 = |(4).(B + 4) 
20 = 2(B + 4) 



(15H60O) = 75(V) 
(15)(5)(120) = 75(^) 
(75) (120) = 75(V) 
\V is 120 



B is 6 
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Answei^s to Problems ; page 33 
Truth Set 

. 1. (3} 
2. [3) 



4. all number^ 



' 5. 



■ 6. 



7. 



" 8. 



[0) 



(0, 2) 
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I- 

0 



h- 

0 



0 



I- 

0 



Graph 



3 ' 



2 A 

2 



. 2 



4. 



-t- 
5 



-t- 

5 



5 



5 



Answers to Problems; page 34: 



1, 
'2, 
3. 
4, 

5. 
6. 



False 

Time 

False 

True 

True 

True 



7. Time 

8. False 

9 . True 

10. False 

11. False 

12. False 
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Answers to Problems ; page 36: 

1. (a) » 1 6 1- — h 

0 1-2 3 4 



H 1 1- 

2 3 4 



(b) H \ ^ 



0 12 3 4 



'(f) 4- 



2 3 4 



(c) 



— ^ — I- 

2-3 4 



(g) 



0 I 2 



' 3. 



(d-) A ^^—^ 1 ^ 

0 12 3 4 

(a) X = 2 

(b) X < 2 , 

(c) X <!: 4 

(a) (3) * 

(b) ^ 

(c) (3, 4, 5) 

(d) [0, 1, 2) 

* 

fe) [0, 1, 2, 3, 4, 5) 



(di X > 1 



\ 



0 

* 


1 

I 


! 

2 

! 


^ H- 

3 4 ' . 5 
— ^ 1' ■ 1 


6 

-A— 


! 

1 

1 


2 

1 


3 4 5 


0 


1 


2 


• 

— 1 — iH — ^— f — 


.ir 


I 


-t- 


3-^4 5 


-4- 


• 







3 4 
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Answei^ to Problems ; page 37: 

1. True 
..2. False 
3* False 



/ 



5- 
6. 



True 

False 

True 



Answers to Problems ; page 39: 

1. True 4. False 

2. True 5. paise 

3. False 6. False 



Answers to Problems ; page' kl: 



2- 



3* 



1-0-4^ 




4 5 



Answers ^ to Problems ; page k2x 
I. [6] 



H ' 1 I L. 



— ^ 



0- I 



2 3 4 5 6 



2. all nvimbers less — i ' ' 1 
13 ^ 



I I I fj)- 



3- ^ )2f 



0 I 2 3 4 5 6 7 8 9 (0 11 12 13 
no graph 



4. all nvimbers 



-4H 



36i 
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5. (1/ 2) 



11. 



» 4 ■ 



6; all numbers greater 

than 6 0 



7. all numbers except 0 



8. all numbers except 



9. all numbers less than 



10. all numbers less than 



(3i 



12. ■ (3) 

13. {1) • 



2-^3 4 



H ^ > 1 



2 3 4 



16 " 



2 3 4 

— V 

2 3 4 



2 3 4 5 



1-T 



1 i 1 ' I 

2 3 4 5^ 6 



1 I i 
2 1 3 4 . 5 

2 



2 3 



-t- 

6 



-I 1- 

3 4 



Ans wers to Problems ; page 46: 
1/3% . 1/2 



. 3.2. 
= "5 + ^ 



21 ^ 10 
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■I t 



7 + 



7 + 



•(7 + j)(6) 

(|)(6) 
42 + 4 

46 
T • 



4. 



1 4. 3 

•..-T-r 
20 



(| -^ f)(20) 
(^)(20) 

10 + 12 
3 

22 
T 



(a) The other must be zero. 

(b) At least one of the numbers 'is 0. 

(c) The other property implied here is the converse: 
if ab = 0, then a is 0 or b is' 0. 



Answers to Problems ; pages 49-51; 



2. 



(a.) 2m n ' » (d) 3abc 

(b) jJSrx q (e) • iooab 

He) 6n-^m (or 6nin^) (f) 36x 

(Here we'siiggest three forms for each, 
will be other acceptable ones-) . 



However, there 



^ (a) (2a)(4b2) 
(8)(ab2) 
(4ab)(2b) 

•'(b) (7)(ab2) 
'(7a)(b2) 
(7ab)(b) 

ic) (5m) (2n) 
(2m) (5n) 
• • . (2mn)(5)' 



(d) (x)(xy2) - 
^ (xy) exy) 

(e) (64a) (abc^) 
(4a2)(l6bc2) 
(Babe) (Sac) 

if) (2c) (1)- 

(2){c) ' * 
(l)(2c)- 
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3. 



5. 
6. 



(a) True for every number m — commutative property of 
multiplication.' , 

/(b) Not t.rue for%very number m, 

(c) True for every number a, every- number b, and 
every number y. 

(d) True for every number x a^id every number y — 
commutative property* of addition. 

(e) True for every number n, every number v, and 
every numlDer z — associative property of multipli- 
cation\ . 

(a) A is not clos'fed under addition..' 

(b) A is closed under multiplication. 

(a) S Is clofeed under addition, j 
' ) S is closed und^ multiplication. 



*If a 0 b i J 


2 o 6 is 


•^06 is 


6 0 2 is 


■ (3 0 2) 0 4 is 


2a v+ b 

c 


2C2) + 6" 


2(|) + 6 • 


2(6) + 2 


2(2(3) +2^ + 4 


a + b 


2>+ 6l 




6 + 2 




2 • 


. 2 

4 




2 ' - - 


• 2 


(a - a)l5 


(2 - 2>5 


- i)e ■ 


(6 - '6)2 


^(3-3)2-(3-3)2) 4 


a + ^ • 


2 ^(b) 




6 '4:^(2) • 


(^3^(2))^ 1(4) 


(a+l)(b+'l) 


(2+ir(6n) 




. (&i-l)(2+l) 


((3+l)(2+l)+l)(4+ 



7. (a) iF ' a\o 6 "means ^ t then b 



o a = 



b + a 



a + b = b + a >omirtutative property of addition 
a + b b + a 

a o b = b o. a - • - ' 

The operation defined here Is commutative. 




- 3 64 



36o 



(b) If a 6 b means (a - a)b, then boa means 
(b - b)a. ' ■ , ■ 

' '• "0=0 

(a - a) ^ (b -^b) 
(a - a)b = (b - b)a 
'The operation defined here Is commuj^tlve. 

- (c) If a o b means a + -jb, then boa means 

b + Then 

'3 o 6 = 3 + ^(6) - . 

r , 6 0-3'= 6 + -1(3) « 

But 3 + •j(b) =6 + ^(3) Is false, so the operation 
defined here Is not commutative . 

(d) If a o b means~Ha! + l)(b + 1), then- boa 'means 

^ (b + i)(a + i). \ • : 

(a + l)(b + 1) = (b + l)(a + 1) commutative property 

of multiplication 

a ,0 b "= b o a ,* 
The operation defirieSshere Is cgmmutatlve. 

8. (a) If for every a, and every b, a o ^ | is 
t • ' 
(4 o 2) o 5 = it o (2 o 5) a true sentence? 

^ + 2 + 5 ' 
, « (if o 2)o5=,ZZ^ 

^ifo (2 o 5) = 

•7 



8 + 7 
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Since the senteftice ^ | ^ = ^ ^ is false, tke 
opei*cLtion is not associative. 

(b) If for every a every b, a o b = (a - ^)h, 
is (4 o 2) o 5 = (2 o 5) a true sentence? 

(4 o 2) o 5 = ((4 ~JJ)2 - 4)2)5 

= 0 ^ 
4o (2 o 5) = - ^)((2 -'2)5) 

= 0 

if 

Since 0 = 0, the operation is associative for 
these pa3?ticular numbers. ^ 
. We fifrther note that 

(a o b) o c = (l^ - a)b - (a - a)b) c 
= 0 

a o o c) = (a -^a)^(b - b)c) 

= 0 . ' 

So we conclude that the operation is associative. 

(c) If for every a and eyeiy b, a o b = a% -jb, is 
(4o 2) 05 = 4o(2o 5), a true sentence? 

(4 0 2) 6 5.=x (4 + |) + I 
19 



40(2 o 5) = 4 + (^)(2 +|) 



Since ^ ^ ^ false, the operation^is not 
associative. 
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(d) If for every a and every b, aob=(a+l)(b+l), 

* 

is (4o2)o5 = i|6(2o5) a true sentence? 

{4 o 2) o 5 = ((4 + 1) (2 V 1) + 1) 

- (16)(6) • ^ 

4 o (2 01^5) = (4 + 1)^(2 +'1)(5 + 1) + l) 
= (5) (19) 

Since (-16) (6) = (5) (19) is false, the operation is 
not associative. 



Answers to Problems; pages 53-54: 



1. 


(a) 


6r + 6s 


(d) 


2 

7x + X 






ba + 3a 


(e) 


48 + 30 




(c) 


+ xz 


(f) 


ab + b^ 


2. 


(a) 


3(x + y) 




+ y) 






a(m + n) 


(e) 


(2 + a)a 




(c) 


(1 + b)x ' 


(f) 


x(x + y) 


3. 


(a) 


l4x + 3x = 


(14 + 3)x 





= 17x 



(b) |x + |x = + |)x 
= (| + |)x 
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- (c) |a + 3b + = |a .+ + 3b , ^ ^ 

= (I + |)a + 3b 
= la + 3b 

/. . ' 

• ^ - (d) 7x + 13y + 2x + 3y.^ 7x + 2x + 13y + 3y 
' ' = (7'+ 2)x + (13 + 3)y 

= 9x + l6y' 

i (e) 4x + 2y J- 2 +^3x .= 4x + 3x + 2y + 2 .. 

= (4 +■ 3)x + 2y + 2 
= 7x + 2y + 2 

(f) 1.3x + 3.7y + 6.2 + 7.7X = 1.3x + 7.7x +. 3.7y + 6.2 

. = (1.3 + 7.7)x + 3.7y + 6.2 
' = 9. Ox + 3.7y + 6.2 

(g) 2a + -^t) + 5— no simpler form. 

Answers to Problems ; pages 55-56: \ 
" 1^ (a) 6m + 3pm (d) 2x^ + 

y (b) 2k^+ 2k (e) eh + fh + gfe 

(c) "l2s + l8r + '^2q (f) 6p^q + 6j)q^ 
2, (a) is false for every niimber a an'd every number b. 

(b) is true for every niimber x and^ every number y, 

(c) is true for every number a, every number b, • and 
every number' c» 

(d) is not true for every number a, every numbei: b, 
—an d e v e r y^^^be^p — c^r^ — 

(e) is not true for every number x* 

(f) Is true for every jiumber x and every number y. 

ERIC 



364 
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(a) (3u + v)v 

(b) 7q(p + r) 

(c) (1 + x)3x' 



(d) (1 + 2cl)(2c) 

(e) (1 + 2x)(3x) 

(f) xz(z + 2) 



Answers to Problems ; pages 57-58: 



4. 



5. 



(x + 4)(x + 2) 



= (x + 4)x + '(x'+ 4)2 
p 

= X + 4x + 2x + 8 

= x^ + (4 + 2)'x + 8 



= x^ + 6x + 8 



(x + l)(x + .5X = 



(x + l)x + (x + 1)5 
x^ + Ix + 5x 4- 5 
x^ + (1 + 5)x + 5 



= X 



+ 6x + 5 



= (x + a)x.+ (x + a)3 
2 

= X + ax + 3x + 3a 

= (x + 2)y + (x + 2)7 
= xy + 2y + 7x + 14 



(x 4 a)(x + 3) 
(x -h 2)(y + 7) 

(m + n)(m + n) = (m + n)m + (m + n)n 

2 2 
= m + mn + inn + n 

2 ' 2 

=» m + Imn + Imn + n 

2 / p 
= m + (1 + l)inn + 

2 2 
= m + 2ran + n 



6. (2p + q)(p + '2q) = (2p + q)p + '(2p + q)2q 

= 2p^ + pq + 4pq / 2q^ 



= 2p^ + (1 + 4)pq +^2q^ 
= gp^ + 5pq ^ q^ 
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7, See Text. 

8. 19 X 13 = 19(10 + 3) C 

= 19(10) + 19(3) . ^ distributive property 

= 19(10) + (10 + 9)3 . ; 

= 19(10) + (lO(3) + 9(3)^ - distributive property 

= (19(10) + 10(3)) + 9(3) ' - associative property 
^ /of addition 

= (19 +^3)10 + 9(3) - distributive property 

15 X liP= (15 + ^)10 + 20 

13 i^n = (13 + 7)1^ + 21 

. 11 X 12'= (11 + 2)10 + 2 



4 



, 9'. " Since J is ^ and ^ ^is l^he coordinate of one 

point between the two is There are Infinitely many 

points between tj* and 

10. Set T is closed under addition, since the sum of two 
elements gives an integral multiple of 3. Set T is. 
hot closed \mder "averaging", since the average of two 
elements (such as" 3 and 6) is not- necessarily an 
integer. 

11. - {^) 0 

(b) (0) 

(c) 0 and ^ and all numbers between 0 and ^ 
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3,2 3^2' 



(f ^- |)(6o) 

(|)(60) 
36+40 * 



_ 76 

3x + y + 2x + 3y = (3x + 2x) + (y + .3y) by the associ- 
ative and commutative properties of 
addition 

?= (3 + 2)x + (1 + ,3)y by the distributive 

property 

. = 5x + 4y , ' 
Since the associative, ^eommutative',. and distributive 
properties are true f/Sr all niombers, 
^ 3x + y + 2x + 3y '= 5x,+ 4y 

foiT all numbers. 



(a) ■ (x + l)(x + 1) = (x + l)x + (x + 1)1 



(x + 2)(x 
(b) ' X + 6x + 



ff , 2) = x^ 



^ 2, 

= X 4-X4-X + 1 

= + (i 4 l-)x + 1 
= 4* .2x + 1 • 
4 



distributive 

distributive- 

distributive 



4- ^.4- 



as above, 



9| = x"^ 4- (3 4- 3)x 4- 9 
■i-' x^ 4-^3x 4- 3x 4- 9 
=(x 4- 3)x 4- (x 4- 3)3 



distributive 
distributive 



Since X 4- 3 " is a number 
by closxice 



4- 3)(x 4- 3) - distributive. 
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Answers' to Problems ; pages 60-62: 

/I; * * See text, , . * , 

2. If Jonathan weighs n pounds, the phrase is: The number 
of pounds in the weight of a ,t>oy:. who is 7 pounds heavier 

^ than Jonathan. ^ 
J\ 

3. If I am n years old now, the phrase is: The number of 
years in my age 7 years ago. 

4. If there are y students in the class, the phrase is: 
Half .of the students in the class. 

5. If rhubal?b costs r cents per bunch and a shopping bag 
costs cents, the phrase is: The cost in cents of 2 
bunches of rhubarb and a shopping bag to'^pirb them in. 

Jf a coal mine produced a tons of coal one day and b 
tons of coal the next day, the phrase is: The number of 
tons of coal produced in the two days. (Notice that we ' 
are using two vaj^ables here. -While it will be some time 
before the students do rnilpi-with more than one variable, " 
we need not shut our eyes to them.) 

7. See text. 

8. If 'f is the number of feet, ^ then tTie phrase is 12f. "~ " 

9. If k is the number of quarts, then the phrase is 2k:. 

ip. If n. is the whole riuijber, then the phrase is - n + 1. . 

lit. If I n is the number, then ^;he piiras.e is ii. 

I2. If there are k ppunds and! t ounces,' then the phrase , 
is 16k + t . ' . 



13. If there are m dollars, k -^quarters, m dimes^ and^ ^n 
nickels, then the phrase is lOQm + 25k + lOm + 5n* . ' 
o (Nptice that m 'represents the number of dimes as well 

as the 'number of dollars. This means that - we have the 
same number of dimes ae dollars, " stoic e a variable"* cannot 
• ^ represent two different numbers at the 9ame» instan't. The- 
open phrase mi^t be written llQm + 25k*+ 5n.) I J 
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1^. 



2W -inches 




W inches 



15. 

16. 

17. 
18. 



19. 

20. 
21. 



\ If the rectangle is w inches wide, then the phrase is 

If one side of the square is a feet long, then the 
phrase is ^ 4a. 

(a) ^{x + y) (b) X + y + ^(x + y) 

> 

If a 'people bought tickets, then the phrasfe is '2a. 

^ An inductive approach may -help 'the reader to, see 

some of thes^. Here he willl)robably respond' to 

the c^istion^^-^ow much of the hotise will he paint 

one day If it takes him' 8 days to paint the 

lOuse"? • ^' 

. « 

or 4 • ' * 



5 

r +'12 



i • 



If the -plant grows g Inches .per week, then the phrase 
is 20 + 5$. ■ 

If .the rectangle lis w 
feet wide^ th^n the 

phrase is li ' ' • W ft. 

(a) 2w - 5 ^ 

(b) w + (2w - 5) + w + ( 

or 2w + 2(^ i- 5) 

(c) w(2w - 5) - \ 



J' 2W-5f 
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In the early papt of oxir work with translatii^ W6 have b^en 
trying to emphasize the id^a that the variable represents a niomber 
by being reasonably precise in the language. Thiis, we have ^been 
sayiJig, "the ni^er of feet in the widtih", "the nxinber of inches 
in* the^ base", etc. As we go on, we become more careless about this 
way of speaking in order to be able to 'speak more fluently. So in' 
Problem 22, as long as the unit of length and the unit of areaj^re 
^clearly stated elsewhere in. the problem, we allow ourselves to 
speak of "perimeter" and "area^" instead of "number of feet in the 
perimeter" and "number of square feet in the area". 



Answers to Problems ; pages 64-65: 



"1, 



I?r*^the r^ tangle 'is x 
•inches *wide, then it is 

iiiches long, and 
X + 6x + X + 6x = Ikk 



6x inches 



or 



X inches 



2x + 2(6x) = Ikk. 



'If the smallest arigle.is s degreesy> then the largest 
angle is '2s + 20 * degrees, and <b .+ (2s + 20) + 70 = l80. 

If there were y studerits in. Miss • vbneB's class, then 
there were y + 5 students in Mr. Smith's class and^ ^ 

y + (y +'5) = ^3. ^^./^ ' ^ ' 



/ 



If therfe were y students Jtllss.. Jones' 



there .were 



s class, t^en 
s class and 



k3 - y students in Mr. SitLth's 
- y = y j 5. 

(Call, attention to^ the second, o#^tfiese methods. It is a 
useful approach to khow, but one -with which ^some readers \ 
have trouble a't first.) ^ - ' 

If Dick is X years old now, then John is 3x years old 
now.* Dick.was^x - 3 years old three years ago, John" 
was 3(x - 3 years old three years ago, and * 
(x - 3) + (3x - 3) = 22. 
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5. 



6, 



8, 



^ If John has d dimes, tl>en he has d + 1 Quarters, he 
has 2d + 1 nickels, his dimes are\i worth lOd cen^, 

^ his quarters are worth 25(^ + l) cents, his njicke^* 
.are worth 5 (2d + l) cent^-'knd 
lOd + 25(d + 1) + 5(2d + 1) = 165. ' ^ / 



If the freight train traveled z miles vper hour, then 
the passenger train traveled z + 20 miles per hour, ^ 
th4.j^:elght train went 5z miles, the passenger train 
went 5)2 + 20) mi^es, and 5(z' + 20) = 5z V lo6, . 

If y is the number of years until the men eam^the 
same salary, then 



Mr. Brown will be earning 
Mr. Whfte will be earning 
3600 + 300y = 4500 +*200y. 

If the table is w feet 
wide , then 14: is 3w ^ 
feet long, the square 
would be w + 3 feet 
wide and 3w - 3 feet 
long, and w +.3 = 3>/ -.3. 



3600 + 300y 'dollars ^ 
4500 + 200y dollars , and 



3W feet 




Wfeet 



'( 



W+3feet 



Answers 
1. 
2. 



to ^Problems pagfes 67-68: 
if the. JJraber j^, n, then 



-l!5W-3feet 
'1 



■jn > 26. 



If Norman 'Is 
9ld, and 



y years old^ theh.dS^ll is 
(y + 5) < 23'. 



y + 5 years 



n r-r - 
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3. 



If a side of the square 
Is X Inches long, then 
a side of the triangle 
is X + 5 inches long, 
and^ 4x = 3(x + 5) . 




X inches 



(Sqoore) 

x+5 

_^ nches 

( Equilateral^ ^ 

If the rate of the current is c^ miles per'hour, then 
c + 12 is the ^ate of the boat dovmstream, and 
c + 12 < 30. 

5* If there are c minutes allowed for commercials, then 
>^ > 3 and c < 1?. 

Time for material other than advertising is 30.- -c. 
Anothe-r way of expressing the last idea is'" T < 30 - 3 
and ^ > 30 - 12. 



> 88, 



6. If hi*s score on the third test is 

75 + 82 + t 

' 3 

75 •+ 82 + 100 ^ 2^7 ^ 
• 3~ 

. 75 + 82 0 

7. ^ Iwthere are 



t, then? 



'4- 



34 



s Students in Scott School and 



.m 



'students in Morris 'School, then 



(a) . s > .m 

^.b) 3 = m '+ 5O0, 



372 . 

■ ^^ .4 ■ ' , ^ ' . ' 

to Rev3^ Problems ; pages 68-71: ^ 

^(a) If the whole niajnber is 'f^, then Its successor Is ^ 
n + 1, and A + (n + l) = 575. 

* (b) If whole niimbers is n, tljen its successor is 

n + 1, and n + (n + l) = ,576, 

^ This sentence is fal'se for all whole nun^ers. 

If a nximber is odd, its successor. is even; if the 

number is evep, its successor is odd. 

Hence, their sum cannot be even, 

« 

(c) If the first number is n, then the secbnd number 
is n + 1, and n + (p + l) = 576, 

There is a number for which thi3 sentence is^.true, 
since the domain of the variable is not restricted 
to whole niambers • * ' ' , 

(d) If one piece of the board ds f A^t Tong, then 
the other plece^is 2f + 1 feet long, and 

f + •(2f + 1) = 16. ^ . , 

(e) 3x = 225. • . ^ ' 

it the tens* digit is t, and the \mits< digit is u> 
then the .ntinber is lOt + u, and lOi + u = 3(t + u) +7. 

42 - 'n 



(a) If n. is. the number, then 3(n +\iT) = 192. 

(b) If n is the number, then 3(n + 17) < 192. 

If the first number? is x, then the seconci, niomber is 
5x, ^d X + 5x 4x 15. . ^ / : ^ 

In one hcTUr he can jplow y of the field wiljh the first ^ 
t?»actor. In two .jiotirs, * using both tractors, he can <plow^:| 
2 



Y + * of the field. The part of the field left unplowed 
is p. - + ^) . The open sentence is y + ^ = ^ 
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7. 

8/ 



10, 



Mr. Brown's weight m months ago was' 175 + 5m. 
175 + 5ni = 200. J 

^ (^) if n is a whole number,, then n + 1 is its 
successor, and .n (n + 1) = 45. 

^ (b) If n an odd number, then n + 2 is||^the next * 
cons'ecutive odd number, and n + (n + 2) = 75. 
See whether your students • notice., that-4;hi6 can neveiCl/ 
be true for any odd number, since the sum of two odd 
nimibers is even. 

•dollars, then 176 = m'- jg^. 

If X 



11. 



12. 



13.. 



is the niimber of dollars for one hour' s work at ' 
the normal rate, then ^.is the nuraber^^f dollars for 
one hour's work at the over- time rate, and 
40x + 8(|x). = 166.40. ^/ 

(a) 35^-+ 20t 

I 

(b) h - 1 is the number of one-hour jferiods after the\ 
initial hour and the piirase is 35 + 20(h - l) 

Jf the ra^diator originally contains w quart's of water, 
it contains w + 2 * (Quarts of mixture^after the alcohol 
was added. Since 20% of this mixture is alcohol, there 
•*are Y?c«r(w + 2) quarts of alcohol in the mixture. 

2 = l|g(w + 2)-. . • . . -^.^^ 

<a) 10^ + 40y - , • i 

(b) 100(2 X 60) *+ 40y 
(c|) lOOx +■ 40^ = 20,000 
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This p^blem reviews sums of pairs of members of a set; 
it is not a problem se^ up primarily to get an answer. 
The pupil who tries* Jbo write an open .sentence will find 
he .is wasting his time. Instead he shouiid observe that 
the man ha^ a set of four members: [1.69,\.95^ 2«65. 
3.15} ' and that he should examine the set of\all possible 
sums of pairs of elements of the sit. 



+ 


1.69 


1.95 


2.65 


8.15 


• 1.69 


3.38 


3.64 


=^ 


4.84 


1.95 


3.64 


3.90 


4.60 


5..1'0 ■ 


2.65 


f 

4.34 


4.60 


.5.30/ 


1.80 


3 M5* 


4.84 


^ 5.10 


5.80 


6. 30 



This is the set: t3.38, 3.64, 3.90, 4.34y 4.6o, 4.84, 

5.10, 5.30, 5.80, 6.30) 
Trom tiiis we see: . ^ ^ 

ta) The smallest amount>^of change he cquld have i^ • 
5.00 - 4.8.4, or 16 cents. 



(b) The greatest amount of change possible is 5*00 - 



3.38, or 41.62; 



(c) ^ There are four pairs of twg boxes he cannot a^ord: 
I one of $1.95 and one of $3.15; onje of $2.65 
and one- of $3.15; two of 42.65;' tfwo of 43.15 
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Answers to- Problems ; pagis : 



<6 



1. (a) , {-(fk |, |, -(§)-) -7+ 



z 



"1 il 
3 9 



"I 



I 



5 

T 

1 • I 

2 3 



< — I — 



-3 
2 

-+-#-t — I hr 



i 1- 



6 "5 "4 "3 "2 'I 0 I 2 3 4 



t 



(c) [J2, V2, 3, "3} # ' .i 



72" 



^(d) (-1, + ^ 



-I — t-^- 



Ce) r(^), (^),^ (3-3)} ^ ' # /j ^ 

' * * ' (3-3) 

T 

2. ^ (a) 0 is to .the right of "(|). 



# — 



I - 2 



(b). -(|) and 



*ar,e names for the slame number and. 



.so, namfe- tnfe same f)oint on"' the nmber line. 

(c) 3 is to the right o-f 0. . - ^ 

(d) r/2 Is to the right of "4. ^ 

(e) '(•^) Is to the right of '04-). 

-,21 ^ 3x -/63x ' -,16 ^ 4v -.64x >^ 

"'(^) is to the right of "(fj). 

Beca\ise of the manner in which the negative numbers \ 
were constructed on the number line*, the negative J I 
number, "'(Yg')> corresponJ|jjng to the lesser of th? 
twolnumbers of arithmetic, is to the right of • "(-t^). 



(f) -| is .to the right ot^''(^). 
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^Ince "rolling i^he circle" gives \xs a length on the 
jhiimber line equal' to the circumf erence qf the *circ|Le, 
jithe circle comes to^ rest at' a polrtt on the lin^ r 
bnits to the right of 0. If; the circle is rolled to 
,the /left one revolution, the 'circle will *b'ome to rest 
at a point on the number line, whose coordinate is "ir. 

(a) "2 is an integer, la rat iona^r number,- a^eal- number . 

■ip) 



■,10n 



Is a rational number and a re'al niomo^. 



(c) Z/2 IS" a real number. 



A-= 


(0, 

/ 

(1, 


-3r-, 2-, 


-S^ • • • } 






B = 


2, 3-, 


4, ...) 




0 . 


C = 


(0, 


1,; 2, 


3, . . . ) - 


/ - 




I = 




• f —3 , 


-2, -i,';6, 1, 2 




N = 

« 


(1? 


^27^^ 








A, 


the 


set ol 


Kvfhole numbers. 


and 


the set of non- 



[negative jintegere, are trie samb ^ince both %re comprised 
lof the pdsitive j\itegers jand 0* ^'fB^r 'the| set .^Qf, positive 
' integers,'' and N, the set- of Qounti^ig rriMtbers , ^are the 
same, since 'both consist of the^cgn&J^lJti^^ y 



1. 2. 3, 



/ 



\ . M . 
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Answers to Problems; pages 78-8O: 

1. (a) ' 3 < "1 is false, since 3 is to the right of "1 
on the niomber line and is therefore greater than j 
"1. Note again the easy comparison of a positive 
^ r^^er and a negative number. 

.(b) 2<C.'"(^), is false, sin^e 2 is to the ri^t of ^ 
( "i^) and is therefore greater than ""(^). 

(c) ^ 3.5 is false/ 

((i) "i^) < "2.2 is time. Changing the decimal fraction 
to a common fraction, the statement becomes 
"irf) < ""(fl)- Now -(^) = and, so, is to' 

. ' the left of "(^) on the nxjmiber line. Thus, 

"(•^) is to the left of "2.2- . 

^ " (e) "(5) > "(^3^) is true, since ""(|) „and^^:il:.^J. 

are names for the same number, they correspond to 
the same point on the number line. But any real 
number is greater than or equal to itselfl 

The tinith status of sentences (f) - (j) can be determined 
in the sarfe manner as (a) and (b)- above; • consequently, we' 



simply .list the results . 


(f) 


"4 /'3.5 is 


time. 


» (g) 


"6 > "3 is 


false. 


• (h) 


3 . 5' < '4 is 


false* 


(i) 


"3 < "2.8 is 


true. 


(J) 


"ir 4: "2.8 is 


false. 


\ 
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(a) 
(b) 



y < 2.. , 

u i 3. 

V > "(|) 
-> 

r ^ "2. 
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\ 



«l 1 1 1 ' I I 

0 



H h 



'1. 

2 



♦I 1— <I> 



• I I I II 



II I I ' \. 



(e) 

(s) 

(h) 
(i) 



X = 3 or ^ < "1. 



a < ""3 and a ^ "3. 



d < 1 or d > 2. * 



c < 2 ''and c > "2. -] 1- 



T 0 



I «K I 



■1— > 



-:^ H h h 



0 



-4 — ^ 1- 



"! 0 



1-^ 



a < $ and a < "2. il I c^)-' — l- 

- 2^ 



0^ 



H h 



( j) u > ^ and u < "^S. The truth set In ^dls case is 
the empty set, 0, and hencej; has^ no gr^ .ph . . - The 
reader should observe that there is no ntimbei*^ both 
less than "3 and gre^ater than 2. The exercise < 
may serve to 'remind tne reader to notice carefully 
whether the connective in the ^sentejice is "and" or 
,"or", and to interpret the sentence accordingly. 



c 
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3. (a) A sentence vrtiose truth set Is the s'et ^of all real 
- numbers not e^ial to ,3 Is: y 7^ 3. Another. is 
y >'3 or y < % Note that although the sentences^, 
above are ma thematic ally -equivalent/ their English ' 
translations differ, aSliJ^it is the fomer sentence 
which tiescri-bes the required set difectly. ^ 

(b) A Sentence whose truth se^ is" the set of all real 
numbers less than or equal to "2 is v'< "2, 
Another is: v ^ "2. ' 

^ (c) A sentence whose tnuth^set is the set of all rfeal 

numbers not less than "("I) is* x 4: "(•!)• Another 
4.8: X ^ "(•^). Notice here that the alternate form 
is easier to.,comprehend. This may suggest to* the 
/reader a clearer deacriiption in ES^li^h for- the - 
quired set. . - . ^ 

\. - '-If p is any pos3,tive real number, "knd n-" i^'^-any 

^negative real number, then n is to the 'left of ^ro,- 
' and t is to the right of 2erp; thus, nv fs to the 
left of li. (Recall that this principle was used to 
speed the comparison of numbers in many of the preced^Kig 
exercises.) / it follows that "n < p" and "n ^ p" are 
true staterj^ents and *^^< n" is T^lse. The >K|^atement 
"n < p" Is true,* since'' the statement means h < p or 
p, and, though the second statement, is false, the . 
t i^ true . ^ - ' . . ' ^ 

cmth 



5. IfL p is any number of the set of integers, the tru 



of-: 



"2 < p ^d p'<; 3 is Cl, .0,Bl^2).^ ,In wordsj^ 
this is the set or all integei*sK>th gre§iter than 
"2 and less than 3. On the nJnber line ^ej?set 
would have the graph: ' , ' . * i^ 



■^1 



/ 
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■(b) -2/ and "4 < p, , is ("2, "S). This is the «et 

of all integers both less than ^"4 and greater than 
-9r equal to • ~2. I^s graph -isl 



0. .V . ■ ^ 



(c) p=:. 21 or p =-~5 is {"5,2). In wordsVwe have 
the direct description of th^is set: the set of 
integers equal to 2 or /~5. its gra^h is: 



-5 . ■ , 0 



s. 

H 



^'^i °^ > relate each of the following pairs 
so as to. make a true sentence. . ^ 

(a) |>-4). 

Notice that in this and in most of the following 
exercises the multi|)lication "property ^f l may 
' b.e T|ised to facilitate the comparison. 

3 .13 



(>;) I >rf- ■ ."(fx I 



Answers to Problems j page 80: 

1- If a is a rear number^ and b is a real number, then 
e^ctly one of the following Is true: 



4% ' - 



38\ ■ ' 

The best statement would b>6:' "If 'a rii^a real number ' 
and b ^ is a real number, then exa"6tly one of the follow- 
ing is true: a >\ or a < b. ' 

,Some say "For any real numbers a and b, a > b or 
a<b. If' a<-b and b < a, then 'a = b". The last 
sentence of this particular statement is reasonable and 
innocent in appearance. Surprisingly enough, it turns 
'out<t6 Ide one of the most useful criteria for deteiTnining 
th^t two "variables hav& ^the same valufe] In many instances 
in ^the calculu3, for example, one is able to shov by one 
argument that a < b and by another that b < a. He is 
.then 'able to conclude that a = b.* Given two numeral's , 
^ it is usually trivial to check whether or not they name 
the same number. In ^the case of two numbers, of coiirse, 
we have complete* information. It is only when our 
information ^<5iit two "numerals" is incomplete that a ' / 
statement like, "If a < b and b < a, then a = b", > 
can possibly be useful as a tool. ' ' 



An3wei*s to Problems ; pages 8l-i'82: ' 

*1. (a) -(^) <|, |<'12, -C%) < 12. 

(b) "it < V2, V2 < IT, ~T < T. , < 

^ (c) "1.7 < 0, 0 < 1.7, ~1.7<1.7.- 

(d) -(g) < '(-^), <'"(t|)»- "(g) < "(^). 

■(e) -(|) = -(^),, "(i) = -(t|), ;(t)=."(t|)- Thus, 



(^) <."(^), ■(^) <,-(t)' < "(t) 



\ 
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if) r + 



1 _ 3 



1 ii) 



.2 ♦ 



or 



1 + 



(1- + ir- _■ f3x2- 9 

U + -^J - = or 



± + 



5. 




or 



T.2 



1^2 



* 

Of W real nubbers a, b", and c, if a>b and' 
• b > c , . then •' a > c . 

The transitive property for is :. For all real ' 

numbers ^a b', and c,- 'if a = b ' and b' = c, then' 
a = c. 

If Art weighs the saine as Bob alnd Wb" and Cal are, equal 
-Jn .weight, -ve know Art ahd Cal must weigh the .same, ifs ' 
,3 + 4 = 7 and 7 = 5+2, ther; ^+4 = 5 + 2. 
The tr^itive property for > would be: W all real 
numbers-, a^b/ and- c, if a ^ b and .b>>c, ■ then 
a>c. I* 7r>3.l4 aaid 3. lit •> 2, ' then tt > 2. ' ' 
(a) ^The Aon-.p'ositive. real number^ are rthe set of - numbers 
. . . less than- or equal to "O;" ~in other wordp, the sef 
< - .comprised of \o and all rjegative numbers. 
•(b) The non-neg^tlVe real numbers are the set of numbers 
.greater than or equal to Oj ■ in other word^, the 
set consisting, of zero and all. the positive' numbers . 



^4 ■ 
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D. (a)/ (-^) and (-^) • - 

Using mixed, niimbers , ~(^^) = "^S^^) 
' Itst) =>"(4r)- "(S^iX -.5 and 

"5"< "(4r)V then -( 



< "(4r^; arid 



. Alternatively ,j 

if < -(ig) or^ and -{1^) 

--5 <-(104)^ -(145)% -(104), 

(b) -(iff)' and -(^). 

-,192s -,184/ 



'lo^?^ '^^r. 



(-_^) or 4, and {-LjJ) or. 

".73 s 
44^* 



-»<-(ig), then -<ii),<-(i||) 



Answers to Problems; page 85: 

!• ^ (a) The* o^^posite of;' 2.3 is -2,3. 

'(b) The .opposite of -2.3^ is ^2.3/ 

(c>' The opposite*' of -(-2.3) i^ -2.3. Note here, tha 
• ^ the opposite of the apposite of a niimber is the 

*. number itself. 

(d) The opposite of -(3.6 - 2.4) is, 3.6 - 2.4, ox 
more simply, . 1.2. 



(e) The- opposite of -(42''x O) is (-42 x O) or moi 
simply, 0. . ^ 

(f) > The opposite of -(42+0) is (42 + 0) or mo/j 

'Simply 42. • - , 

Exercises (e) and (f) provide an opportimity t(ji see 
whether the zero properties for additidri an^l mjilti- 
plication have Ipdged in the readers' minds-. 
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(a) If X' is positive, 'then the opposite of x is 
negative . * . j ' 

(b) If X is negative, tli'ep t^^e opposite of x is 
positive . ' ^ • ' 

(c) If x' is zero, then the opposite of x is zero*. 

(a) If the opposite of x , is a positive huipber, then 
the ilumber x itself must be. negative. 

(b) If the opposite of x is a negative, number,^ then 
the number itself must ^ be positive. ^* 

(c) If the opposite of x is 0, then the number x 
itself must be 0^ ^for a is its opposite. 

J{B.) -Since every real number has an o^posi^e, it' follows 
that every real number 'is the opposite of some real 
' number. . • • ^ 

(b) Yes. See ^{^) . . 

(c) Every negative number is the opposii;e of some 

. * (positive)^i*e^:^^ji^£ib -hence, the set of negative 

numbers is \ siibsel: of the s6t of all oppositesv 

.* * * • * 

(d) Some opposites, namely, opposites of negative 

< * ^ 

numbers, are not negative numbers. Hence, the set 
ef opposites is- not a sublet of the set of negai^ive 
numbers , ' , ^ ' ' * ^ ^" 

■(e) No. See 4(d). ' * ^ , ' ' >v ^ 
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Answers to Problems. ; pages 8^6-87; . , . 
V .1. ..-(a) -i<|"'an.d Z7<h 
(b)" -Tri<v/2' '-.aiid- ■V2<: Tr^ 
22 ■ ,22 ' 



(c) TT < ^ ^afid/ ^ < -IT* ' 

The students'- may need to be^toi'd th.at ^ir'= 3.lKl6 ' ^ 
to decimal places and they majr determine 

• ' • = 3,1428 to four-d6eimal places. \ / 

^) . 3(^ + 2) = 3 X J^'H- 3. >< ^ - by the Di^tributiv^proEferty^^ 



1(20 + 8) = (|)(20l-^.Cl)B "by the Distribut?.ve 

^- • ^ _ Property^-- ^. 

= 25 +■ 10 ' '. . ' 

• ' ^ 35.'' . ' ■ 

SUice" 10 <' 35. 'and; -v-35 < -lO,- ■ we' -have 

3.(^ +. 2') ■< |(20:+ 8) knd. - VQ) < -3-(| +'2) 



\ 5;^^^ -'-( ^^7.^ ) \2 j/ape names f 



for. the same 



2. ' (a) -X >-3."- 



-I tr 



h 
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(a) 'The sentence states ."the opposite of x is not 

equal to 3") -There are many humbefS whose opposites 
are not equal to J; in fact, there is only one * 
number whose opposite does equa^l 3, and this 'is, 
-^f^course, -3, ^Herlce, the required set is -the set 
of ajLl real' numbers except. -3.^ 

^(b)' -X ^ «3. • / ' ' ■ . ' y 

Byjth^ reasoning of Part (a) the required sfet here 
* ^^^^ ,:j.s^found to.be the set. of all »rea[l numbers except 3. 

• (c) -X < On ^ ^ \ / 

Here the set^required is the set of 'all real numbers 
^ * whose opposites are less than. zero:. *Now if the - » 
OE»posltes bf all members of . this set are less thar^ 
' , ' ' zero, the members of' the set must 'be greater than ' 
. " zero; in other words, Vx < 0" J^x > O" have * 

'h'^ . ^ , the same truth set. Thus,, the truth set is the set ^ 
of all positive re^JL humbeiTs. ^ . ' ' 

, ^(d) • -X <,0. - . /.^ \ • • 

. 'Here the reasoning would parallel (c) above: Each 
^ , member of the truth set is either -zero or a positive. . 
number. This set is described' briei*iy^<as the , 4^ 
^ Aon - Negative -numbers . . ' < " ' ' ^ ' 

^- '(1^) X < 1^. . ^ ^ ^ ^ . . 

(b) -2 < .X and x <. 1. ■ ^ . 
t This" open ^sentence* can be vrritten much more sugges- 

tively as: • . . ' . , ' ' ' 

^ J • -2 < X < 1, ' ^ ' . . ' 

We would read this "x is greater than • -2 aiid, ' " 
less than or equal to 1". *rhis terminology 
emphasizes the ^number line.pipture and suggests ^ 
strongly that x- is ' 1 or is between ' -2 ahd* 1. . 

' ■ r-* • ^ • . , . . . . 
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We never wrire^, for example, "-2 < x > l"^ as 
'a,^s:horthand for "-2 <*x or -x > l", but read . . 
^ "-2 < X > 1" as "x is greater than -2 'and ^ • 

greater than or equal to l"; in other words, we 
^•^ * would read "-2 < x > 1" as a conjunction, wh6n 

what is wanted is a disjunction. 

(c) x < -1 or X >' 1 . 

^ ' (d) X > -2 and x <^ 2 or, more briefly, -2 <.x < 2. 

y 

' " 5. '<(a), -3 is^the opposite of 3. The greater .is 3, 

(b) -0 is the opposite of 0. They are the sam^ number* 
i'c) y2 is the' opposite of - V2", * The greater^ is ^/2. 

(d) -17 > is the opposite of 17*. The greater is, 17. 

(e*) 0.^01 f*is the opposite of -0.01. The greater is 0.01, 

(f ) ^.*'-2 . is the opposite, of -(-2) . The greater is -(-2). 

(g) (-5 - -j) "is -the opposite of j-i^*- -j) . The' greater 

is . ■ ^ . 

^ , ' The opposites' off (c),, (e), (f) and (g) may be .given 
in terms^ of the opposites of the opposjtes, e.g., 
^ . (c) The opposite of V^" is -(-'V^), etc. / 

6. " Thb relation " \ " does not have the c.omparison property. 
For example', 2 and -2 are diff.erent real .numbers but* 
neither is* further from 0** "than the other; in other 
words, none of the statements "-2 = 2", "-2 ^ 2" and 
"2 [ -2'^ is true. 

The transitive property' for " ^" would read: If 
a, b, and ^c, ,^ are real numbers' and if a ^ b and? 
b ^ c, then a ^ c. This is certainly a true statement 
as can be seen by substituting the phrase "is further 
from 0 than" for " [ " wherever it occurs. 
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The relations " and have theVame 

. meaning- for the ntijnbers of , arithmetic : "is, further 
from 0 ibhkn" , and "is" to the right of" meaii the 
same thing on the arithmetic number line. 

Following the hint: ^ . ^ 5 

•^13 r * 15 
- Tf^ 'and - ^ are i^o be compared. 

Tf2^7^ ^ '29^ ' (Multiplication property of 1 

-'90 ^ ' , \ 

In order to compare two negative rational' numbers , we 
use the multiplication property of 1 to- compare^th^ir * 
opposites sCJfid then use the property of opposites: For . ^ 
real numbers ' a and b, "if a < b, then -b^x- -a.^-We 
can describe this briefly as: In orde\to ^pompare twb 
negative (or two positive) ralJional numbers, represent 
them by fractions with the same 'denominator and compare 
the numbers represented* by their numerators.. . , 



Answers to Problems ; page 89 : ' ^ * . " - 

r 

, 1* (a) 7; the greater 'of, -7 and 7 is 7. 

(b)' 3; the greater* of ^ -(-3)^ and its opposite. -3 
is -(-3) or 3. 

. ^ ' , (c) 2j 6 - 4 is anpther^name for* '2, and 2 is 
. ' greater than its opposite^ -2 J 

0$^ by the multip;iication propeipty -of 0, (l^x 9) 
is 0, and the absolute value of 0 is 0. 
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> . '(e) Ih; by the addition property' of '0, (14 + <)) 
^ . * is* 14, and 14 is greater than its opposite, -14. 

4 

(f) 3; t*he opposite of the opposite of the c^posite of 
3 is simply -3 and 'the opposite of -3, 3, is 
greater than -3. ^ , , 

2. • fa) Berth are non-negativfe. 

(b) If X is a non-negative- number, it corresponds to 
* a point at or to the right of 0 on the real niimber 
line. Its opposite, then, is at pr to the left of 
0. . It follows that the greater of x and 'its 
opposite -X is here x. By definition, then, 
|x| Is X, ' a Inon-nnegative niimber. ; 

3. (a) and (b) * ^ . ^ 
If X is a negative niimber, it coi?responds to a 

^ • point to the left of 0 on the ^real "nuirfber li^e. 

Its opposite is therefore to the right of 0. Thus, 
the greater of x and -x is, ' in this case, -x; 
\ in other words, if :« is a negative ^umAr |x| is 
-k, the opposite of x, and thus a positive number, 

\, For every real number x,^ |x| is a non-negat*ive number. 
In Parts (a) and (b) adl cases, x < 0, x = 0, x > 0, . 
have been considered,- and in every case, |x| was found 
to be non-negative. ^ • . 

5. For the negative number x, |x| 'iS>greater than x 
. since, for x negative, |x| ^^s positive by Problem 
\ ' . 2(b) . Since any negative number is 1q^.s thaji any ' ^ 
'positive number, x < |x| f on' all negai*jLve x.- 

"6: The'set* {-1, -2,* 1, 2} is closed under the operation of 
taking the absolute value of its elements. Taking the 
absolute value of each eleme^nt of the set., 

l-i|=is 

|-2|. = 2 

- ' HI = 1 ' ^ . 

. . \2\ ^ 2, ■ ' 
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_ Vfe find, that the set of absolute valiies of the mjmbgrs 
. of the ^iginal set to be (1, 2). Since, {1, 2) is a 
subset of [-2, -1, X, 2), this latter set is closed ' 
under the operation of tak!ing absolute values df its 
elements . '■ <> ' - 



N 



Answers to Problems ; pag'es 89-91 : 

/ 

1. (a), |-7| < 3 or 7 < 3. 

(b) '|-2| < 'l-ai or 2 < 3. 

(c) [41 < |1| or 4 < 1. 
•(d) 2 4: 1-3 1 or 2 i 3. 

^ " ' (e), 1-51 < \2\ or 5 <t 2. 

. • '(f) -3 < 17. < 

fg) -2 < |-3| or 2'< 3. , 

, (h) > (-41 or 4 > 4. 

■ . (i) |-2|2 = 4 or 2^ = 4. 

V- (b). (e), '(f), (fe) (1) a3?e true . 

2. . (a) |2| + |3| = 2 + 3 = 5..' ' • 

^(b) |-2| +.|3| =2+3 = 5. V • ■ 

io*) -(|2| + |3f-)-= L(2 + 3) = -5.. 

(d) '-|-2| + |3J =-2+3=1. 

(e) 1-71 --(7 - 5) = 7 -'2 = 5. " 
..(f) 7-1-31=7-3=4. ^" ' . *'. . 
-(g) 'l;5| X 2 = 5 X 2 =^10.- , I 

(h) -(1-51 - 2) = -(5 - 2\ ^ -3'. 

- ^~ {±)- 1-31 - f2| t 3 - 2 = i. ■'. 

(J) |-2| +,.|-3I = 2 f3 = 5.'. ' 

> • * " * I 



False * 
True^ 
False 
False 
True ' 
True 
Time V 
False 
True 
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(k) -(|'-3| } 2) = -(3 - 2) = -1. • . • 

.(1) -(1-21.4' 1-3^^ = -(2 + 3) = -5. - 

(m) 3 -' |3 - 2| =,3 - 1 = 2. 

(n) *-(|-7| - 6) = Xl - 6) = -1.. 

(o) |-5|*x |-2| = 5 X 2 = 10. 

(P) .-( f-2|, X 5) = -(2 X 5) = -10. . 

(q; -(l-5| X I-2J) = -(5 X 2) = -10. 

(a) |x| '= 1. The truth set is [1, -1]. 
"(b) |x| = 3. The truth /set is [3,-3]. 

V 

(c) |x|-.+ 1 = 4. The truth set is [3, -3], the same 
as that of |x| = 3. 

(d) 5 - [x\ = 2. The truth set is' (3, -3]. 

^) |x| > 0 is true fbr all^real numbers 

If X > 0, |x| > 0. See Problem 2(b) on page 89-* 
If X < 0, |x| > 0* See Problem 3(b) on page. 89. 

(b) X <.|x| is* true for all real numbers x. 
If . X > 0, X :p |x| Lf X < 0, X < |x| 

(?) < 1^1 ^2nie for all real numbers ' x. 

If X >'^0, -X < |xj . Jf X < 0, -X' - |x| . ' 

(id) -|x| < X ^ true^ for all real numbers x. 

^ . If X > 0, "-|x| < X.- If X < 0, -[5C| = X. 

Graph the truth sets pf the following sentences: 
''(a) IM = 5.. '' 



t72^— I 1 — I — I — I — I — I — I— *- 
■4.-3 2 I 0 ,1 2 3 4 5 



(b) \k\ < 2. (j ) I I 

'2 \ 0 ? 2 
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The reader may arrive at th^. ;required graph by trial 
of Afferent n\;imbers for x in the sentence.. He 
may instead reason the exercise out somewhat as 
follows: The sentence, states that "The absolute 
value of X is- less 'than 2". On the number line, 
this statement becomes "x is less than 2 \mit^ 
away from O". Theref6re, the graj)h of *!|x| < 2" 
is the one given pn'the previous page. "'^ 



(c) X > -2 and x < 2.^ ^ ' I 

|x| > 2. 




As in Part (b) the' reade-r here may find the required 
set by tflal-and-error, or by recalling th6 inter- 
pretation of absolute value as a distance on the 
number line as in (b) on the previous page. 

i 

(e) X < -2 or X > 2. 



7 ^ 0 

(f) Since the absolute of a number is always a non- 
^ negative nmber this sentence is jneaningless . 

. ^ The set of integers less than 5 is the set \ 
(,.., -1, 0, 1, 2, 3, 4}. 
The set of integers less than 5 whose absolute values 
,\are greater than 2 is « ' 

(...> -5>.>-4, ^-3^/ 3, 4}, 
-5 'and -10 -are both ^element'i^ of ' this set, but 0 is 
, not. ' , , • 

• • • • • • I I — I — I — I # # — 

^ ^ - -6 -5 -4 -3 -2 '10 I 2 3 4 5 .. 
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7» • fhree number^: ' " • 

(a) ''in P ^but not in I:' All positive n\iinbers except 

integers, j^, V2,^ ir,- 5.3,. '"etc. . 

^. . , « • . ' 

(b) In R but not in JP: All non-positive. real numbers, 
-7, r,-^, 0, -^2*, -"I, etc. / ^ 

(c) In R but not in P or I: All non-positive real * 



niombers, except integers, - -2.74, - ^, -v^, 

etc ' ' 

(d) In but not in R: All non-real positive niairifeers. 

Since^ there are none ,^ this is the empty set, ^. 



Answers to Review Problems ; page ^2: 
1. 




* * 

' (a)-, (b), and (c) are true statements. , ^ 
3 ♦ etc ; ' * • ' ^ 

» 4 '' 4 ' » I — — ^ — ^ — ! — \ — 4 — ^ 

. -9 -8 -7 -6 -5 -4 -3-2 -^1 0 I ^2 • 4- 5 



4 
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(a) If s is the number of units In the side of this 
square, s- is positive an.d ,4s is the. perimeter 
of the square/ A sentence for this is s >* 0 and 
4s < 10. ' ' ^ 



■t- 



(b) If A is, the number, of units in the area of" the 

2 



s > 0 and • 4s < lO- 
2 

9 



square/ then A = s"^,* where 
oas in Part (a). Since A is s"^, and s- is a 
number- from the set. of niombers be'tweeii 0 and 2,5 
the truth set of A is the set of 'nxjinbers between 
0 and 6.25. ' • ' ' 



ewers' 



Answers^ to Problems ; page 94: 



*tKD »- 

6 7 



1. ^ (a) 



p — — « 1 — '-i 1 i- 

7 6- -S -4 -3 

The sum is -6. 



-H 1 1 1 1 1 1— 

10 12 3 4 5 



2 



-+-^ \ 1 1 d h 



-\ 1 »- 



^tf -10 -9 -Q -7 -6 "5 -4 -3 '2 'l 0 1 
i>hen 



\^ ^^^^ \o ■ 



H ^ 1 1 1 — =J 1- 



H 1 ! J- 



'7 "6 '5 'A "3 "a^"! ' 0__L-. 2 3 4 
The s\im is . -6. 



^ 396 • 



(g) 




The siam is 0. 




then 



- — I- 



^ i ' ' ^ ! , I 4 1 H- 

'2 'I 0 I 2 3 4 5 6 
The sum is 5. 



»- Move from 0 to-* 7^ ^the number line, then move 
10 units to the right. 

(b) Move frc^tn 0 , to \r. on the number line, then move 
10 unit3jtb the left. 

(c) Move from .0 to ^0 on the number line/ then move 
'^7 :units to the'Ueft. 

« 

(d) Move f^rora 0 -to -10^ on. thS number line, then 
move 7 units to the left. 

(e) Move from 0 to 10 on the number * line , then move 
7 units ^to the right . 

(f) Move from 0 to -7 on the number line> then move 
10 units to the left. 

\ ^ ' ' ' 
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' (g) Move from 0 ^to- -7 on the number line, t^n move 
10 Tonits^to the right. ) ^ \ . 

(h) ftove from- 0 ^to -10 on the ntimber line, t!^fen 
move 7 units to the right. ^ \ /^l 

' (i) Move from 0 to -10 on the "number line, th^n 
move 0 \anits . \ ' 

(J) Move from 0 to 0 on the nmber line then move 
7 units to the right. ^ \ I 

3. In (a) y (e) and (j) 

4. When bbth numbers were negative, the svim was ne^ative^ 
•and was the opposite of -the *svim obtained when both 
numbers wer§ positive. . ^ 

— '■ — 

Answers to Problems; pages 97-98: 

1. • (a) (-2) + (-7) = -(|-2| + 1-71)" 

= -(2 + 7) 

' = -9 ♦ . . 

A loss of $2 followed by a loBs of $7 a net 

loss of $9.-' ^ ^ _ ■ ' ' ■ 

(b) (-4.6) + (-1.6) = -(1-4.61 + 1-1.61) - : 

= -(4-.6 + 1.6) ■ ° • 1. 
. ' = -6.2 ' ' ■ > 

Move from 0 to -4.6 -on the number line, then \ 
' move.. 1.6 lanits" to the left. You arrive at -6"."2.\^ 
iC . / o2n " / I oil . I «2i 



(c) (-4) + (-S|) = -(.1-3^1 -t 



-(4 ^ 4) 



Moy^ from 0 -3j on the number line, then mbve 

\anl;tef'to^ the .'left. Yoi^ arrive at -6'.' v 
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(-25) + (^73) = -(1-251 '+ 1-731) ^ 

= -(25 +73) . ' 

= -98 

.A _lps,s", of 425 followed by a 'loss of ^73 is a ■ 
net loss of $98''. . .j. 

(ej 5|+-3| = 8 

Here we have k problem invafving only the addition 
. of positive nuinb^, so. that the definition for the 
addition of negative, numbers cannot be used. 
2., (a) (-6) + (-7) = _i3 • « "■ 

' (iJ) (-7) + (-6) =.-13 . , • , 

■ ■ (c) -(1-7,1 +M-6I = -(7 + 6) - , ■ 0 ^ / ' 

^= -13 ■ ' ' 

(dr) 6 + (-4) = 2 Ibf V ■ ' 

(e) (-4) ■+6=2- ' ^ ■ 

(f) |6| - =6-4 ' r 

, = 2 • ^ . 

(g) i--.q,+ (-3) = -3 , • * 

• (h) '-(|-3j - |0|) = -(3 -0) 
^ - = -3 

(i) 3 + ((-2) + 2) = 3 +.0 ^ . • . X • 

= 3 

3. Prom the point of view of the number line:, if the 
• distance moved' to, the right was greater than th? distance 
;f moved to the left, the sum was .positive; if the distance'"!^ 
moved to the left was greater, the sura was negative. 
_In terras of absolute value: if jie ^jg^tive nnf^Iber has 
the greater absolute value, the l,x^%jiegative> if the 
_ positive number has the greater a^)s6^=^value, the sum • 
is positiva. 
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Answers to Problems; pages 99-101: 

' 1. ' (a) • (-5)'+ '3 = -(15/- l3|) 

. ♦ : . = -(5-- 3) 

= -2- 

. (b). (-11).+. (^5) = -(f-ll| + 1-51) 

/' '. = -16 

(c). .(-|) + 0 = -(|-|| -°|0|) ° 




8 

T 

(d) 2+ (-2) = |2| - |-2| 
,= 2-2 

0 

(e) 18 +J-X4i.^a| ^ 1-141 
~= 18 - 14 

= 4 - 

(f) 12 + T^fi^ 19.4 

. (g) + 5\|5l - l-fl ■ 

. . ^ ~ - , - ■ 

-r - 7 

• '-^ 13 ~- - . 

_ ' • , • 

(h) (-35) + (-65) = -(1-351 + I-65I) 

= ^(35 + 65) 
' . = -100 

2^ 'Since the svun ofVtwo real niunbers is a real nvunber, 
set of all real nurabeM is closed under additio"n. 



the 
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^ 400 ■ . 

Since the sum of two negative real numbers is a negative ' 
real, number, .the iset of all nefgative real numbers is 
closed under a,ddition. . ' ^ ' 

,(a) If X is . 5, then ■5 + 2 = 7^ is tru6'. ' . . 

(b) If is -10,, \;hen 3 + (-^O) = -t is true.'. 

(c) If a is -5, then (-5) + 5 = 0 is true T 
M) If b is 10,' then 10 +(-7) =-3 is true. 

(e)<)if X is 0, then (-|) + o'=-| is true* 

/) If c is -4, then (-4) ; (-3) = -7 is true. 
.(g). If y is -|, then (-§ ) + 1 =-| is true. . ' 

■(h) If X is -.20, then |(20) + (-4)"'= 6 is true. ' 

(i) If y 'is 3, then (3 + (-2)) i 2,= 3 is true. 

(J)- If X is (-1), then (3+(-l))+ (13) =-1 is'true 
• (a) True (d) 'False- , " ' 

True \ (e) paise • 

(c), True 

(a) If. -X is the distai^ from the starting point (with 
nor«fIr taken as the po^tive direction), then " ' 

X =. 40 + (-55) . 

(b) If n is the third' number, then 

-! . (-9) + 28 + n = '(-52). • ' 

(c) If c is:j.tha_ temperature change between 4 P.M. 
and 8 F.M.,"^then_ -J' 1,. -* • •. ' '* 

-2 + 3.5 + 6 + 0-^-97^ 

(d) If g is the ^number of pounds gained the third we elc^ 
then .'' ' .--^^^^ 

200 + (-4) + (-6) +.g = 195. 

'(e) If s is the number of points change .iri the stock 
' ' price listing, then -„ ^^ ' ' ■< 

83 + (-5) + s = 86.. - ■ 
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Answers to Problems; pages 103-104: 

1.' (a) The left numeral is 

(a + (-3) + 4) = (3 + (S3)) + 4 

= 0 + 4. 

The right numeral" is 

" 0 + 4. ^ 

^ (b) The right numeral is 
■ . ((-3) + 5) + 7 = (5 + (-3)) + T 

The left numeral is 

. (5 + (-3)) + 7. 

(c) The left nxjmeral is 

* (7 + (-7)) +^6 = 0 6 ' ^ 

The right numeral is 6. 

(d) The left n\;qneral is 

' |-1| [-31 +;(-3) = 1 + 3 + (^.3) 



' associati^ve ' J 
property of 
addition. ^ • ^ 

addition .property* 
of opposites^ 



commutative 
properjiy- of ^ 
addition. «^ ^ 



addition property 
of opposites ; ' 

addition propervty ' 
of 0. - 3 " 



= 1 +' 

= 1' + 
= 1 



definition oC-^. , 
absolute value , 

(3 + (-3)') associative ^ 
^ , ■ ^ property o,f ^ - 
addition; ^ ' 

addition propert% f 
of opposite^. ' ' ' 

addition property 
of 0. ' : - 




The right numeral is 1. • - 

(e) The right niomeral is 

(-2) + 3) + (^4) =-(^2) +r3+ (-4)^ associative 
^ ^ ^orODertv of 



property of 
addition. 



The left ntuneral is 



(-2) + (3,+ .(-'^))T'^ 
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(a) 



(b) 



(c) 



The left numeral is 
(-T-5I) + 6 = (-5) + 6 

= 6+ (-5). 
The right numeral Is v 

X = X + (-x) + 3 
X = (x + (-x)^ + 3 

•> ■ 



?c F 0 + 3 
X = 3' 



m + 7 + (-m) = m 
m + (-m)' + 7 = m 



0 y 7 = m 
7 = m 



' definition of 
, absolute -value. 

commutative 
^ropert;y of 
addition. 



n '+ (n + 2) + '(-n) + 1 + 
n + (-n) + (n^+ 2) + 1 + 
+, n-+ (2 + 1) + 
0 + n + ^3 + 
' .r n + 

(d) (y + 4) + =^ + (-4)' 

y +(^ + (-4)) =\ + (-4) 

y + .0 ='9 + (-4) 

y = 9 + (-4) 

■ - ' ' y 5= 5 • 



(-3) 
(-3) 
(-3) 
,(-3)) 



0 
0 
0 
0 

"o 

0 
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Answers to Probiems ; page 107: 

1^. If X + 5 = 13 is true for some x, then 

X' + 5 +.(-5) = 13 + (-5) - is true for the same x, 

X + 0 = 8 .is true for the same " x,' 

" X = 8 "is true for the same x/ 

If X = 8, . • > , 
the left, member is- 8 + 5 = I3j 
the right member is 13. ■ . • 
Hence, the truth set is [8]; ■ '• 
the only solution is 8. 
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If (-61*+ 7 = (-8) + X is true for some x, then 

8 + (-.b) +•7*'= 8 +'(-8)*'+ X ' is true for the .same 

• ' / 9 = 0 + X . is true for the same x, 

r ' 9 = X , ' is t'rue for the same x. 



X, 



If X = 9, ' • . 

*the deft member is' (-6) +7 = 1, • \ 
the right member is (--8) +9 = 1. 
Hence, tjm^ruth^set is. [9). ^ - 

3- If (-/I) + 2 +• (-3) = 4 + X + (-5) is true for some sX, 

then , (-2) = X + ,(-l) is true for the same x, 

(-2) + 1 = X + (-I) + 1 is ,true for the same x, 

-1 X is txyie for the same x.. 

' . If X = -1, ' ^ ^ ^ 

the left member is (-1) , + 2 + (-3j (-2), 
the right member is 4 + (-1) + (-5) = (-2). 
The solution is -1. 

k. If (x-+' 2) + X = (^3) + X is true for some' x,V then 
2x + 2 =^(-3) + X is true for the 
. 2x + 2 +^(-^) + (-2) 
. ~ (-3). + X + (-x) + (-2) is^rue for the same^x, , 
^-^ ^ * X = -5 . is true for the samgf x. 




: 4 0 
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If X = -5, ^ 

th^ left member is ^(-5) + 2) + 5 = (-3) + 5 

^ = 2, ' 
the right member is ' ^. (-3) -fc^.S ='2. . 
Hence, the truth set is' {.■^) . ' > ' \' 

If (-2) + X +,(-3) = X + (- !|)* * i^ true for some x, 

then X +• (-5) = x + (- ^) ^is true for the same 

. (-x) +,x + (-5) " . ' 



= (-x) + X + ( - •^)* * is true;, for the same 

• . . -5 = - ^ is true^ for^he same 

but' "^5 - ''is ^- fal^e, , which contradicts 
the assumption that the equation was ,t rue' for 
' s ome -X . ' , * , ^ * ^ ^ 

Hence^ the.'^truth set is ^. - , 

If fx|s+ (-3) = |-2| + 5 is true fop some x,* then 
|x| + (-3) + 3 = 2 + 5+ '3. is tinie fpr the s^e 

|x| = 10 . ^ \ ' • is true for the same 

X = 10 'or X = -!^0 is true for the same 

]^'x='lO, ■ • ' ' 

^the left member is |10|' + (-3) = 10 + (-3) 

^ * T 

^he right member is |-2|^+ 5 = 2'+.5 

• =.7. 



If X = -10, 

the left member is l-ioj + (-3) = 10 + (-3) 

= 7, . 

the right member is |-2| + 5 = 2+5 
The solutions are 10, -10. 
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If (-"^) + 1^1 rM-'f) + (-1) 4? tru^ for some x, then 

fi "* ' ^ . ^ 

|+(-|) + l^^.^l+^-T*) + .(-1) is t^e for the same x, 
^ '|x-| = '^^^ 

|x| ' is true for the same x. 

St- " * ^ ^ 

But |x| is non-negative .for every x, which contradicts 
the assumption that ^he equation is tr^e 'fbr some - x. 
There is no solution. 

If X + (-3) = '+ (-3) is true for some- 1c, then 
X + (-3) + 3 = 4 + (-3') +3 is true for 1:he same x, 
X = 4 is true for the same x. 

If X = 4, ' ^ 

th,e left'meipber is 4 +«(-3) = 1, 

the right member;* is + (-3) = 4 + (-3,)., 

Hence,* th^ truth set is (4). ^. * . 

]i 1 * 1 ' * ' * 

If (-•^) + (x +^ = X + (x + , is true f6r;som*e x, then 

^ X + -r) + 4 = + j:?- - is true for the same X, - 
' . 5' . 6 f s <^ ' ^ 

x+ (-x) + (-^) + (-^) = 2x. + (-x) + (-^1) +-1 is true for the 
^ • ^ o D same x. 

-I ■ . . 

- 1 = ^ f , 

the 'left membar is (--j) + (--j + -j) = (-|) + (-|) + 
" ' ' ^ • ^ 13 ■ • ' 

the right' member is ' - + (--^ " " f '^'^^'f^ f - y ' 

♦ * 

The solution is - ■j. . ' * » 



Answers to Problems ; page 10^: " 

^1. In each part of this problem, the nvmiber for which the 
_ „ ^ sentence is true is determined almos.t immediately by the 
rrz,-, v^^.uniqueness of the additive inverse; I.e. if x,+ z = 0, 
then z = -X. 

(a)" -3 • ' . (f) - I 

(^) 2 . , . (e) 5 ' ' 

(c) -8 (h) ■ 3 '• • ' - 

(d) ^ ' " (i) 3 . • • 

(e) -3' - ' 

2. Yes, for by this theory there is 'but one possible value 
for the variable, the opposite of the number to which the 



variable is added to make 0, 



Answers to Problems j pages 112-113: 

1. (a> -(x + y) = (-x) +■ (-y). True. 

(b)_-x. = -(-x). Since -(-x) = x, this is false for , 
all real x except ze|:*o; 

.{c} -(-x) = X. True for all real x. 

(d) -^x + (-2)) = (-x) + 2. True} a special case of 
(a) ,where y = -2, -y = 2. .. 

f * 

(e) -^a + (-b)^ = (-a) •+ b. True; a specJial case of 
(a) where x = a, 'y'= -b, (-x) = (-a), (-y) = b. 

(f) For a = 2, b = 4/ the sentence becomes" 

'(2 + (4)) + (-2) ' ' ^ 

. ; -4 = 4 

which is false. T^e sentence is not true for all 
real numbers. 
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While this prod$"bjr counter-jexample is &ufi*icient, 
one may also reason as follows: Application of the 
associative and cormnutative properties of addition, 
the addition property of opposites, and the addition 
property of 0 leads tp -b = bj in' other words, ^ 
If "^a + (-b)) + (-a) = b" , .is true for all real * 
numbers a and b, then "-b = b" is tpue for * 
all real numbers a^and b. But "-b = b" is true 
only for b = 0. • Therefore, the statement" 
^^a + (-b)) + (-a) = b" is not tru^ for all real 



numbers a and" .b. 



(s) (- 



where 



(-x)^ ='X + (-x). True; a special case of (a) 
X = X, y = (-x), (-y) = X, 



(-x) +(y + (-z)) =^ (-x) + ((-z) + y) * commutative property 
^ ^ ^ - - of addition. 



=' ((-x) + (-Z 

= ^-(x + z)) + y 
= y + ^-(x + z)) 



n + y associative 'property 
of addition. 

-(a + b) = (-a) + (-b). 

commutative property 
of addition. 



-(3 + 6 + (-4) + 5) = (-3) + (-6) + 4 + (-5) is true. 
The opposite of the ^um of any nimiber of nxmbers is the 
sum of their opposites. - 

( c True 

(d) False 

aaid any real number^ b and any 



(a) ; True 

(b) False 



For any real number a 
reli number c. 

If ► a + c 

then (a + (-c) 



b + c, • ' 
(b + c) + (-c>) 



a + 



(c + (-c)) - b + (c + (-c)) 



a + 0 



a = 



b + 0 
b 



addiction property 
of equality. 

associative 
propeirty of 
addition. 

addition property 
of opposites. 

additioh property 
or 0. 
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Answers to Review Problems; pages Il4~ll6: 

1, (a) The left numeral is 

^ + ( 7 + (--t) ) = T ^ ((•'t) + 7) commutative property 
"^^^ ^ J y ^ V. 3 y addition. 

•^(t"*' ("t))"*" 7 associative property 
for addition. j - 

= 0 + 7' .addition property of i 

'Opposltes. . ; 

• =7. addition property Qf ! 

zero. ^ I 

The right numeral Is 7. . . J 

Hence, the sentence Is true. ^ ^ / 

► (b) The left numeral Is'^ 

|-5| + (-.36) + |-.36i = 5 +((-.36) + i .36|) 

^ associative property 
for addition. 

= 5 +((-.36)+ (.36)) 

^ definltyion of absolute ^ 
valu^. 

*^ = 5 + 0 ■ addition properi^y of 

' ' opposltes. 

- , . =5. addition property of 

/ ■ . zero. 

The right numeral Is 10 + ((2 + ,(-7)) = 10 +i(-5) ^ 
^* If^O'e,^ the sentence Is true. 

2. (a) If . "I + 32 = X + ^ ^ is true for some x, then 

I + 32 + (^) = X + I + (-|) is trlie for the same 



a * (^f )) 



X 



+ 32 = X + 0 Is true for the same 



0 + 32 = X Is true for the same 

. X, ' , ■ 

32 « X. • Is true for the same 
If X =» 32, J 



•the left member\s ^ ^ +-32 = 3a|, 
the right member Is 32 + ^ = 32^. 



Hence, the truth set is. [32), 



409 

9 * 

(b) If X + 5 + (-xy = 12 + (-x) + (-3) is true* for * 
some X, then . - ' • 

X + 5 + (-x) + X =' 9 + (-x) + X is true for the 

same, x, 

X + 5 « 9' ^ is true, for the 

" ' same Ix, 

X + 5 + (-5) = 9 + (-5) is true .for the 

same~ x, 

X = 4. is true for the 

setme- x. 

If X = 4, 

the left member is 4 5 + (-4) = 5^ 
• j;he right member is 12 + (-4) + (-3) =/5. 
Hence, the truth set is (4). 

(c) .If 3x + ^ + X = 10 + 3x + is true for some 

then; 3x + ^ + x + (-3x) = 10 + 3x + (-1) + (Isx) 

\ is true \f or the 
same x\ 

' + X =r 10 + is true f dgc the 

sam^ X, > 

+ X + (-^) = 10 + (4) + (-^) ' 

is true for the 

^ " ^ , same x, ^ n 

X « 10 - 11, is true for -the 

samS: X, » 

X <= -1. is ^"rue for the 

.same. x. 

' If X = -1, ^ ' 

' the left member is 3(-l) +^+(-i) «,(l3j + ^+ (.1) 

the i^ight member is 10 + 3(-l) + (-^) «\lG+ (-3) + (-^) 

Hence, the truth^set is {-I), 
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4. 



5- 



(ci) If* "|x| + 3 = 5 + |x| is ti^e for some -x, 

then |xr+ 3-+ (.|x|) =5 + |x|. + (-|^/|) ^ 

is true for the • 
, / same x. 



3 = 5. 



is true for the 
/ same x. 



A^Bxit 3=5 is false, which contra'dicts the assumption 
' t'hat the equation was true for sorhe x:. Hence, the' * 
t^ru^h set It 0» I 



3. (a) 



(c) 



|3| + |a| > 1-3 1 is true for tl^e set of all numbers 
except 0. ^.^.^ / 

|3| + |a| = |-3| is true for /{O}. 

|3| + |a| > 1-3 1 is true fory^ 0. 

(a)^ Either both are negative; or one is negative and the 
other is either positive or ; 0, . and the. negative 
number has the greater absolute value.. 

0ne*i3 the opposite of the/other. 



(b) 

(a) 
(b) 



Either both are positive; /or one is positive and the 
other is'"' either negative tor 0, and the positive 
number lias the" greater absolute value. 



If X is the length of/ the fourth side, 
X > 0 and x < 23. 
V 



2a 23 



6.' (a) 2ab +^ ac 

(b) gab + 2ac 

^ (c)'^ 3(a + b) 

I (d) 5x(l + 2a) 



(e) xy(x + 1) 

(f) 2ab(3a + b) . 

(g) a^bc + 3ab^ 

(h) 3a + 6ab + 9ac 
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7. (a) Yes, the set is closed under the operation of 
"opposite"; 

(b) Yes, the set is closed under tfie operation of 
"absolute valiife". < 

1(c) Yes, if a set is closed under "opposite*^ it is/ 
jplosed under "absolute value", since either the- 
* number or its opposite is the absolute value oT 
the number, 

&• (a) Yes, the set is closed under the operation oS 
"absolute value". 

(b) No, the set is not closed under the operation of 
"opposite" • 

(c) No, if a set is closed under "absolute value", it 
is not necelpsarily closed under "o/posite", since 
even if the absolute value of a niMber is in the 
set, the opposite of the number m^ not be. 
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Answers . to.^ £x!pblems ; pages 120-122: 



1. 




■5 










(c). 


✓ 








- 




19 * ' 


2. 


(a)' 


36 ^ 






36 ' 


3. 


(a) 


True 






True 


It. 


(a) 


> 

(-3) 




(b) 


(12) 




(c) 


(36) 


5. 


\ 4 


clpsed 



8." 



9. 



(f) 

(g) 

(h) 
_(i) 
"(J) 

(c) 
(d) 

(c) , True 



-5 
0 

-12, 
12 
1.35 

4 

-35 



(d) all > '-2 

(e) - ^) 



J 



6, 9, 16) 

(a) Either both are positive or both' negative 

(b) One is positJ.ve and one ^is negative 



(c) 

Uy 

(e) 
1. 



b^ is positive ■ ' 

b is negative 

b ig negative /■ 

b' is negative 

Comparison property }i 



Multiplication property 
of 0 ■ 



V 



3. 
4, 



.Definition of inultipli- 
calijon 

Definition of oppositeS 
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Answers to Problems j page 124: 

1. (b) -15 > (d) 12 

(c) • 0 (e) -5 



Answers tg Problems page 126: 



2. .(a) 5100 
(b) 1 



Answers to Problems j page 126: 
1. 900 * • 



2. 



-3 



Answers to Problems ; page 127: 




Answers 



V 

1. 



2. 



(c) 570 

(d) -2100 



3. 
4. 



35 
I? 

75 



(d) 



-21xy 
-0.6cd 



to jPro^lemsj page 128: 

(a) - 3x + 15 ' V_(d) 

(b) 2a + 2b + 2c {e) 

(c) 3p + (-3q) (f)° 

(a) 5(a + b) (e) 

(b) (-9)(b+c) (f) 

(c) '6(5) ■ (g) 

(d) 3U+J+Z) (h) 



(-y) + z(+ (-5) 
13y + xy 

(-gr) + (-g) + gs + gt 

(a + b) (x + y) 

lO(^) ' •'. . 

(-6)(a2 + b2) . . 

c(a + b + l) 
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•3. 


.(a> 


19-t 


• 


(f) 


4.0b 






-oa 




(s) 


3a + 




: (c)' 


13z- - 




(h) 


~-l6p 






-11m 




. (i)' 


2a + 




■(e) 










Answers 


to Problems; 


pag5 129: 






1. 


(a) 


2a 




(e) 


6a + 


i— 




17p 




(f) 


6p + 




•,(c) 


0 




(g) 


3x2 ^ 


f 


'(d) 


12a + 


•3c +,30^ 






2. 


(a) 


(-4) 




(d) 


TfT 




•(b) 






(e) 


(1) 




.(c) 


(-^) 




(f) 1 





Answers 


to Problems; pap;e 130: 


t 




1. 


lab^c^d 


3. 


•3a3b ^. 


. ^ 2. 


200b "^c^d 


4. 


28abc ■ 


■Answers 


to Problems; pap;e 131: 






1. 


16 + (,r6b) .+ I4b2 


5. 


\(-p^ 4- 


2, 


l8xy + 6xz 


6.' 


(-21a) 




•-12b^c2 + (-21b2c3) 


7. 


12x2y +■ 


4. 


20b + 70b^ + (-40b) 


8. 


(-x^) + 
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X 



0^ 
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Answers to Problems ; page 132: 
1. 



3. 



(a) 


X + lOx + Id 


(d) 


a + 4a + 4 


(b) 


+ (-8y) + 15 


(e) 


+ (-36) . • . 


(c) 


6a^ + (-17a) + 10 


(f) 


y^.+ '(-9) 


(a) 


3a^ + 5a + ^ 


(d) 


6pV (IlOpq) + (-56) 


(b) 


4x^ + 23x + 15 


(e) 


16 + .(-I'^y) + y^ + y"^ 


(c) 


8 + 13n + 5n^ 


(f) 


15y^ 4- (illxy) + (2x2) 



Answers to Problems ; page 134 : 

' 1 ' ^ .P 1 p4l6 / 



1 10 20 
-100, -100, -g-. 



Answers to Problems ; pages 135-136: 
. 1. 



(a) 


True 


(a) 


True 






(b) 


True 




True 


< 




(c) 


False 








* > 


(a) 




-(g) 


(35) . 






(b) 




(h). 


f 9i . 






(c) 






.{15} 






(d) 




(J) 


{-§) 


• 




(e) 






(0) 






(f) 
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Answers to Problems ; pages 139-140: 



1. (a) 


. 16) ' 


(e) 


CrJ) 


-(b) 


(6) 


(f) 


C-3) 






(s) 


Co) 


(d) 


Co) 


(h) 


Ci) 


2. (a) ■ 


C9) ' ^ ' 


(e) 


(65) 


(b) 


'Call real numbei^s) 


(f) 


C8) 






(g) 


(47) 


\(d) 


(6) 







Answers to Problems ; pages^4l-l42: 

1. (a) ^ (e) 



T5 -y 

-8 . 1 

(d) 4 
'6 



/ 



073" 
1 



Answers to Problems ; pages 146-147': 

-^lyi (e) 1 

(c) -V 
Sa^'b 



42i ^ 



^ 411 



Answers to Problems ; .page l48: 



1. 


0 . 

■f 




'2. 


0 • ■ N 






4. 


U) 


[20, 100) 


(e) 


{1, 2, 3) 








" (b) 


J/-6, -9) 


(f) 


fl 3^ 










{0, 4) 












'(d) 

y 


"(I, |) 

• 


(h) 


(2) . . 






Answers to Problems; pSiges 152-153 






• 




1. 


(a) 


3 . 4 
- < - 7 

e 


(b) 


-|-7|=-|7| • 

• 






3. 


(a) 


True 


(e) 


True 








(b) 


True 


(f) 


False 








. (c) 


True 


(S) 


False 








(d) 


True for any ^ 
real niimber a 


(h) 
(1) 


all positive numbers 
False 




' 4. 


(a) 


0 <.x 


(b) 


X < 0 






Answers" to Pi?oblemsj pages 154-155 










1. 


.(a) 


True 


(c) 


True 








■(b) 


True 


(d) 


True 







Answers to Problems ; pages 159rl6l! 
• 1. (a) ■ b = 9 
(b) b = 17 
. ' (c) b = I 

-(d) b =: I 




ERIC 



.422 



3. 



(b 

(c 
(a 

(b 
(c 

(a 
(b 



True (d) True 

False , '(e)- True 

True • (f) True ^ 

5 < 13, 8 < 13 

(-3) < (-1), (-1) < 2, (-3) < 2 
5 + 5 = 7, 5 = 7+ (-2) 



False 
True 



( c ) True 



8. For any real numbers a and b 

' • ' |a.b| < |a| + |b| . 

9. (a) (5) (d) [261 

(b) (125) (e) (97) 

(c) (4) \ ' ' ' (f)- (.9) 



Ansyers to Pi;obleni3 ; pages 165-166: 
i. ^ (a) X > X 

(b) .X < 1 



(c) X < -4 

(d) X > I 



(e) X > I 

(f) X <^ 
(«) x > 2 



3. (a) At least 6 books.- ' . 

(b) All integers betv^jen 24 and 40. 



er|o 



4 23 



c 
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•Answers to Problems; page I76: 



1.. (a) 


+ 


0 


i 




* 


0 


1 




0 


0 


1 




: 0 


0 


. 0 






1 


— ^ 

1 


0 




1 


0 


1 




/ 

(b) 


+ 


0 


1 


2 




0 


1 


2 " 


0 


0 


1 


2 : 


0 


0 


0 


0 




1 




2 


0 


1 


0 


1 


2 




2 


2 


0 


1 


2 


0 


2 


1 



(c) 


+ ' 


. 0 


1 


2 


3 






0 


1 


2 


3 












_ 0 


0 


1 


? 


3 




0 


0 


0 


0 


0 










V 


1 


1 


2 


3 


0 






b' 


1 


2 


.3 












'2 


2 


3 


0 


1 




2 


0 




0 


2 












3 


3 


0 


1 


2 




'3 


0 




2- 


1 










(d) 


+ 


0 


1 


2 


3 




5 








0 


1 


2 


3 


4 


5 






1 


= 2 


■3 


'4 


5 


0 






0 


0 


0 


0 


0 


0 




i 


1 


2 


3- 


(4 


5 


0 


1 






0 


1 


2 


3 


-4 


5 




2 


2 


3 ^ 


4 


5 


0 


1 


2 






0 


2 


4, 


0 


"2 


4' 






































• 3 


3 




•5 


0 


1 


2 


3 




0 


3 


0 


3 


0 


3 


<• 


4 


4 


5 


0 


'1 


2 


3- 


- if 




0 


4 


2 


0 


4 


2 




5 


5 


0 


'1 


2 


3 


4 


5 






0 


5 


4 • 


3" 


2 


1 



5rv 



a, b . * ' . ' 

Pdr each non-zero element there exists a multiplicative 
inverse . ' * - 



ERIC 



4 2/ 
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Answers to Problems ; page 179 : 



• 1. 






7. 














13 






2. 


-1 


• 262 

\ 


. 8. 


Yes, yes, no 




V 


■3. 


-3 


.01 


9. 


[7501 






4. 


, 16 




10:^ 


-13P . 






5. 

* 


23 




11. 


14,777 feet 






6. 


-^1 












Ajiswers 


to ProlDlems : oaees 


182-183: 








1/ 

• 


(a) 
(b) 


7y 


» (c) 


-^a'^ + 6a 
✓ 






.2. 


-3x +.4y ' 




- 






3-. 


1. 


K 


5. 


a - lii 






4. 


1 - 


X' 


6. 


'4x^ + X + 15 






Answers to Problems; naee iBii- 










(a) 


3a - 6b + 3c 




a - 2b i 5c 






V 


(b) 
(c) 


a - 2 t 




-Sab - ac + 3a 






2. 


(a) 


(1) 


(c) 


all ^ such that 


y > 


1 




(b) 


(2) 


■ . 


all' such that 
all a 


u > 


2 


- , 3. 


(a) 
(b) 


X = 12 
51 


(c) 


< 23 students 







■ - ^ 
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4 












421 




• 


Answers 


to Problems; pages 


186-188: 






1. 


(a) 


8 


(f) 


4 








8 


(g) 


$ ' ^ 






(p) 


-8 


(h) 


6 >' ■- ^ 






(d) 

V 




(i) 


-7 






(e) 




(J) 


7 






(a) 


5 - X 


(e) 


-> -X + 1 


\ 






15 - x| 


(f) 


1-1 + xi. 






U) 


X + 2 
f 


(g) 


X -• 0 = X 


• 


\- — ■ ■ -^-^ 




|x + 2| 


(h) 


|i - 0| = |XJ 




. 3. 


(a) 




• - (e) 


> 






(b) 


> 


(f) 


> 






(c) ' 


> 










(d) 


> 


(h) 


> 





5- 


5, 


3 


• 7r, 


X < 3 or X > 5 

c 


6. 


3 < 


X < 5 


8. 


X > 3 and x < 5 


9. 


{a) 


{-2, 14) 


(f) 


{-1, 1) 

Real niunbers 4 < y < 12 




(b) 


{4) ■ ■ ■ 


(g) 




(c) 


{8, 12) 


(h) 


{^) 






Real nvffiibers 


(i) 


{-22, rl6) - 






-3 < X < 3 


; (j) 


{-14, 4) ■: 




(6) 


AH real niombers 







10. 
m 



x .« -3 

X > -3 

x'> -3 

X < -3 

X > -3 



and 
and 
and 
and 
and 



X « 3 

X < 3 

X < 3 

X > 3 

X < 3 



ERIC 
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' 11. 


(a) 


(1) 


66; 


(2) 


33; 


(3) 




• 


(b) 


(1) 


5; 


(2) 


8; 


(3)' 






(c) 


(1) 


63; 


(2) , 


30; 


(3) 






(d) 




42; 


(2) 


9; 


(3) 




Answers 


to Problems; 


page 


190: 








I' 


6 










4 


r 


2. 


-6 








6. 


7 

1^ 






-6 








7. 


2 . 






20 
















"J" 








- 


• 




Answers 


to Problems; 


pages 


191-152 


1: 






3. 


(a)' 








(e) 


12 






(b) 


-200 






(f) 


0 




• 


(c) 








V'O/ 


Impossible 




(d) 














'5. 


(a) 


[7) 






(f) 








.(b) 


{-7} 






(g) 


(12) 






(c) 


{-7} 






(h) 

» 


[0} 






(d) 


(7) * 






(i) 


If) 






(e> 


[100) 













i27 



\ 



. 423 

9 

. 6. (a) (-9) ' (c) (5) 

(b) (16) - • . 

9. Dick is 7 years old and Jbhn is 2*1 .-^ears old. 

10. 22, 2k 

11. The Slim of any two consecutive numbers from the' set of 
odd integers- between 0 and 42 would satisfy the 
condition of the problem. 

12. 1^ hours. ' 13. 9 

14. 12 pennies, l6 din^es, 22 nickels. Total 42.82. 

15. 425; 16* n < 12 



17. 40 gallons of maple 'syrtip and 120 gallons of com 
syrup . 



4 ^ 
Answers to Problems; pages 196-197; 



2. (a) I - (b) -I 



3. (a) \^ . Cb) i 

(a) I ' " . (c) -| 



2 
7 



(b) 

5. (a) y , (c) X + 1 



(b) y (d) 



424 



6. (a) 2 

(b) -2 

7.. (a) ^ 

(b) - 3 

8- (a) 2 - a 

(b) -a 

9. (a) X - 1 



(c) 



(0) 

(d) X + 2 
(c). -1 ' 

(c) |(x - 1) 

1 

(d) X - 1 



Aifewera to Problems; pages 198-199: 
21 ' 
1^ 



1. 
2. 
3. 

.5 



(a)- I 
(a) 



(a) 5 

(a) ^ 

(a) (" + 3)fn '+ 

6 

(b) 1 



(b) ^ 

(c) 5 



8. (a) r 



(b) 4(x + 2) 
(b) 2a 



420 



•* 


\ 


I 

K. ■ 


425 














9. 


yes^ 


/ no 






10. 


f = 


126 , • 


11. 


X = 278 


Angwers to Problems; pages 


200-202: 




1. 

* 


(a) 
(b) 


11 

1 

"9 




1 


2. 


(a) 


9 
a 


. (c) 


4a + 5 
2 

a 




(b) 


13 

dB. 




1 


o • 


(b) 


3x" 
T 

X 

8 


(c) 
(d) 


. X 
4 

X 

4 


4. 


(a) 


19a 




20a - 1 


5. 


(b) 


20 - a 
- 2) . 




• 


6. 


(a) 


(12)' 


* (e) 


(20) 




(b) 


{2} 


(f) 


(5, -1) 




(c) 


{2) 




-L < X < 5 




(d) 






f 


7. 


• I'SQ 


and 90 







ERIC 



8. Numerator increased by 5. 
, 9- 5 .and 2,- ' ^. ^. 



, 430 



426 



10._ (a) f (d) 56 



11. .45, .662, .312 



Answers to Problems-; 


page 


204: 


/> 




1 3 
2. 2a 






6. ■ 
7. 


1 

- 4^ 
7 


3 a 
3y 






8. 


(x + 8Hx + 2) 


4. 1 

. - 48 






9. 




Answers to Problems; 
1. yes 


page 


207: 


#6. 


5-17 


2. yes 






7. 


3'3J 


3 . yes 






8. 


not factorable 


4. yes ' 






9. 


■ 2«6l . 


5. yes 






10. 


3-47 



Answers to Problems ; pages 208-209: , / ' 

1. All except 106„ 306, 8o6, 118,^5618; The clue 
is In the last two digits of .the number. 

2. All exQept I6, 106/ 601, 61, 5129, 32122; The: 
' , clue is in the sum of the digits. ' 

3* Yes, "No. 



43 r ^ 



ERIC 



5. 



(a) ..yes 

(b) no 

(c) no 



427 

(d) yes 
^ (e) yes 



Answers to Problems ; page 212.: 

1. Refer to Sieve; of Eratosthenes, 



Answers to Problems ; page 214: 



1. 


2.7.7 




6.. 


2*2*2*2*2*2*2*2»2 


2. 


2'2*2*2* 


3-3-3 


8. 


2-3*3*7 


3. 


2-3-43 




3-3*'3*3*3'3 


h. 


5.5.5.5 




■9. 


3-5-5*l-l 


5. 


2.2«3«3« 


5 


MO. 

11/ 


2-2-2-2-2-2'-3-3 
, 2-3-3-61 



Answers to Problem? ; pages 217-218: 

1. 



2. 



(b 
(c 

(d 

(a 
(b 



1 

■TO: 



29 

36 
8 

37x 
72" 

Paltfe 



(g) . 



805x - 6 
; ' 840 



(c) False 



ERJC , 



432 



I. 



428- 



3. 

4.,. 

5. 

6. 



.(a) 
(b) < 

94 + 47 = l4l 



(c) 



< 



§7 plus Its largest prime factor 97 Is 194 cents' 

y . 

800 



200 + 



200 + 



1 

7' 



. Answers to Problems; pages 220-222: 

1. (a) Impossible to obtain an even siim, 

(b) 15 and ' 10, or 30 and 5. 

(c) 150 and l", .50 and 3, 75 and" 2, or' 
25 and 6 . 

2. 's 6 and 3, 9 and 

3. (a) 18, 16 
- (b) 4, 243 

(c) 216, 1 
, 4. y =25 feet, w = 9 feet. 



id) 15, 2? 

(e) No solution 

(f) 9, 30 



Answers to Problems ; pages 223-224: 



1. 



.positive, real 




2-, 2-.5, 2', 3*, 7", 2^ 3^ 2^-7, 3^,\2^, 5r\ 2^-3\ 



i 3 3 



429' 



Answers to Problems } page 225: 



1; 


Ca) m^^ 


A- 

IF 


(g) 


„2a + a 

X 




(b) 




* 

• (h) 


^6 

3^ . 


s 


(c) 4x 




(i) 


3 '2 




(d) 2 X ^ 




(J) 






(e) 3'a 






r>i 2 2^2 
9k -m t 


* 


.(f) 2^a 








'2, 


False 




■ 8. 


True 


2\ 


True * 




9. 


False 


4. 


False 




10. 


True 


5. 0 


False^ 




11. 


False 


'6. ' 


False 




• 12.^-Ti?ue 


7. 


False 








13. , 


(a) V-3 






3 k 
a + a 




(b) -8k^ 









Answers to Problems ; page&^^^7-228: 
1. (a) 16 



2. 



3. 



(a) 

(b) 36^ 



(a) 

(b) a^^c5 



(d 

(c 
(d 
(c 



J. 



4 



'2h3„ ^ ,4, 3„4 
c + a b c 




ERIC 



* 








430 


4. 


(a) 


1 

5 + X 

2 

25x 


• ■* 


(c) 5x 




(a) 


6 




■ ^ 4a^b^ . 






6x3 












6. 


False 




♦ y • x. rue 


7. 


False 
True 




10, True 




' The 


reci]^ 


>cal'of zero is not a number. 


Answers 


to Problems; 


pages 231- 


-233: 




(a). 


3^ 




(f) 1 




(b) 


1 ' 

F 




(g) -T 

a^ 




(c) 


■b2 - 




qt.3 

(h) 




(d) 


1 

10 




(•1) 




U) 


103 








(a) 










(b) 




> 




- 


(c) 


.007 




■ (h) 1 




(d) 


4 

-5- 




(1) 

at 




(e) 


1 

— IT 




« * 










435 



ERIC 



1, 





/ 


431 " 


o • 




\C) 








h 








(b) -2' 


ff) 








- 












Answers 


"to Problems; pa^es 


234-236: 


1. 


(a) 9a^ 






(b) 3^^ 


(d) 


2 


*^ ^ ^ - 










^ t 


(b) 




■3. 


(a) a 


(c) 


• . 


(b) -a 


(d) 




p 

y ' \ 




c 


- 1 




?6.: 






' 7. 




(c) 








. 8. 


2a^ ' . 


/ 

S ' 



JL 

3y 



a^ 



.6a 



^ . 4V36 



432 



9. 


(a) 


yes 




yes 




(b){ 


.no 


'(f) 


yes 




ic) 


yes 




yes 




(d) 


no 








(a) 


Not the same. 


(b) 


Not the same. 


11. 


(a) 


be + ac + ab 


(b) 


55b'^ + 91ab - 245a'=' 


abc 


175a '^b'^ 


14. 


(a) 
(b) 


-288 

57.6 


(c) 


i 


15. 


(a) 
(b) 


x-^ + X + 2x^ + 
4x^ -^12xy + 9y^ 


1 








a^'+ 3a^b + 3ab^ + 


b3 






433 



Answers to Problems; page "239: 



1. 


(a). 


(1^), (e) are 


polynomials 


over 


the integers 


2. 


(a) 


2x - 4x 


■ (e) 


2 

\- 


1 




(b-) 


2 2 
X y - 2xy 


' ■ (f) 




4x + 4 




(c) 


t^<f. t - 6 


(g) 


l8t^ 


- 15t - 88- 




(d) 


,9 3 3' 
- ^x y z 


(h) 




y - 2 . ' 


3. 


Yes 










4. 


No 











Answers to Problem^ pages 241-242: 



1. 


- (a). 


(e) 






0 


2. 


(a) 


a(a + 


2b) 


. . (h) 


a^b^(a + b - 1) 




(b). 


3(t' - 


2) 


(i) 


Ijp factoring possible 




'(c) 


a(b + 


c) 


(J) 


- y) 




(d) 


3xz^ 


- y) 


(k) 


■6r s(x - y) t 




Ce) 


a(x - 


■y) 


(1) 


(u^ + v^)(x-^ y) 




(f) 


6(p,- 


2q.+ 5) 


(m) 


(x - y)(4x - y) 




(g) 


2({z + 1) - 3zw^ 


(n) 




3. 


(a) 






(e) 


2,4 • ' ' . 




' (b) 

; (c) 


2, 1, 

3, ^2, 


3 
^ 

5 • 


(f) 


The degree of the product 
i's equal to the siom of the 
degrees of the factors . 




(d) 


0, 5, 


5 










> 









ERIC 



438, 
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Answ6rs 


to Problems; page 244: 












3xz(2x - y) 


9* 


(a 


+ 3)(x - 


1) 




3st(3^- u)" 


10. 


• 


+ 3)(x + 


i) 


o. 




11. 


(u 


+ v)(x - 


y) 




42'f2u^ 3uv + f^v^ 




' fa 






5. 


7xy^(x^ - 2x - 1) 


13. 


(x 


+ y)u 


>• 


6. 


■iab(6 + lOa - 21b) 
36 ' 


14. 


0' 






7. 


s + 3'/2) 


' 15. 


(x 


+ y)(3x - 


• 5y + 1) 


> ♦ 8. 


No common -faptor 




\ 







Answera to Problenis ^XP^age , 24? : 

1. ' (a^^ 3)(x'^ 2) 

2. (x +\)(u +\y) 

3. (a + l)(2b +V) 



4. t3s + 5)(r - i) 

5. (x - 1)(5 + 3y) 

6. 0 ■ 

7. (a + c)(a - b 



8- 


"(t + 3)(t - ^) 


9. • 


Not factorable 


10. 


(2a - 3b)"(a - b/S) 


11. 


(2 + u + v)(a - b) 


12.. 


(x + l)(x + 3) 


13. 


(a + b)(a - b) 




Sii^Answers to Problems ; pages -249-252: 



,1. (a) 


a' - 4 


(e) 


a - b 


(b) 


4x2 : 


if) 


2 ■ 2- '4 
X - a - ^ 


(c) 


mV-1 


(g) 


2x2 + 3xy - 2y2 


■(d) 


9x^2 - 42^ - 


- (h) 


3 2 2' 3 
r + r s - rs - s 



439 
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2, 



5. 



6. 



(a 
(b 
(c 



(e 
(f 
(g 



3. {3, -3} 



7. 



8. 



(b 

(c 

Td 

(a 
(b 

(a 
(b 

(a 

(b 

(b 
(c 
(b 



^ (iVn)(l + n) (h 
, (5x - 3)(5x + 3) (i 
M2x / y)(2x + y)^ (j 



(5a - be) (5a + bc)l (k 
§(2s - l)(2s + 1) (1 
4x(2x - l)(2x + 1) (ra 
(7x^ - l)(7x^ + 1) (n 



1^. 



5.- 

{2, -2} 

1591 
884r • 
391xy 

No 
No 

7 + 3 75 




(e 

(f 

(g 

(h 

(e 
(f 
(g 
(h 



(d) 



(x - 2)(x+ 2) V 
Not factorable 
Not factorable 
3(x - l)(x + 1), 
(a - 2)a 
4mn , 

(x - y)(x + y - 1) 

0' 

{2, -2} . 
{!,' -5I \ 

( 

9999 • 
2000mn 

1584ra^ - 158im^ 




(t'+ l){t^ - t + 1) (<f) 
(s +■ 2)(s ,- 2s + 4) 

(t - i)(t^ + t + 1) (d) 



3 ^ « 

- -J 

(3x + l*)(9x^ - 3x + 1) 

AT 

(2x.--l)(4x^ + a + r). 



(s 




+ 2s + 4> 



, . .436 . , ^ - , , .- 

Answers to . Problems ; page §55: ■> 

1. (a) 9 . '/ (e) ^ ~ 

J (b) 16 (f) 100 

(c) 36 (g) 12s' 

(d) t*^ (h) 9 

' • 2. (a), .(c), (d), (e), (g) and (h). . 

3. (a)"- ^a 2)2 (f) 7(x + 1)^ , ' ' 

(b) .(2x - 1) - • (g) ^Noe factorable ' 

(c) °(x - 2)(x+% ' , (h) (2z - 5)^ ' ' ' • 

(d) Not factorabie (i)" Not factorable 

(e) (2t.+ 3)2 (J) (3a -• 4)(3a - 2) ■ >' ' 

i. (a) 3t2,+ 6x'+9 ' "(e) - 2x '+ 1 - a^ j % 

, (b) y? + 27^ •+ 2 > (f) ■ 5 +. 276" . ' 

. (c) -a + 2ab + b"^ (g),- 10,201 

(d) x^^- fexy + ' ' \ . . 



Answers- to ^robdems; page 257: \ . 

1% ga3 \ ^x.^ rj(x + 3) ^ (c) (x 4)(:5^+ 2) 
. . ^-.(-h). (x - 4)-(oc - 2), - ' • 

(a) 1 " , * , (c)* None 

■-1 

(b) . 8 or' -8 , • " • - ' 



3- (f) C-5) ^ ■ . (c) (3a + l)f is > 0 



• ^ for-evei^^ 
(b) C|) i fd) ^ 
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• Answer& to Problems ; pages 260-261: 



1. 


(a) 


(a + 5)(a + 3) 




fa + 




• 




(a - 5)(a - 3) 






5!" 


p 


va; 




(c) 


(t + 5) ft + 4) 






(b) 


(t + 20) (t + 1) 








o 

o • 


(a) 


(a + ll)(a - 5) 


• (d) 


(y - 18) (y + 1) . 






(b) 


(x - 3)(x - 2) 


• (e) 


iJot factorable 






\ ^/ 










ll 


(a; 


\z - -2) (2 + 22 + 


4)(2 -f 


• 1)(2^ -2+1), 










+ 2) 








(c) 


(a' - 3) fa + 3Ua - 


- 2Ua 










(v - 3Hr + 3Uv^ 








0* 




+ r ; ta - 2) 


(c) 


(a -T.2Ka - 9) 






(b) 


Not f*ar»"hnT*ah1 fa 




va + 40; V a - 15) 




6. 


(?) 


{1^; -3). 


(d) 


{0/ -6) 






.^^^ 


{3, 2) 


(e) 


(3, -2T . 








9) • 




{-4, 3) . * 


• 


7. 


(a) 


(7,--l) 


(c) 

< • 


1 or 9 ^ 1- 






•(b) ■ 


Ct12, 7) ^ 









8. length is 7 feet, width is 5 feet, 
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. Answers to Problems ; page 265$ ^ , - -,t>? 

1. (a) (x + l)(2x + 3) (c) No^"' factorable 
(b) (2x + l)(x + 3) 

2. j (3a + 7) (a - 1) 6. 3a(3a +1) " , 

3. (4y-l:)(y+6) 7. . (2x - I5) (5x + 3) 

4. (3x + l)(x-6) 8.^ (6 + a)(l - 4a) ^ 

5. ' (3x + 2)2 - ' 9. (5x . yy)2^ 

10. (a) 6(x - 25) (x + 1) . (e) Not factorable over the 

Integers . 

(b) (x, - 6)(6x + 25) (f) (3x + 10)(2x + 15) 
•(c) 6(x + 5)2 (g) '3(x - 2)(2x - 25) 

(d) (x - 6)(6x - 25) (h) 3(x - 2)(2x + 25) 

11. No . ,» 

12. (3x •- 4)(x + 3) Yes • 
13/ 4 and ill ^ 

ih. 5 and 7, or -3 and -1 ^ ' , 

:l5- width 'is ""2 feet, length is 12 feet. * ' . 



Answers to Problein^ ; page 27L: ■ ' ^ , * 

2. x! 5. -liL+lS^x+jJ^ • 

STTT • 6. 1 



- > 



\ 
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•Answers to Problems ; page 273: 

» 

.1. 



2. 
3. 



6. 



15 - 2x 

be +v ac + a b 
^ aEc 

2 - a - 4a' 

5 

2a'^ 



4 + X 

^ ■ V, 

5m - 8 I 

(m - l)(m - 2) ' 

8x 

" (x + 5)(x - 3) 



7 

8 
9 

10 
11 
12 



5ni - n 
(m - n)n 



o 

■ - 2xy 
X - y)U 



X 

T 

9 - 5x 
3x(x + 2) 



z_2L 



13 . Yes 



6a - 10 ' 



ab 



Answers to Problems; page 277: 



1. 
2. 



(a) ^ -12a2 - 7a + 12 ^ (b) -2x"^ - ax'^ - 7x''+ 8 

.2 



. (a) . 13a - 20 



(b) -llx'=^ -'6x - 6 



Answers 


to Problems; page 278: ' 






1. 




3. 


2x2 


2. 






2x^ 


5. 


- X + 5- V 






. . • >>> •■ 

Answers to Problems; page 279 






1. 




3. 


5-' 



2x^ + lOx + 60 + 



• 11 



2/ • X + 3 + 



30 ■ 



2x - 5 
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Wo 



:5'. — 2x^--F-x-^l--F^ 
^ :2\ X . 1 



2 

3x - 2 



N-=-QD7r-R 



r 



6. + X 





■'f, 

to- Problems ; paKe 28l:.- 






1. 


(a) 
(b) 


^ - 1 +i2^_+_e 

X +3 
x'^'- 2x - 1 




ox 


2. 


(a). 


3x5 _ 5x'^ + 1 








(b) 


x6-x3.+ l 


(d) 


2x'^ 


Answers 


to Pro! 


^lems; pases 286-288 






1. 


(a), 


(b), (c)/(d), (g), 


(h), 


(i), 


2. 


'(a) 


y = 12 


(d) 


s = 




(b) 


X 20 


(e) 


X = 


■3, - , . — . 


(c) 




ff ) • 


y = 


3, 


(a) 


"(1) 

(f ) ; 


(g) 


(-5) 



l6x + 33 



'4. 



(c) t8o) 

(d) {0) 

(e) {6} 

(a) Yes 

(b) Yes 



(h) )2( 

(i) {0). 

"(c) No 



i 
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Answers to Problenis ; pages 290^91i 

















■ (a) 


Yes , No 


(g) 


Yes, 


Jes 




(b) 


^No, No 


(h) 


Yes, 


Yes 


» 






{\\ 


1. , 








riO , r*0 


M^ 


Yes, 


Yes 




(e) 


Yes , Yes 


(k) 


No, 


No 




". (f) 


Yes , Yes 


(1) 


No, 


No 




(a) 




(d) 


0 ' 






(b) 


■{0) 


(e) 


All real numbers 


- 


(c> 
6-- 




(f) • 


[2) 


T 

1 


. 3. 


inches wide, and 9 


inches^ long 




' 4. 


There are none -> 








•5. 


6 


or 2 








. .■ 6. 


1200 girls 








8. 


10 

* 


and 15 




















Answers 


^to Problems; page 293: 








1. 


(a) 


• X < 27 






/ 




. (b) 


/.All real numbersr 


> ^ 








(c) 


All real numbers' 


< yj 








(d) 


*A11 real nXib^rs 


< 12 






ft 


(e) 


All real ntunbers 






• 




(f) 






> 






(s) 


All real numbers 
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> 2. ^ (a) All real ntunbers between 0 and ^ 

. (b) All real nuifl)^rs between ^:~~afrd — 1 

(c) All real numbers between - i and i * " - 

' 2 2 

(d) All real numbers which are either less than - ^ 
or greater than ^ ^ 

(e) All real niombers between -1 and 3 

(f) All real numbers. between and . ^ 

^- ^-y < -2, all real numbers less than -2, ' x > 1, all real 
numbers' > 1 

5. All real numbers less than -1 



Answers to Problems ; pages 294-295: 

1- (^) (-2. 5) (c) (1, - 1, 3j 
(b) (-3, -1, 'z7 0) 

% 

2- ■ (^) (2, -1) (e) (0, 5, -5) , 
^ , -(b) (11, -11) , (f)- 3) 

- _ - (c) (1, -1, -3, -2} (g) (0, 1) 
" " (d) (^5, -75, -2 76' 

3. [3, 1) 



^ Answers to Problems ; page 296: 

1. ~ (a) (0, 6) (d) (2, -2, 0) 

■ (b) '{-3, 2-, -2) (e) (5, 3) • 

■ ' (c) (2, -3) 

' ' 2. No, when x = 1 
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Answers • to Problems ; page 298: 



1. 




-. 


6. 


{- -T, -3} 


2. 


{60} • 




7. 


All real numbers 


3. 


[1) 




8. 


iPr 1} 


.4. 




• 


• 9. 




5. 


[2] 




10. 


{0} .■ 


.11- 


(a) 1^ 


hours 


" (c) 


Hour 




(b) -6 


hours 







Answers to Problems ; page 299 * 
See Text. 



Answers to Problems ; pages 301-302: 



2. {6} 

# 3. {0, -1) 

?f (9) 

5. (3) 

6. '{- -i, 1) 



7. {1} • 

8. {5,'-l} 

9^ 

10. {^} 

11. S = 625' 




4 



Answers to Problems ; pages 306-307 i 

1. All the points "Whose 

ordinates are. -3 are,' 
on a line parallel to 
the horizontal axis 
and 3. -units below it. 



2. Line (a) includes all 
V poss ible points, such 
that each has its\ 
abscissa equal to the 
opposite of the ordinate. 
Line (b) includes those 
points, such that each 
has ordinate twice the 
abscissa. 

lilne (c) includes the', 
points, such that each 
has oi^dinate that is the 
opposite of twice the 
abscissa. 









y 




\- 












































0 






















r- 


X 


































c 












-3 





Figure for Problem 1. 
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3) 










y 












\ 














r 
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/ 














































* 


> 




X 
































y 




















-J 







































Figure for Pi^oblem 2. 



All of these graphs are lines, and all pass through the 
origin. Their equations are: » ' 



(a) 



7 = -X 



(b) y = 2x 



(c) y = ~2x 



449 ' 



ERIC 



The graph of 
(a) differs from 
the graph of (b) 
in the fact that 
it cuts the y-axis 
at a point 8 
units above the 
point -where the 
graph of (b) 
cuts it . 
grap>nDf 
cuts the y-axis 
at a point 10 
units above the 
point where the 
graph of (d) 
cuts it . 

The graph of (e) 



The 




Figure for Problem 3. ^ 



not only cuts the y-axis at a different 
, /-point ,than the point where the graph of (f) cuts it, but 
'"also the graph of (e) rises whil'e the graph of (f) 
descends. - ^ . ' , 

The graphs of (a) ^d (b) appear to tre a pair of 
parallel lines. The graphs gf (c) and (d) ' also appear 
to be parallel, but the gra^s of (e)' and (f) are not. 
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Answers to Problems ; pages 309-311: 

1. ^^e op^n sentence whose 
truth set Is the set of 
ordered pairs for which 
the ordinate is two 
greataaj- than the„Abscissa 



is— ^'y- = X + 2" 



The 



graph of the set of points 
associated with thisjset 
of ordered pairs is tbe 
line shown in the figure. 











y 




























































/ 


















/ 


















/ 






J 








X 











































^ Figure for Problem 1. 



It Is hot possible to draw the graphs of both of the 
sentences "y >.x + 2" and "y > x + because in the 

first one th? line whose equation is "y = x + 2" is 
dotted, and in the second one it is a solid line. 




Figure for Problem 1(a), 




Figure for Problem 
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2. ^' In the sentence "y = 

since x is positive or 
all values of x/ it 
follows that y is nevei^ 
' negative. The solutions 
for which the abscissas 
are given*^re: 
^^^-N^(t3, 3), (-1, 1), 

(1^, l|), (2, 2),> 

3. (aO y = |x ^ 



x" 


-6 


. -4 


0 


4 


8- 


y 


-9 


-6 


0 


6 


12 


■ (b) 


y = 




3 






X 


k 

h ■ 


-2 


0 


2 


4 


y 


-9 


-6 


-3 


0 


3 


. (c)" 


y = 




6 






X 




-1 


0 


•4 ■ 


10 


■ y 


-9 




-6 


0 


9 


(d) 


y = 




3 


t 

«• 




X 


-6 


-2 


0 


4 


6 


f 


-6 


"0.. 


3 


9 


12 


(e) 


/ 
y = 




6 - 






X 


-8 


-6 


0 


1 


2 


y 


-6 ' 




6/ 




9 











[y 




























/ 








































































0 









































































Figure for Problem 2* 
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:z ; 












-J. 














r- 






-r 
















/ 




^ /■ 











Figure for Problem 4. 



0 



Tbe graphs of all of these are- lines parallel to each o,ther.. 
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< 4. 









y 




















































-2- 






— * 












































0 






> 














X 


















































































Figure for Problem 4(a), 
(a) 2x - 7y"= 14 



Figure for Problem 4(c), 
(c) 2x - 7y < 14 




•* Figure for Pooblem 4(b). Figvire fop Problem 4(d). 



\ 



\ 



[.(xb) 2x - 7y > 14 



(d) ■ 2x - 7y > 14 



y < yX - 2 

1 
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5. (a> 5x - 2y ="fO 
„ _ -5. 



^ - 5 



'(b) 2x + 5y = 10'* 

y = -|x + 2 



(c) 5x + y = lb* < ■ 

y = +-;lp«n. 

(d) 3x - 4y = 6 

3 3 
y = TfX - -J 




Figure for problem 5. 



7^ (a) 



X 


-3 


-2 




-1 




0 


1 
? 


1 


,/2- 


2 


.3 


y 


9 


4 


■2 


1 


1 


, 0 


1 . 


1 ^ 


2 


4 


9 


(b) 












y 






I' 






K 


-3 


-2 


-,/2 


-1 


1 




1 


1 


/2 


2 


3 


y 


-9 


-4 




-1 ' 


1 


0 


1 
"T 


-1 


. -2 


-4 


-9 


» 

(c) 






f 






3 












X 


.-3 


-2 


-1 


1 


0 


1 


1. 


2 


.# 


' 3 




71 


10 


5 


2 


4 


1' 




2 


5 


7^ 


10 





ERIC 



451 



Answers to Problems ; page 315= 

(b) 0 

(c) ^ - ; 

(d) -2 



(e) -=5^ 

(f) no slope 

(g) § . 

(h) 4_ 



Answers to Problems ; page 3l6: 



1. y = ■j:^ 

4 

2. (^ y = -jx 



+ 6 



12 



4. 
5. 



2 

y = - 



6. Slope is: equati^or?is : "y = -^x - 3" 

7. Slope, is; 1; equation appears to be "y = x", 

but (5, 6) and (-5, -4) are not on this line. 
There is ab line satisfying these condi^^ons . 



Answers to Problems; pages 3l6-321: 

1. (a)^ Since the y-intercept 
appears to be ' (O, 2) y 
on the graph, the 
" equation of the line - 
is-: 

y = -|x + 2 ^ / 

{h) The line containing 
(-6, -3) which has 
no slope has 
equation: 
X = -6. 





















y 












0- 


























1 














4 












X 




























































F 




a 




* 


\ 


X 


































4 
























A 






















7^ 



























•T'igure for Problem 1, 
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' 3'. 



Call attention to the 
distinction between 
the slopes bf (c) 
and (e). For (c) ^ 
the slope is 0 and 
the equation is 
"y = For ^ (e) 

there is no slope, 
since the denominator 
of the fraction form 
of the slope is 
3-3 or 0. 



















V 
7 












































































1 




































(c 


) 




4) 








, — 


































































— 










IT' 
































X 
















0 






r 














































































4) 




















1 j 


. 1 















Figure for P^;»obtem 2. ^ 
The Slope of the line containing (1, -1) and (3, 3) is 

orN^2. 



1 . 



The' slope of the line containing (1, -l) ar(d* (-3, -4) 

is : (-1) ,^2. 



Hence, the point (-3, -9) is on the line containing • 
(1, -1) and (3, 3). ' 

(^) All of the lines have the same slope, 

(b) .All of the lines have the same y-intercept number, -3, 

(c) The" lines' have the same slope, - Moreover, the 
two whose open senter^ces are +fy = 3^^ and 
"2x + = 12." ' h^e the same y-intercept number, 
hence, they are the' same line, and are parallel to 
the first one. 
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Figure for'Problem 4(c). 



5. 



(a) 


y 


= 2x - 


(b) 


y 


- 3x 


(c) 


y 




(d) 


y 





+ 4 



The graphs of these are 
lines, because each 
open sentence is of. the 
■ form 

Ax + By + C = 0 

6. (a) y = |x - 
(b) "y = -2x + ^ 



7. -y = -ix + 7 

8. y = -X'- 1. 




Figure for Problem 5- 



(c) y = -7x - 5 

(d) y = mx + b 



Since -l' and ^ " ^"a^ - are- names for the same numl 



' • . * y {"^J = -1, provided x ;^ 3. 

"Then y + 4 ^ ,.(-l)(x - 3), 

y = -x - 1. ^ 
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9. 



10. 



(a) y=fx-4 



(b) 



ix + 6 



(c) y - -3 

(d) ' y - 2 



= 0 



f(x ^ 4) 





















/ 






















/ 
























































































































b 














X 






















































































<— 




















r ■ 





























11. 

/ 



I 



a)- 



(b) 



Figure for Problem 10, 

TT d. This expression is linear in d. If the 
diameter is doubled, the circiunference is doubled; 
if the diameter is halved, tJie circiim^erence is 
halved. The ratio ^ is eqxaarl to ttj "this ratio 
does not change when d' is changed, ' 
1 2 

. (If the reader is not familiar with this^ 

develop £t as a combination of the two familiar 

relations,, "area is irr^" and -"d is 2r". or 

1 ' * 

"r is ^")., This expression is not linear in 

(i, but it is linear in d^. If A is the area, 
^ = ^ = '^The value of ^ changes when 

the va'lue of d is changed; the value of does 
not change wheri>- d is changed. ^ 
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(c) ((17, 12)) 

••(d) {(^, ^))" 

(e) {(|, 

(a) [il, -2)). 

'(b) {(|, 1)) , 



(f) {(§, 5)} 

(g) {(15, 16)) 



(d) -No solution, why? 



(a) ' 249 pupils, 62 adults, 

(b) l4l thpee cent and - 211 fovir cent stamps. 

(c) No. 

(b) 



(a) 













y 






*0 


































> 




















-2- 










> 










-1- 






































0 










X 




























































0 























< r 







y 










3 




-2- 
































-h 
















0 










X 
















































• 





































Truth set: {(-4, 1)) Truth set: The whole line, 
(c) 





y 














■ 






















-A 
















0 












i 








\ 






\ 








































J 






































\ 




































0 










X 






































\ 





^ Truth set is 0: 

The lines are parallel, 



40 



^51 



■ / 



34x - 53y = 0 



Answers to Problems ; pages'^336-340: 



1. 



3. 



4. 
5. 



6. 
7. 
8. 



(a 
(b 
(c 

(d 

(a 
(b 
(c 
(d 
(e 

(a 
(b 
(c 

{(■ 
(a 
(b 
(c 

(d 



{(7, 2)} 

Set of ^1 coordinates of points on the line. 

(-4, -6) / 
(12, 10) 

Set of all coordinates of points on the line. 
/I 3x 

They intersect in' the point. 
Graphs coincide. Yes. 
The graphs are parallel. 



5n 

C(3, -4)J 
{(0,0)) 
{(|, ^)) 

{(1, "I)) 



(e) {(6, !» 

(f) ^ 

(g) ((J, |)}n 

(h) {(5, 7)) 



37, 19 
17,^ 13 

8o pounds of almonds, 120 pounds of cashews-. 
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9. 
10. 

11. 

12. 
13. 



37 ' 

114 and 95 pounds. 

Apples 12 cents ' per pound and bananas. are 18 cents 
per pound., « 

.A walks at 3^ m.p.h. and B walks at ^ ^^^'^^ 
A's average was 60 m.p.h.', B's average was 50 m.p.h! 



Answers to Problems ; page 342: 




2. 




3. 
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Answers to Problems ; page 3^3: ^ ^ 

The graphs of the truth sets here consist of all points in the 
, %mshaded and the doubly shaded regions of the figures • 




461 



2(a) 




2(d) 



Truth set 



2(b) 




_ Truth set : 

All points on both lines. 

w 
O 



2(C) 





The truth set is doubly shaded region 



2(e) t 




The truth set is set of pornts on solid 
Iin6 within shaded region 



r 



2 (f) 




The truth -set is doubly shaded ^gion. jhe] truth set is whole ''shaded^ region. 
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4. If r is the number of rvmning plays and p is the 
^ number of pass plays, then 3r is the number of yards 
made on' r r^i^ing^plays and 20 (^) p is the number 
^f yards made on p paSsiQg plays . Since, the team is 
6o yards from the goal line, 

. . • ° ° 3r +^ > 6o 

if 'they are to score*. 
30r seconds are required for r 

seconds are required for p passing plays; therefore, 

30r + I5p < 5(60). ' 

These two inequalities give the equivalent system 

I 20p + 9r > 180 ■;(p and r are non-negative integers . ) 
'[ p + 2r < 20- 

The graph of thi^ system is-. 



nanning plays, and 15p 




4 C) 0 
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It "is evident there are 48 differant pombinations tf r 
and p which will assure success, for example, 2 running 
and 10 passing, etc. * However, there are some combinations 
which leave a smaller time remaining, thuif^ giving the 
opponents less time to tvy to score. These are the points 
of the graph nearest the- line p + 2r = 20. ) ^ 



Answers to Problems ; pages 345-346: 

1. 2. 
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